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CHAPTER

INTRODUCTION

11 INTRODUCTION

Hald (1998 ) gave an account of the history of Mathematical Statistics
from 1752 to 1930. Klebanov et a. (2006) discussed the role of sums of a
random number of random variablesin the study of limit theorems.

The work of Bernoulli and de Moivre in the first half of the 17™ century
is considered to be the beginning of the theory of limiting distributions for sums
of independent and identically distributed random variables. This fundamental
area of Probability Theory attracted many researchers, including Poisson, Gauss
and Laplace (see Klebanov et a. (2006)). The next important period in the
development of the theory during the 19" century, is connected with the names
of Chebyshev, Markov and Lyapunov, who developed effective methods for
proving limit theorems for sums of independent but arbitrarily distributed

random variables. The modern period in Probability Theory begins with the



Kolmogorov’'s axiomatization. In the 1930's the classica questions about
necessary and sufficient conditions for the convergence of normalized sums of
independent random variable to degenerate and normal laws were answered by
Levy, Bernstein , Feller and Khintchine. The original ideas of Levy and
Kolmogorov gave rise to a new line of research on limiting distributions of
scaled sums of independent and identically distributed random variables without
finite variance. A new class of distributions referred to as stable laws, emerged
as the only possible limits of such sequences.

The most widely known and used theorem in various areas of science is
the Central Limit Theorem, which gives necessary and sufficient conditions for
the convergence of sums of independent and identically distributed random
variables to the normal law. Consequently, many scientists believe that if the
number of summands is large, their sum can always be approximated by a
normal distribution. This, however may not be the case. If the summands have
infinite variance, then the sum may converge only to a stable non-Gaussian law.
Moreover, even if the variables are independent and normally distributed, the
sum of their random number may not be distributed according to the normal law,

asisillustrated by the following example ( see Kruglov and Korolev ( 1990 ) ).



EXAMPLE 1.11

Let Xk,k=1,2, ..be independent and identically distributed random
variables with the standard normal distribution. Consider the sum of X,’sup to
a random moment N, , where the distribution of N, is uniform on the set of
integers {1,2,...,n} . Then, the characteristic function of the normalized random

sum

_ (X1+x2+...+xnn )

isequd to
N €q

Thus, when n® ¥ , the limiting characteristic function of the sum, S, becomes

o®e -t4,0 L . .
f(t) :?%él_ e %: which is not the characteristic function of anormal law.
et 7

o

Therefore, we must study the sum of a random number of random variables.
Apart from its interesting theoretical properties, the random summation scheme
appears naturdly in various fields, such as Physics, Biology, Economics,
Reliability and Queuing Theory. The following examples, which have many

generalizations, illustrate how random summeation can arise in practice:



(1) Marketing : When ordering supplies to a store, the owner would like
to know the total amount, T, of an article A sold during given period

kth

of time. If Xy isthe (random) amount of A sold to the k™' customer,

and N is the number of customers buying A during the time period
considered, then the total amount of A sold can be written as
T=X1+Xo+...+ Xy.
(i) Insurance Mathematics/ Risk Theory : In risk theory, oneis interested
in the distribution of aggregate clams generated by a portfolio of insurance

policies ( collective risk model ). If the individual claims are denoted by Xy 's

(assumed to be independent and identically distributed) and the random variable
N denotes the number of claimsin a given time period, then the aggregate (total)
clam Sisgiven by

S=X1+Xo+..+ XN-
(i)  Reliability Theory: Many systems studied in reliability theory can be
described by the following scheme and its various generalizations ( see, e.g.,
Gertsbakh (1984) and Pilla and Sandhya (1996)) . A system consists of two
operating units. The working time ( until failure) of each unit has the same
distribution F (x). At time O, the first unit starts working while the second is on

stand by. When the operating unit fails, its place is taken by the stand by unit,



and the first unit goes to repair. If during that time the second unit fails, the
system fails. An important issuein this setting is the nature of the distribution of
the time T until failure of the system. Let X denote the length of the cycle,
where the cycle starts with putting first unit into operation and ends with
completion of itsrepair ( before the second unit fails). Let Y be the length of the
incomplete cycle (terminated by the system failure). Clearly

T=Xy+Xo+..+XN.1*Y, whereN — 1 isthe (random ) number of cycles prior
to the failure, so that

P(N=i)=p(- p) L i=1
and p is the probability that the second unit fails before the first completes its
repair. Typically, p is very small, reflecting the fact that the operational
(average) time is larger than the repair (renewal) time. One is usually interested
in the asymptotic distribution of T when p® 0.

Another sequence of examples of practical appearance of random sumsis
connected with the problem of parameter estimation under sampling with a
random sample size. Recall that many common estimators ( including maximum
likelihood estimators , M—estimators and others) are well—approximated by sums

of independent random variables (see, Ibragimov and Khasmmskii ( 1979)). Itis



expected that for estimation problems with random sample size, such
approximation will be provided by sums with random number of terms.
EXAMPLE 1.1.2
Suppose that a statistician observes data transmitted through a device.
Assume that the device may fail with probability p in time of transmission of
any observation. In such situation, the statistician will have a sample of random
volume N, where N has a geometric distribution with parameter pand is
independent of the values of the transmitted observations.
One may come across samples of random volume in reliability theory, for
instance when testing operational safety (Gnedenko (1989)). If the test is
connected with the life time, then we observe a random number of
failluresin agiven timeinterval.
When we want to find the distribution of the velocities of cars on a
highway, and observe the velocities of cars a a given point of the
highway during a given time interval, we obtain a sample of random
volume.
The number of cases where sums occur is enormous, and it is clear that random
summation scheme plays an important role in many applied probability

problems. In addition, random sums appear in various branches of Mathematics,



including Mathematical Statistics and the Theory of Stochastic Processes ( see,
e.g., Gnedenko and Korolev (1996) , Kalashnikov (1997) and Rahimov (1995)).
Klebanov et al. (1984) discussed the properties of distribution of geometric sums
of random variables.

In Chapter 1I, some properties of geometric Linnik distribution are
studied. Type | generalized Linnik distribution is aso studied in this Section.
Estimation of parameters of geometric Linnik distribution is done is Section 3.
Autoregressive process with geometric Linnik margina distribution is studied in
Section 4. As generalizations of geometric Linnik distributions, type | and type
Il generalized geometric Linnik distributions are introduced and studied.

Asymmetric generalizations of geometric Linnik distribution are studied
in Chapter Ill. A representation of the asymmetric Linnik distribution is
obtained. Type | generalized geometric asymmetric Linnik distribution is
introduced. It is shown that this distribution arises as the limit distribution of the
geometric sums of generalized asymmetric Linnik random variables. The
stability property of type | generalized geometric asymmetric Linnik distribution
is examined. Autoregressive models with type | generalized geometric
asymmetric Linnik marginals are developed. Various forms of geometric

asymmetric Laplace distributions are also introduced in this Chapter.



Tailed distributions are found to be useful in the study of life testing
experiments and clinical trials. Tailed forms of type | and type Il generalized
geometric Linnik distribution and their asymmetric forms are studied in Chapter
IV. Using Marshall — Olkin scheme, Marshall — Olkin forms of type | and type
Il generalized geometric Linnik distributions are introduced and studied. A
representation of tailed type | generalized geometric Linnik distribution is
obtained. Also afirst order autoregressive model with tailed type | generalized
geometric Linnik distribution is introduced. It is shown that the process is not
time reversible. The modd is extended to higher order cases. The tailed type Il
generalized geometric Linnik distribution is aso introduced and studied in this
Chapter. As a generalization of tailed type | and type |l generalized geometric
Linnik distributions, tailed type | and type Il generalized geometric asymmetric
Linnik distributions are introduced and studied in this Chapter. Marshall — Olkin
scheme is applied to geometric Linnik characteristic function and its
generalizations, and the distributions so generated are examined.

In Chapter V, geometric marginal asymmetric Laplace and asymmetric
Linnik distribution isintroduced and studied. Time series models with geometric
marginal asymmetric Laplace and asymmetric Linnik distributions are

introduced. Also in this Chapter we study the properties of geometric marginal



asymmetric Linnik - asymmetric Linnik distribution. A bivariate time series
model with this marginal distribution is developed and studied. Geometric
bivariate semi-a - Laplace distribution is aso introduced and studied in this

Chapter. The summary and conclusion of the Thesisis presented in Chapter V1.

12 LAPLACEDISTRIBUTION

The double exponentia distribution was introduced by Laplace (1774 )
(see Kotz et a. (2001)) as the digtribution form for which the likelihood function
is maximized by setting the location parameter equa to the median of the
observed values of an odd number of independent and identically distributed
random variables. This result appeared in Laplace's fundamental paper on
symmetric distributions for describing errors of measurement and is known as
the first law of Laplace (see Kotz et al. (2001)). A random variable X on R is

said to have Laplace distribution if its probability density function is

[x- m

f(x):zsie S ,5s>0,- ¥ <m<¥. (1.2.1)

Another mode of genesis of this distribution is as the distribution of the
difference of two independent and identically distributed exponential random

variables.



The Laplace distribution, being heavier tailed than the normal, has been
used quite commonly as an alternative to the normal distribution, in robustness
studies. Kotz et al. (2001) discussed the applications of Laplace distributionsin
Engineering Sciences, Financial Data Modeling, Inventory Management and
Quality Control, Astronomy, Biological and Environmental Sciences. Detection
of a known constant signal that is distorted by the presence of a random noise
was discussed on Communications Theory on various occasons. For the
detection of noise in presence of Laplace noise, see Marks et al. (1978) and
Dadi and Marks (1987) . A standard problem in communication theory is
encoding and decoding of analog signas. The distribution of such signals
depends on their nature. Among the most important one’s are the speech signals.
It has been found that the Laplace distribution accurately models speech signals.
Laplace distribution has potential applications in modeling the fracturing of
materials under applied forces. Another area where Laplace distribution can find
most interesting and successive application is modeling of financid data. Thisis
due to the fact that the traditional models based on Gaussian distribution are very
often not supported by real life data because of long tails and asymmetry present
in these data. Since Laplace distributions can account for leptokurtic and skewed

data, they are natural candidates to replace Gaussian distribution and processes.

10



In the last several decades various skewed Laplace distributions have
appeared in the literature. McGill (1962) considered the distribution with

probability density function

i
:
|i Sy XEm
fg=) >t
i x-n (1.2.2)
iie S2 X>m
i 22

while Holla and Bhattacharya (1968) studied the distribution with probability

density function

%

..Be S , XE£Em
s

i
:
!
i |x-m
i

e S , X>m

f(x) = O<p<lL

)
T s

Lingappaiah (1988) derived some properties of (1.2.2), terming the distribution
as two—piece double exponential. Poiraud-Casanova and Thomas-Agnan (2000)

consdered a skewed Laplace distribution with probability density function

11



}e’ EPPem ot xem
f()=p(1- p)i
te plx- for x3m

where mi (-¥,¥) and 0<p<1. To show the equivaence of certain quantile

estimators using the method of Azzdini (1985) , Balakrishnan and
Ambagaspitiya (1994) (see Kotz et al. (2001)) studied a skewed Lapace

distribution with density

%%e-(lﬂ )X’ -¥ <X£0
f(x) =i

Te X. le' (1+ )X, 0<Xx<¥

) 2

Using the method of Fernandez and Steel (1988), Kozubowki and Podgorski
(2000) introduced an asymmetric Lapalce distribution with density

] E(x m)
1 k jes for x3m
FO)=—31
S 1+k .|. _i(x_ m)

fe sk for x<m

where m= %% k2 They have named thisdistribution as asymmetric Laplace
e @

distribution and studied various properties of this distribution. Kozubowski and
Podgorski (2000) suggested asymmetric Laplace models for modeling interest

rates, arguing that the asymmetric Laplace model is capable of capturing the

12



peakedness, fat-tailedness, skewness and high kurtosis observed in the data
Kozubowski and Podgorski (2001) presented an application of asymmetric
Laplace distribution in modeling foreign currency exchange rates. They fitted
asymmetric Laplace laws to a bivariate data sets on two currency commodities:
the German Deutschmark Vs. the U.S. Dollar and the Japanese Yen Vs. the U.S.
Dollar. The asymmetric L aplace laws are proved to be useful for modeling stock
market returns and modeling price changes of commodities. Rachev and Sen
Gupta (1993) proposed Laplace — Weibull mixtures for modeling price changes.

For the applications of Laplace distribution in different fields see Kotz et
a. (2001) and Johnson et al. ( 1995). Kanji (1985) and Jones and Mc Lachlan
(1990) have discussed the Laplace norma mixture distribution with density

function

fg=Pe si + AP 7 (1.2.3)

-¥ <X,m<¥,0<p<lsqs2>0

and applied the distribution to fit wind shear data Maximum likelihood
estimation of parameters of this distribution has been discussed by Scallan

(1992). Generaized normal Laplace distribution was introduced and studied in

13



Reed (2004, 2005 ) and Reed and Jorgensen ( 2004 ) . The normal — Laplace

t2812 2
o . - . - ) s
distribution is defined by the characteristic function e 2 > 2 5 The
S5+t
d

corresponding random variable X; can be expressed as X;=Y+Z whereY and

d d
Z are independent with Y = N(m,slz) and Z=La(0,s o) where La(ms ) denotesthe

Laplace distribution defined in (1.2.1). The normal Laplace distribution

discussed in Reed and Jorgenson (2004) has the characteristic function

éinrt s/t 0 é db u
e ' a
fy (t)=ze 2 o &——F——0 1.2.4
X, ()=¢ U Fd-it) (b +it) (1.24)
& H
d

X, can be expressed as X,=Y +E;-E, where E; and Epare independent
exponential random variables with parameters d and b respectively.

The generalized norma Laplace distribution is defined by the

characteristic function

v tsPue o P
f(t) = feim- o Ué Sy
Whe T gy

The corresponding random variable X3 can be expressed as

14



X3=Y+Llayg +Lag+..+Llay

d
where Y:(pm, pslz) and Lap,Lap,..,Lay are independent and identicaly

d
distributed Laplace random variables with La =La(0,s2),i =12,...,p. Asin the

case of (1.2.4), we can write the characterigtic function of generaized normal

Laplace distribution as

é t’s? b P
g imt- 0
fx ()=ge 2 g——— a0,
x, (1) g é«j-in(b-+n)3§

d,b,p>0and - ¥ <m<¥.

The corresponding random variable X4 =Y +G; - Gy, where Y,Giand Gy are

d
independent random variables with Y:N(pm, pslz)and Gand G, have

gammadistribution with scale parameters d and b respectively having common
shape parameter p.
1.3 LINNIK DISTRIBUTION

Linnik (1963) proved that the function

f(t)= 1L o<ag21 >0 (1.3.2)

1+l P

15



is the characteristic function of a probability distribution. The distribution
corresponding to the characteristic function (1.3.1) is called Linnik (ora -
Laplace) distribution. A random variable X with characteristic function f in

(1.3.1) is denoted by XdL(a,l).Note that the L(a,l) distributions are

symmetric and for a =2, it becomes the classca symmetric Laplace
distribution. Devroye (1986) presented a simple agorithm for generating
pseuodo random observations from this distribution. Kotz and Ostrovskii (1996)
have obtained a mixture representation of Linnik distribution. Let X5 and Xy
be two random variables possessng L(a,l )and L(b,l) distributions

respectively, O<a<b£2 and Y;, a non-negative random variable

(independent of Xp ) with density function
. -1
f(x) = g‘ignﬁz x , 0<x<¥. Kotz and Ostrovstkii (1996)
P

b 214 %2 4 22 Cos%

have shown that X5 d XpYap .

Linnik laws are special cases of strictly geometric stable distributions
introduced in Klebanov et a. (1984). A random variable Y ( and its probability

distribution ) is called strictly geometric stable if for every pi (0,1), thereisan

16



N
p
ap >0 such that apé Y dY where Nyisageometric random variable with
i=1

mean % Y. 's are independent and identically distributed copies of Y,

independent of N,. Note that strictly geometric stable law is a special case of

geometric stable laws. The characteristic function of strictly geometric stable

laws can be written as

1 -
F(t) = , R
141 |t|a o (ipadsgn(t)/2)

where d issuch that |d|£minai3- 19.
€a g

The following properties of Linnik distributions are immediate. For

proofs of these results, refer Kotz et al. (2001).

(1) Let X, Xq,Xo,..be symmetric, independent and identically distributed

random variablesand let N, be ageometric random variable with mean 1,
p

independent of the X;'s. Then the following statements are equivalent:

(8) X is stable with respect to geometric summeation,

N
ap_:‘;lpl(xi +bp) d X foral pl (0.9 (1.32)
| =

where ap>0 and bpl R.

17



(b) X has a symmetric Linnik distribution . Moreover, the constants aj, and

bp are necessarily of the form: a, = pt/2, bp =0.
(2)  The distribution function and density of the Linnik L(a,1) distribution
with 0<a <2 admit the following representations for x >0:

pa

snt— a-1-nx
Faa(0=1-—2 1 ° dv (1.3.3)
0l1+n2® +2na.cos%
and
snPo¥  an|y
Pa 1(X) = o - oa av. (1.3.4)
P g1+4n® + m? cos™ -

For x<0, use F 1(x)=1- Fy 1(-x) and p_ () =p_ (-X).
(3) The density p, of Linnik L(a,1) distribution has the following

representation for x>0:

"n>0 (+x):lng'ka'1+ X (1.3.5)
v Pa (% o oK Rn(X) 3.

where C = (- D¥*1G(ka +1)sin(kpa /2),

Sa(n+1)+1) a1

G
IRa(X)|£a -
p sm?}j

18



(4) Let XdL(a,s) with 0<a £2. Then for every O<p<a , we have

p(1- p)s Pp

a G(2 p)sma cos™

e(p)=E[X|P =

(1.3.6)

(5) All symmetric Linnik distributions are in Class L,that is, for al

cl (0,2) the Linnik characteristic function f given by (1.3.1) can be written as

f (t)=f (ctly ¢(®) (1.3.7)

wherey . is a characteristic function.

(6) The characteristic function (1.3.1) of the Linnik distribution L(a,l )

admits the representation

© 6
f (1) =expe '™- 1)aL (u)* (1.3.8)

&R p
where

&
dLw_a

du 2 eng'

ao ¥
2 17, e u o6eVdw
+ s

u ®u 0
sx| ¥ s FRE I gyifa

and X hasthe stable distribution f (t) =¢ Il and g isthe density of X.

Kotz, et al. (2001) has discussed the multivariate forms of Laplace
distributions. Anderson (1992) gave an example of bivariate Gumbel type

Laplace model with density function

19



f (0.50) = H{(1ralg))(1+a gl aff e (Hehslbelababel)

(Xl,Xz)T RZ.
1.4 INFINITEDIVISIBILITY
A digtribution function F isinfinitely divisible if for every positive integer

n, there exists a distribution function F,such that
F=F".
Equivalently, acharacterigtic function f issaidto beinfiniety divisibleif for

every positive integer n, there exists a characteristic function f, such that

It is known that the class of infinitely divisible distributions coincides with
the class of limit distributions of the row sums of certain triangular arrays. Note
that the class of all infinite divisible distributions coincides with the class of all
continuous convolution semi groups. For the properties of infinite divisibility
of distributions, see Lahaand Rohatgi (1979).

Klebanov et al. (1984) introduced the concept of geometric infinite
divisibility of random variables. A random variable Y is said to be geometrically

infinitely divisible, if Y can be expressed as

20



No
vdd x,\) (1.4.1)
j=1

for every pi (01) where P(Np=k)=pg“lk=12.. and N, and

xp(j) (j =12,...) areindependent and g=1-p.
Pillai (1990b) proved that every geometricaly infinitely divisible distribution is
infinitely divisible. For the applications of geometric infinite divisibility in time
series modeling, see Pillai and Jose (1995).
15 SELF- DECOMPOSABLE DISTRIBUTIONS

Let {Xn,n® 1 be a sequence of independent random variables, and let
{b,} be a sequence of positive real numbers such that the following condition
holds:

lim max P{|Xy|? bne} =0 (1.5.1)
n® ¥ 1£kEn

for every e >0. By writing X, :%, 1£k£n, n3 1, we see that the sequence
{X«} of row-independent random variables satisfies the uniformly asymptotic

n
negligible condition. Set S, = § X, for n3 1,
k=1

21



Let L be the class of distributions which are the weak limits of the
distribution of the sums by 1Sn— an, n31 where a, and b, >0 are suitably

chosen constants.
Now it is easy to obtain the following results related to self-decomposable
distributions (see Laha and Rohatgi (1979)).

(i) Let {X,} beasequence of independent random variables, and {h,} a

sequence of positive constants such that (1.5.1) is satisfied. Suppose

that the sequence {bn' 1Sn - an} converges in law to a non-degenerate

random variable for some sequence of constants {a,}. Then b, ® ¥

and%@lasn®¥.

(i) A distribution function F with characteristic function f is said to be
self decomposable if and only if, for every 0<c<1there exists a
characteristic function f ¢ suchthat f (t) =f (ct)f(t) for tT R

Based on the above result, we can see that a random variable X is self

decomposable if for every c,0<c<l XdcX'+X;,where X and X' are

identically distributed and X' and X are independent.
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It is known that any non-degenerate self decomposable distribution is
absolutely continuous. Also every self decomposable distribution is infinitely
divisible. For the application of self decomposable distributions in time series
modeling, see Bondesson (1981). Pillai (1990a) proved the self-decomposability
of Mittag-Leffler distributions. Jayakumar and Pillai (1992) discussed the self-
decomposability of Linnik distributions.

1.6 STABLE DISTRIBUTIONS
A random variable X on R is said to have stable distribution if for any
two positive constants a and b,

aXp+bXydceX+d (1.6.1)
where X, and X, areindependent and identically distributed as X, ¢>0,dT R

Let f denotes the characteristic function of X, X;and X,. Then (1.6.1) in terms

of characteristic functionsis f (at)f (bt) = &9 (ct) .
When d =0, the distribution is said to be strictly stable. For the properties of

stable distributions, see Laha and Rohatgi (1979).

The characterigtic function of a stable distribution can be expressed as

1. a pa
i imt--| It - dsgn(t) tan7)

f=]" ,
int- -1 [t|@- d=sgn(t) Injt])
te p if a=1

if altl
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a is caled the exponent of the distribution, 0<a £2, n is the location
parameter, -¥ <m<¥,| is the scae parameter, | >0; d is the symmetry

parameter, - 1£d£1 and

el if >0
Sn(t)=¢0 if t=0.
&-1 if t<oO

Two important members of the class of stable distributions are normal and
Cauchy. The Laplace distribution is self-decomposable but not stable.

The following properties of stable distributions are well known:

The class of stable distributions is a proper subclass of the class of infinitely

divisible distributions. Let L;be the family of distributions, which appear as

n
limit distributions of E—” a,, where S, = § X;, as b, ® ¥ with n® ¥.. Then
n 1=1

Fisinclass Ly if and only if Fis stable.
THEOREM 1.6.1

In order that a distribution function F with characteristic function f isin
class Ly it is necessary and sufficient that F be infinitely divisble and Inf has

either one of the following representations:

. O‘aeitx itx 0 dx ¥\a9itx 1+x 0 dx
Inf (t) =inmt+q 0¢e -1- 5 1+h +C (O -1- 5+ 1
g€ 1+ x“ g|x| 0€ 1+x° g|X]
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with ¢ 2 0,cp3 0,¢+cp >0 and 0<b <2

or

s 22

Inf (t):|m- T

As a generalization of stable distributions, Pillai (1971) studied semi stable

distributions. A random variable X on R with characteristic function f (t)issad
to be semi stableif f (t) =(f (bt))*,a>1,0<b <1.
1.7 GEOMETRIC STABLE DISTRIBUTIONS
Let Xi,X5,... beindependent, identically distributed random variables. Define

SNp = X1+ X2+...+ pr

where N, is geometric with P(Np =k) = p(1- p)k'l, k=12,...

Then the week limit of
Np
a(Pa (X +b(p) (17.1)
i=1
when p® 0, a(p)>0, - ¥ <b(p)<¥ iscalled geometric stable distributions.

The sums of the form (1.7.1) usually appear in many applied problems in

different areas such as Insurance Mathematics/ Risk Theory, Queuing Theory,
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etc. For various properties of geometric stable distributions, see Kozubowski and
Rachev (1999).
1.8 MODELSOF TIME SERIES

A time series is a series of observations made sequentially in time. Main
objective of time series analysisis to reveal the probability law that governs the
observed time series. A smple way of describing a time series to the give one
dimensiona distribution function and the mean value function if it exists. To
describe the association between two values on the same series at different times

we use the auto correlation function

_E[(X¢ - m) Keak - M) (18.1)

\/Var(xt)Var(XHk)
where myj =E(X¢+),i =012,....

A time series can be viewed as a realization of a stochastic process. A
class of time series we encounter in practica situations is the stationary series. If

for any set of time ty, t5, ..., t, and at times t; +h, t;+h, ..., t, +h, the joint
distribution of (xtl’xtz""’xtn) and (xt1+haxt2+h’---’xtn+h) are the samefor dl
h>0 and for every n, then the process {X,}is said to be trictly stationary. A

time series {X,} is said to be weakly stationary if (i) E(X;%)<¥, (i) E(X{)=m
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for al t and (iii) Cov(X¢,Xt+s) depends only on the length of the interval s.
Note that {X.} is weakly stationary if it is strictly stationary with finite second

moments.

The most popular class of linear time series models consists of
autoregressve moving average (ARMA) models, purely autoregressive (AR)
and purely moving average (MA) models. For modeling non-stationary data,
autoregressive integrated moving average (ARIMA) models are used.

An autoregressive model of order p 3 1, abbreviated as AR(p), isdefined as
Xn=r1Xn.1+1 2Xp_2+...+7 pXp_ p+en (1.8.2)
where {e;} is a sequence of independent and identically distributed random
variables and rq,ro,... are constants. Note that (1.8.2) represents the current
vaue of the process X, through its immediate p past values
Xn-1,Xn- 2, Xn.p and a random shocke,. The simplest form of an
autoregressive model isAR (1) and is given by
Xn=r Xp-1+€n- (1.8.3)
Letfx (1) denotes the characteristic function of X,, and fe (), that of e,. Then

(1.8.3) in terms of characteristic function becomes
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fx, ()

fen(t):m.

(1.8.4)

That is, the innovation process exists if and only if (1.8.4) is a characteristic

function for every r,|r|£1. In the case of stationary process {X,}, f¢ (t) exists
for every r, O<r £1 if and only if the distribution of X,is in class L or self

decomposable. The autocorrelation function of the process (1.8.3)is r (k) =r K.

Even though Gaussian models have dominated in the development of time series
modeling, autoregressive processes with non Gaussian margina distributions
are afast growing area of investigation due to the applications of the same (see,
Jayakumar and Pillai (1993) and Jayakumar and Kuttykrishnan (2007) ).

A moving average model of order g3 1, denoted by MA(Q), isgiven by
Xn=d1en.1+dpen. o+..+dgen-q+en (1.8.5)
where {e,} is a sequence of independent and identically distributed random
variables and d,dy,...,dg are constants. Here the current value of Xpislinearly
dependent on the q previous vaues of e,'s. For g=1, (1.8.5) reduces to the
MA(1) model given by

Xn :dlen_1+en. (186)

28



Combining AR and MA models, the general linear time series model,
namely autoregressive moving average model, denoted by ARMA (p,q) has the
form

Xn-T1Xn-1- 12Xp-2- .- I pXp. p =€p +dien. 1 +doen. 2 +...+dqen_ q

(1.8.7)
where rq,ro,..rp; dy,dp,...dq ae constants and {ep} is a sequence of
independent and identically distributed random variables.

As noted in Section 2, Laplace distribution is a natural and some times
superior aternative to the Gaussian distribution. Andel (1983) developed an
AR(1) model with Laplace marginal. The corresponding process {X,,} is of the

form

where {e} is a sequence of independent and identically distributed Laplace

random variable with characteristic function

1

. 1.8.8
1+s 2’[2 ( )

fe ()=
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Dewald and Lewis (1985) developed and studied a second order Laplace
autoregressve time series model. For the development of autoregressive time
series models with Laplace marginals, see Gibson (1986) and Damsleth and El-

Shaarawi (1989).
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CHAPTER I

GEOMETRIC LINNIK AND GENERALIZED GEOMETRIC
LINNIK DISTRIBUTION

2.1 INTRODUCTION

Pillai (1985) introduced a generalization of the Linnik distribution with
characteristic function (1.3.1), namely semi a-Laplace distribution. A random
variable X on R has semi a-Laplace distribution if its characteristic function
f (t) isof the form

) = — = 2.1.1)

1+]1% d(t)
where d(t) satisfiesthe functional equation
d(t) = d ( p%\t), 0< p<l,0<a £2 (2.1.2)
George & Pillai (1987) derived expression for the density function of a -Laplace

random variables in terms of Meijer's G-function and obtained a multivariate

generalization of a -Laplace distribution.

This Chapter is based on Mariamma Antony and Raju (2005)
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Pakes (1998) introduced generalized Linnik law with characteristic
function

f) = — > n>0 0<af£2. (2.1.3)

§+|t|a %n
Thisdistribution is known as Pakes generaized Linnik distribution. When n =1,
it reduces to a-Laplace distribution where as when a =2, it reduces to the
generalized Laplacian distribution of Mathai (1993a) .
DEFINITION 2.1.1
A random variable X on R is said to have geometric Linnik distribution

and write X d GL(a,!)if its characterigtic function f (t)is

f) = — {1 RO<a£2]l >0 (2.1.4)

1+In(L+] |t|a)
In Section 2, we study some properties of geometric Linnik distribution.
Type | generalized Linnik distribution is studied in this Section. Estimation of
parameters of geometric Linnik distribution is doneis Section 3. Autoregressive
process with geometric Linnik marginal distribution is studied in Section 4. In
Section 5, another generalization of geometric Linnik distribution is introduced
and the properties of this type Il generalized geometric Linnik distribution are

studied. In this case, representation of type Il generalized geometric Linnik
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random variable is obtained, limit theorems concerning this generalized Linnik
distribution are proved along with estimation of parameters of this distributions
using empirical characteristic function. Note that some of the results that we
present in this Chapter on geometric Linnik and type | generalized geometric
Linnik distribution are available in Leksmi and Jose (2004,2006) and for the
sake of completeness, we include the samein our discussion.
2.2 SOME PROPERTIESOF GEOMETRIC LINNIK DISTRIBUTION
THEOREM 2.2.1

GL(a,l ) distribution isinfinitely divisible.
PROOF

1

For GL(a,l ) distribution, f(tf) = —,
1+In+1 [t?)

1

1- —
e T = 1 2.2.1)
141 [ h

But

| |a is the characteristic function an infinitely divisible distribution.
1+t

Thus the distribution with characteristic function ;a | >0,0<a £2
1+In@+I |t[*)

is the characteristic function of a geometrically infinitely divisible distribution.
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By Pillai & Sandhya (1990), every geometrically infinitely divisible distribution
isinfinitely divisible. This completesthe proof.

Pilla (1990b) introduced geometric exponential distribution while
studying the geometric infinite divisibility of harmonic mixtures of random
variables.

A random variable X on [0,¥) is sad to have geometric exponential
distribution if it has the Laplace transform

_ dX ) _ 1
f(d)= E@ )_I?EEIEY d>0. (2.2.2)

A representation of geometric Linnik random variables in terms of geometric
exponential and stable random variablesis presented below.
THEROM 2.2.2

Let X and Y be independent random variables such that X has geometric

exponential distribution with Laplace transform _r and Y isstablewith
1+In(1+d)

L

characterigtic function e O<a £2.Then X%y d GL(@,l).

PROOF
@iy oy O
f oy () =Ece™™Y:
x/ay g 2
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¥ 4 N
- Q& x = g
.. i

e

o

¥
=0y tx=)dF(X)
0

-1
1+1n(1+| |t|a)

DEFINITION 2.2.1

A random variable X on R has the generalized Linnik distribution and

write XdGelL(a,l, p) if it has the characteristic function

f()=—=— , p>0, >0,0<a £2 (2.2.3)
@+ [¢*)P

Erdogan and Ostrovskii (1997, 1998) considered a generalization of
Gel (a,l, p) distribution and studied its properties. They discussed the analytic
and asymptotic properties of this distribution and obtained some integral and
series representation of its probability density.
DEFINITION 2.2.2

A random variable X on R is said to have type | generaized geometric

Linnik distribution and write X d GeGly(a,l,p)if it has the characteristic

function
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f(t)= 1 ,0<a £2,p>0,1 >0. (2.2.4)

1+ pin@+ ()

THEOREM 2.2.3.
Let Xy, Xs,... be independent and identically distributed  GL(a,l)

random variables and Njbe geometric with mean %. Define

Y=Xp+ Xp ot XN where N, is independent of X's. Then

Yd GeGl(a,l ,1/p).

Proof follows easily.

THEOREM 2.24

Let  Xi,X,,..be independent and identically  distributed
Gel(a,l ,1/n)random variables. Let N be geometric with mean n independent
of Xi’s. Then X;+X,+..+Xy converge in distribution to Z where
ZdGL(a,l).
PROOF

Consider

1 1
@+ fyr 1+ e Ryh- 2

36



Since Linnik distribution is infinitely divisible, . is the characteristic

@+ ]2y

function of a probability distribution.

1

Let fo(t)=——
1+ngL+| [t2 )7 - 1

Then
f@) =Ilimfq(t)
n® ¥

_ 1
14 lim n€+] 1Py 0
* tim ngle )" - 1

-1
1+In@+1 |tf')
THEOREM 2.2.5
The function f (t) - 1 on R isacharacteristic function if and
1+In@+1 |tf)
onlyif al (0,2].
PROOF

Suppose for some a >0, the function f (t) is a characteristic function.
Then we have to prove that a1 (0,2]. The case a <0is impossible due to the

requirement that limf (t) =1 for the characteristic function f . Note that for each
t®0
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1 Un
U jsaso acharacteristic

é
positive integer n, the function f (t) =€
Sl+Linc+1 i)

function. Let F, denote the distribution function with characteristic function f .

Then F, converges weakly to a Linnik characteristic function f (t) = 1| |a .
1+1 |t

Thisimpliesthat a1 (0,2].

is the characteristic function of Linnik

For fixed a1 (0,2], the function
1+1 [¢2

is a characteristic function.

distribution. By Theorem 2.2.4,
1+In(@+1 [t?)

THEOREM 2.2.6

For each al (0,2], the distribution F, ; with characteristic function

is absolutely continuous.

1+in@+ [tR)

PROOF followsfrom Theorem 2.2.2 and henceis omitted.

THEOREM 2.2.7

GL(a,l )isnormally attracted to stable law.

PROOF
Let S,=X;+Xy+...+X,, where X;& are independent and identically

distributed GL(a,! ) random variables. The characteristic function of n S, Is
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(D:Q) D D D> D

fpoag (O

@)&) D D> D> D

THEOREM 2.2.8

Xa (9dYa, Z&®  where Y, | is symmetric stable with characteristic

function &' and Zgs is geometric gamma with Laplace transform

.S
e 1 (0]

§1+In(l+d) 5

PROOF

S

¥ a é u
= ée" 2 dF(z) = §;U _
0 gL in+ i)

This compl etes the proof.
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23 ESTIMATION OF PARAMETERS OF GEOMETRIC LINNIK

DISTRIBUTION

Press (1972) used empirical characteristic function to estimate the
parameters of a stable law. Jacques et a. (1999) used characteristic function
technique to estimate the parameters of geometric stable law (see aso,
Kozubowski (1999)). Here we estimate the parameters of geometric Linnik
distribution using empirical characteristic function.

Consider the geometric Linnik distribution with characteristic function

(t)—;, | >0,0<a £2.

C1+in@+ [P

N n .
The function f ,(t) :%é ™ is caled the sample ( empirica ) characteristic
j=1

function. We have Eg‘ n(t)H:f (t) and by the strong law of large numbers,
é a

fdn%%®fm.

Take

(5D .
diy=ef® 1= .

Then
d@) =!I [, i=12.
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Taking logarithms on both sides, we get

Ind(t) =Inl +aInlt],

Ind(ty) =Inl +alnity|.

Hence,

a @nlty|- Infty]g=Ind(ty) - Ind(ty).
That is,

Ing(tl)
" In|g|2).
tal

Forat!l

Ind (ty) Infty| = Infto|Inl +a Injty| Int,|
and

Ind(tp) Infty| = Injty|Inl +a Inty|In|ty.
Hence,

Inl {Infty|- Inftot =Ind (t,) Infty|- Ind (ty) Inty|
Therefore,

| :exp}_ Ind(ty) In(ty) - Ind(tl)|n(t2)-|g.

t In[ty] - In]ty)] ,y)
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That is,

dn(ty)

N

dn(to)
lta]

t2]

In

andforati,

{Indh (1) In() - Inda(t)In()}
I In|tl|— |n|t2| &
| b

N

| =exp

N

where d,,(t) = exp:% 12— 1 isthe sample counterpart of d(t).
Thn

24 AN AUTOREGRESSIVE PROCESSWITH GEOMETRIC LINNIK
MARGINALS

Here we develop an autoregressive process with GL(a,l) margina
distribution.

The analysis of time series in the classical set up is based on the
assumption that the observed series is a realization from a Gaussian sequence.
However, there are many situations where the naturally occurring data show a
tendency to follow heavy tailed distributions that can not be modeled by a
Gaussian distribution. The usual technique of transferring datato use a Gaussian

model also failsin certain situations (see, Lawrance (1991)). Hence a number
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of non-Gaussian autoregressve models have been introduced by various
researchers (see, Jayakumar and Pillai (1993, 2002), Pillai and Jayakumar
(1994), Lawrance and Lewis (1985)).

The study of non-Gaussian autoregressive models began with the
pioneering work of Gaver and Lewis (1980). They have considered an AR(1)
model with exponentia (m) marginal distribution. The model is given by

Xo=¢
and for n=12,...

i0 w.p. r
Xn =r Xn_l+|'
i€, wp. (@-r)

(2.4.1)
and w.p.stands for with probability, O£r £1 and {en} is a sequence of

independent and identically distributed exponential random variables.

Another exponential AR(1) processis obtained by interchanging X ., and e,

and this can have no effect on the marginal distribution of X,,%. Proceeding this

way with r replaced by 1- d, wehavefor n=0,12,...

iX W.p. d
Xn =(1- d)en+i i P

o wo. (-d) (2.4.2)
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The exponential AR(1) model in (2.4.2), called TEAR(1), is Markovian and has

the d" correlation structure of the exponential AR(1) model. For the properties of

TEAR (1) model, see Lawrance and Lewis (1981).

THEOREM 24.1

Let {X,,n2 1 }be defined as

e W.p. p

X, =
n %Xn_l+en W.p. 1- p) (2.4.3)

where {e,} is a sequence of independent and identically distributed random
variables. A necessary and sufficient condition that {X,, } is strictly stationary
Markov process with GL(a,l )marginals is that {e,} are distributed as
GeGL(a,l ,r).

PROOF

Taking characteristic functions on both sides of (2.4.3), we get
fx, (=M O+A- Py Ofg (1)
If { Xy} is stationary, then

fx(®)=pe®)+@Q- p)f x Ofe(®).
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That is,

fe(t)= fx® :
p+@- p)f x ()

Ffy(t)=——= then

1+In+ 1)

1
fo(t)= —.
1+ piIn@+I [t*)

Conversely, if {e,} are independent and identically distributed as

GeGly(a,l , p), then

1 1 1
fx,®=p ——t(1-p) - -
1+ pin@+I [t[7) 1+In@+1 [t) 1+ pIn@+I [t*)
1 €p+pin@+1 i) +1- pY

1 pin+I [t(F)&  1+In@+1 ) §

:;
1+In@+1 [t?)

If X,.1d GL(a,!l ), then we get X,d GL(@a,l).

Hence the process { X} is strictly stationary. This completes the proof.
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Consider the k™ order autoregressive process

1€ W. . p
: Kp-1t€, WP P

IXp2+e,  wp.  pp

X, =f (2.4.4)

iXn-k € WP Pk

I.
|
i
i
i
i
I
|
where p+p +py+....+p =1 0<p <Li=12..k and {en} is a sequence of
independent and identically distributed random variables independent of
X1, Xppe 21eee
Taking characteristic functions on both sides of (2.4.4), we get

fx O)=pe O+pfx  (Ofe O+pPfx e O+.+pdx_ Ofe (1)
That is,

- fx®
" p+(1- p)f x(t)

€

Following similar linesin Theorem 2.4.1, we get the following result.
THEOREM 2.4.2
A necessary and sufficient condition that the model (2.4.4) defines AR(k)

process with GL(a,l ) distributionisthat {e,} isdistributed as GeGl4(a,! , p).
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25 GENERALIZED GEOMETRIC LINNIK DISTRIBUTION

Here we introduce type |1 generalized geometric Linnik distribution and
study its properties.
DEFINITION 25.1

A random variable X on R has type Il generalized geometric Linnik
distribution and writes X d GeGL,(a,! ,t), if it has the characteristic function

¢ 1 i
f(t)=6—————0 ,tl R0<a £21 .t >0,
gL+In(+1 |t7)H
Note that when t =1, type Il generalized geometric Linnik distribution reduces

to geometric Linnik distribution.
THEOREM 25.1

GeGL,(a,l ,t) distributions are infinitely divisible.

PROOF
Follows from Theorem 2.2.1
DEFINITION 2.5.2

A random variable X on (0,¥) has geometric gammadistribution if it has

Laplace transform

6 1 o
fl(d):%_—

1, d>0t >0.
1+In(@+d)
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For properties of geometric gamma distribution, see Jose and Lekshmi
(1999).

A representation of type |1 generalized geometric Linnik random variable
in terms of geometric gamma and stable random variable is presented below.
THEOREM 25.2

Let X and Y be independent random variables such that X has geometric

. N
gamma distribution with Laplace transform LE and Y be stable with
&+In(1+d)

S

characterigtic function e ' " ,0<a £2,1 >0. Then XY@y d GeGL,(a,! ,t).

PROOF

— E%txllaY 9

f xMay () 8 p

¥
N itx 2y _.,0
_?ES‘% /X = x2dF (x)
¥
= fy @) dF ()
0

¥ a
= o 1 *aF (%)

0

é i
Y 1 p
-—e—u..

&L+In+1 [tf)H
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Now we shall consider a limiting property of the type Il generalized
Linnik distribution.

THEOREM 2.5.3

Let X4, X,,... beindependent and identically distributed random variables

1/n
& o
with characteristic function ¢ —+ and N beanegative binomial random
gl 5
@z §
variable  with  probability = generating  function ¢ P - ,n>0,
81— 0z g
p = i, g =1- p.Then X;+X,+...+Xy converges in distribution to Z
n

d
where Z = GeGL,.

PROOF
Let Sy = Xt X+ Xy
fs, ()= E(eit(X1+X2+,,,+XN))
¥
=a [f ]"P(N=n).
n=1
Therefore,
6 pf(t) O & 4 6"
fSN(t):mg , Wheref(t):é1+| |t|a% .
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e u
= 1/n i
Suer i) - o
8 A
, n
¢ u
e u
_é 11’/” u
é 160
é(1+| |t|a) -5 1o
é 8 Nag
, n
e u
€ 1 a
:§ 1/n u
e a u
sn{1+1 |t ) -(n-1%
(v ) 00
, n
e u
é a
.y 1 u
e ¢ S\ gl
eendiel [F] - 140
g & af
Let fnt)=fg, (1)
, N
e u
é a
é 1 u
lim f (1) = \ o
n® ¥ & 1 }Ju
al+ lim ln +1 |t|a Un _ -y
A n®¥
g bH

&
1 7
u

é
=60,
&L+InL+1 [tf)H
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THEOREM 2.5.4

, N
é U
The function f (t) = e 1 g on R is a characteristic function if

&L+In@+1 |tf)H

andonlyif 0<a £2 andn >0.

THEOREM 2.5.5

For each al (0,2] and n >0, the distribution F, n () with characteristic

) 1
e u
function f (t) = &1 is absolutely continuous.

&L+In@+1 |tf) Y

Proofs of Theorems 2.5.4 and 2.5.5 follow in the same lines as in
Theorems 2.2.5 and 2.5.2
THEOREM 2.5.6

GeGL,(a,l ,n) isnormally attracted to stable law.
PROOF

The characteristic function of n” % (Xg+Xo+..+ X,) is

f (t) =f (t)

nlag X1+ Xo+..+Xp
n nl/a

:f X1+X2+.“+Xn (t/ nl/a )

o1



g (o)

, n

é u

¢ G

e 1 u

=€ -U

e @& || od

él+Incl+ U

~ n +/

g & o
L N
é u
é a
e 1
é a a
S 0t -
§l+ | | +O(i2)u
g n n“ H

-In|t|a
® e asS n® ¥.

This compl etes the proof.

THEOREM 2.5.7

=]

The generalized geometric Linnik stochastic process admits the

representation

Xa,I

where Y, | is symmetric stable with characteristic function e

geometric gamma process with Laplace transform

1/
n ) g Ya A Zs,na
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&L+In(l+d)

il

ns
u

1

and Zg, is



PROOF

. 1/a s
f () =ERYZT 0
Ya,l Zg/n ( ) 8 %]

¥ . 1/a s
&tz o)

o 0
e a

o

¥
= v (t2/2)dF (2)
0

¥ a
-¢'Mdar@

0

. ns
e 1 3
-

&L+In@+1 |tf) Y
Therefore, Xu ;¥ dYy, zI2.
Following the method of empirical characteristic function used in the case
of GL distribution, we can estimate the GeGL, distribution parameters.

Consider the GeGL,(a,! ,n) characteristic function

- N
é U

f(t):é%@ _
gL+In(L+1 |t)H

We have, the empirical characteristic function is

A n .
f n(t)zlé eltxj-
nio,
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Inf (t) =-n |ngL+|n(1+| |t|a)g.

Proceeding asin Section 3, we get

N

dn(ty)

a :M andfora ]
InM

t2]

In

e " " o)
R expglndn(tz)ln|tl|— Indn(t)Inlty| =
| = 4

t
InM
to]
where
A %,\ l:l-l/n 9
dn(t) =exptd ,()g -13-1 and
gé U o
rl1\: , - Inf (1) -
é ~oou
InéL+In(+1 [t )a
8 ¢
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CHAPTER Il

SOME ASYMMETRIC GENERALIZATIONS

3.1 INTRODUCTION

Due to the applications of Laplace distribution and the asymmetric nature of
the data sets, several asymmetric generalizations of the Laplace distribution are
introduced in the literature by different authors (see, Yu and Zhang (2005) and
Kozubowski and Podgorski (2000)).

Let X and Y be two independent gamma random variables with parameters
(a;,by) and (a,,b,)where aj,b; >0, i =1, 2. Then the characteristic function of
Z=X-YIis

fo(t) = (1+ibgt) 21(1- ibyt) 22,
Matha (1993a) introduced the generalized Laplace distribution with characteristic

function
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1
fz(t) = m,

When tis a positive integer, the probability density function corresponding to

t,| >0. (3.1.1)

(3.1.1) is

\x\t -1
t 1 a (t) O'-‘éljgg

200 = ) (=0 r!(t-r-l)!g

where
t)=tt+D)..t +r-1, {t)g=1 t 10 -¥<x<¥.

When t = 1, the above distribution reduces to Laplace distribution and is a member
of class of self decomposable distributions. The generalized Laplace density has
applications in various fields such as the production of the chemical melatonin in
human body, growth decay mechanism like formation of sand dunes in nature,
Input- output situations in economic contexts, industrial production etc.(see, Mathal
1993a, 1993b, 1994, 2000).

Note that most of the real life contexts may not be symmetric in nature and we
introduce and study the asymmetric form of the generalized Laplace distribution

considered above. This asymmetric form is defined by the characteristic function
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() = (3.1.2)

and the corresponding random variable Z is denoted as GeALa(l ,mt).

In Section2, a generalization of the asymmetric distribution in (3.1.2) is
considered and a representation of this distribution is obtained. Type | generalized
geometric asymmetric Linnik distribution is introduced in Section 3 and some
properties of this distribution are studied. Autoregressive models of type |
generalized geometric asymmetric Linnik marginal distribution is introduced and
studied in Section 4. In Section 5, various skewed versions of Laplace distributions
are discussed and geometric versions of these distributions are introduced and their

extensions to the Linnik case are discussed.

3.2 GENERALIZED ASYMMETRIC LINNIK DISTRIBUTION
In this Section, we obtain a representation for an asymmetric version of the
generalized Linnik distribution in (2.2.3). Consider the distribution with

characteristic function

e 4 4
ft) = 6—————7F ,-¥<m<¥,]t300<af2 (3.2.1)
Q1+ [t - int
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We shall refer this distribution as the generalized asymmetric Linnik distribution
and denote it by GeAL(a,l,mt). When a=2, t=1, it reduces to asymmetric
Laplace distribution of Kozubowski and Podgorski (2000).

THEOREM 3.2.1

A GeAL(a,l,mt) random variable X with characteristic function (3.2.1)
admits the representation X dnw +(( W)’z where Z is symmetric stable with

e

characteristic function y(t)=e and W is a Gamma random variable with

probability density function g(w) = —— w'-1

e, w>0,t >0 independent of Z.
qt)

PROOF

Conditioning on W we obtain the characteristic function f (t) of mw +(| W)% Z as

& i@y +( w)h 28 /00
f()=EEe o =

& & o0
y éeitgm/w(l W)%*zgf
= OECe 27g(w)dw
0 ¢ -
(;: o
e )
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e 3
g1+l |t|a - it

Ve

t
u
a.
t

Hence the Theorem.

3.3 GENERALIZED GEOMETRIC ASYMMETRIC LINNIK
DISTRIBUTION
Since the distribution with characteristic function (3.2.1) is infinitely divisible,
using the result of Klebanov et al. (1984), we can define a geometrically infinitely

divisible distribution with characteristic function y(t) as f (t)=exp{1- ——y

iy O
where f (t)is the characteristic function of an infinitely divisible distribution. The

characteristic function (3.2.1) can be written as

t ] u
c 1 9 __ 1 1 L
C1+1 [t it -eer -1
N ints i a 4
o x +t In@+1 {t[” - int)z |
pogrtinasl e -inty
Hence y (1) = 1 IS a characteristic function of a geometrically

1+t In@+1[f® - im)

infinitely divisible distribution.
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The distribution with characteristic function

y (t) = 1 - ¥<m<¥,l t300<af£? (331D

"1+t In@+1 [ - int)

Is called Type | generalized geometric asymmetric Linnik distribution with
parameters i, s, a,t .
If X is a random variable with characteristic function (3.3.1), we represent it as

X d GeGAL4 (a,! ,mt ). It may be noted that when t =1 in (3.3.1) the corresponding

distribution is the geometric version of asymmetric Linnik distribution and we call

d
it as geometric asymmetric Linnik distribution and is denoted by X =GAL(a,l ,m).
Now we consider the asymmetric behavior of the GeGAL, distribution.

THEOREM 3.3.1

The GeGAL(a,l ,mt ) distribution is the limit distribution of the geometric

sums of GeAL(a,I mtﬁ) random variables.

PROOF

Let f(t) be the characteristic function of a GeAL(a,I ,mtﬁ)random

variable. Then
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t
2] on
fF(t) = 9%3
Q1+ |t| - int

Define

t

_ 1 a . \n
Q(t)—m-l—(lﬂ ] -mt) -1

Hence using Lemma 3.2 of Pillai (1990b),

1

T

where p > 1, is the characteristic function of geometric sum of random variables.

By choosing p = n, we have

(:el n +I|t| -th -lu
e &

So f () isthe characteristic function of geometric sum of GeAL (a,l mtﬁ)

Consider

1

lim f (t) = t
S Z

ne¥ 1+ lim nalﬂ |t| - mt) - 1
ne¥ @ 9]
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1
1+tIn(@+1 |{? - im)

which is the characteristic function of GeGAL(a,l ,mt ) random variables. Hence
the theorem
Now we prove stability property of GeGALy(a,l ,mt ) random variables with

respect to geometric summation.
THEOREM 3.3.2

Let {X,} be a sequence of independent and identically distributed random

variables and let N, be geometric random variable with mean %. Further, assume

N

p
that Ny, is independent of X;’s. If Uy_ =4 X, then the random variables Un,
i=1

and X; areidentically distributed if X; follows GeGAL, (a,! ,mt ).

PROOF

Let f(tf) and Q(t) be the characteristic functions of X; and UNp
respectively. Then
t
ory = — PO (33.2)

1- (- pf ()
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Suppose X; d GeGALy (a,l ,mt ).

Then, by (3.3.2) we have

_ P
QM) =
p+t In(1+l |t|a - im)

1
1+tln(1+l |t|a - im)'
p

Hence the theorem.
34 AUTOREGRESSIVE MODELS WITH GENERALIZED
GEOMETRIC ASYMMETRIC LINNIK MARGINAL DISTRIBUTION

Here we develop a time series model with GeGAlL;(a,l ,mt) marginal
distribution on the basis of geometric infinite divisibility property of the
distribution.
THEOREM 34.1

Let {X,,,n? 1} be defined as

_1€p wW.p. (q

=i (34.1)
1 Xn-1ten wp. 1-q

Xn

where 0<q£1 and {e,} is a sequence of independent and identically distributed

random variables. A necessary and sufficient condition that {X,} is a stationary
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process with GeGAlL;(a,l,mt) margind is that {e,} is distributed as
GeGAL (a,l ,mat ).
PROOF
Let f x (t) bethe characteristic function of {X}. Then from (3.4.1), we get
fx ()=afe O+@-a)fx  (fe (1) (34.2)
Assuming stationarity, we have
fx(t)=afe(t)+(1-a)f x Ofe(t).

Hence

fy (t)
fe(t)= X . 343
O @ 349

Suppose X, d GeGAL4(a,l ,mt).

Then

1

fx() = - :
1+t In(1+l It - im)

Substituting thisin (3.4.3) and simplifying we get,

1

fot) = - .
1+qt In(1+l It - im)




Hence e, d GeGALy(a,l ,mat).
Conversely, assume that {e,} is a sequence of independent and identically
distributed GeGAL, (a,l ,mqt ) random variablesand X, d GeGAl (a,! ,mt). Then

1

from (3.4.2), forn=1wehave f x, (t) =
1+t In§+l 12 - int%lI

If X,.1d GeGAL(a,l ,mt), then we get X, d GeGALy(a,l ,mt)..
Thus using inductive argument, {X,} is a stationary process with
GeGAL (a,!l ,mt ) marginal distribution. Hence the Theorem.

We call the process defined by (3.4.1) with Xq d GeGALy(a,l ,mt) and {e,}
IS a sequence of independent and identically distributed GeGAL,(a,l ,mqt) random
variables as the first order autoregressive process with GeGAL (a,l ,mt) marginal

distribution .

From the Definition of the model (3.4.1), itiseasily verified that

1- 1-q) g () ] ]
P+ (- q)"f x, (O g (0)-
1- 1-9)f, © "

fx () =dfe

1

When n® ¥, fx () = dfe () TR
en

65



Let X, is distributed arbitrary and {e,} is a sequence of independent and
identically distributed GeGAL(a,l ,mqt) random variables. Thenas n® ¥

1
1+t In(1+l |t|a - im)'

fx () =

n

Hence if X is distributed arbitrary, then the autoregressive process is
asymptotically stationary with GeGAL(a,l ,mt ) marginal distribution.
Now from the joint characteristic function of (X,,,X41) Of the process, it can be

easlly verified that the first order autoregressive process (3.4.1) with
GeGAL (a,l ,mt ) marginal distribution is not time reversible.
An autoregressive model of k™ order with GeGAL (a,l ,mt) as marginal
distribution can be defined as

ien W.p. Po

|
i Xn-1t€n WP P
TXn.2ten  wp. p

Xn-k t€n W. . Pk
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Kk
where § p; =1, 0<p; <1, i=1k and {e,} is a sequence of independent and
i=0

identically distributed GeGAL(a,l ,mt ) random variables.
35 GEOMETRIC ASYMMETRIC LAPLACE DISTRIBUTIONS
VARIOUSFORMS
Kozubowski and Podgorski (2007a, b) considered different forms of
asymmetric/skew Laplace distribution. The type | form is discussed in Section 1,
has the characteristic function

1

= — ,mT R/ >0.
1+1t-im

f (t)

The Type Il asymmetric Laplace distribution is obtained by Azzalini’s method (see,

Azzalini (1985)) and is given by the characteristic function

eiqtg.l t+(1+d)2i8 )
y(@t) = - -,t,q1 R1>0d3 0.
(It+i)g 2t2+(1+d)23 (3.5.1)

The corresponding density is

|xa| % o (1+d)|XTﬂ|,

x3q

i1 @) x<q

67



The geometric asymmetric Laplace distribution based on the Type |II

asymmetric Laplace distribution is defined by the characteristic function

f(t) = where y(t) is given by (3.5.1). Note that (3.5.1) can be

-
1- In(y (1))
extended to the asymmetric Linnik case by considering

g(x) =2f(x)F(gx), xI Rgl R
where f(x) is the probability density function of Linnik distribution and F(x) is
the corresponding distribution function. The geometric version of this will lead to
the geometric asymmetric Linnik law corresponding to the Azzalini’ s method.

Type Il asymmetric Laplace distribution is the distribution of Xy where

Xg = X +—=—Y|,gT R (35.2)

1+g°  41+g

where X and Y are independent and identically distributed standard Laplace

g

V1+ 92

parameter qi R and scale parameter | >0, density of X can be written as

random variables. Denoting c= 1 (-11) and introducing the location




N 1
: 1 o Jl_?|' | c o g|¥| %3 q
1 2&/1- ¢?- ¢ 1-2c

F(x) =i s o |

IT 1 ) 12|¥1|

T ~€ b : X<q
128 1- C2+Cg
| @

The corresponding characteristic function is

eiqt

y () =- - q.tT Rcl (-1,1).
2\ 2200

gl+(1 c )I t Q[l il ct]

The geometric asymmetric Laplace distribution is defined by the characteristic

function ———— .
1- In(y (1))

For the interrelations between type | , Type Il and Type |11 asymmetric Laplace laws, see

Kozubowski and Podgorski (2007a,b).
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CHAPTER IV

TAILED DISTRIBUTIONS

4.1 INTRODUCTION

Tailed distributions have found applications in various fields and were
studied by many authors (see, Littlggohn (1994), Muraleedharan (1999),
Muraleedharan and Kale (2002) and Hutton (1990)). We encounter tailed
distributions in life testing experiments where an item fails instantaneously. In
clinical trials, some times a medicine has no response initially with a certain
probability and on a later stage there may be response, the length of the response is
described by certain probability distribution.
DEFINITION 4.1.1

Let the random variable X has distribution function F(x) and characteristic

function f y (t). A tailed random variable U with tail probability q associated with

X is defined by the characteristic function

fu®=9+@-a)f x () (4.1.1)

This Chapter is based on Mariamma Antony and Raju (2008a)
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In Section 2, we introduce tailed distributions associated with type |
generalized geometric Linnik distribution and study its properties. Tailled Type Il
generalized geometric Linnik distribution is aso discussed in this Section. Tailed
type | generalized geometric asymmetric Linnik distribution is studied in Section 3.
Marshal and Olkin (1997) considered a method of introducing new parametersin to
adistribution F. For the applications of Marshall Olkin scheme, see Marshall and
Olkin (1997) and Jayakumar and Mathew (2006). Jayakumar and Kuttykrishnan
(2007) redefined Marshall -Olkin schemes and used them to describe
reparametrized forms of a distribution in terms of characteristic function. In Section
4, we derive the Marshall-Olkin form of geometric Linnik, Type | generalized
geometric Linnik, Type Il generalized geometric Linnik, geometric semi-alpha
Laplace distributions and introduce the tailed distributions generated by the

Marshall-Olkin forms.

4.2 TAILED GENERALIZED GEOMETRIC LINNIK DISTRIBUTIONS

Now we introduce tailed Type | generalized geometric Linnik distribution

and obtain a representation of the same.
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In(4.11), when  fy(t)= ! then

1t In+ 17 Q)

1+tq In(1+l |t|a)

fu @)= (4.2.1)

1+t In(1+l |t|a) |
The random variable U with characteristic function (4.2.1) is called tailed Type |
generalized geometric Linnik and denoted by TGeGLy (a, ! .t ,q)
THEOREM 4.2.1

Let X and Y be independent random variables such that X has taled
generalized geometric exponential  distribution  with Laplace transform

a
q+(1-q); and Y is stable with characteristic function e'I|t| :
1+t In(1+d)

O<a £21,d,t >0,0<q<1. Then sz%‘Y has TGeGLy (a,! ,t ,q) distribution.

PROOF
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SlLE

¥
=o' XdF (%)
0

1
1+t In(1+l |t|a )

=q+(-q)

1+tq In(1+l |t|a)

1+t In(1+l |t|a ) |
This completes the proof.
Now we develop a first order autoregressive model with TGeGL,distribution
asmarginal.
Consider the model

_1ep W.p. p

Xn =i
" 1 Xn1ten wp. 1-p

(4.2.2)

=lhXn.1+€q
where {e,} and {I,} are two sequences of independent and identically distributed
random variables with 1, X .1 and e, mutually independent and
P(l,=0)=p=1- P(I, =1).

We have the model (4.2.2) in terms of characteristic functionsis
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fx, ®
p+(@- pfx_ (1)

fe (1)

In the stationary case,

fx () |
p+(- p)f x(t)

fo (1) =
If X has characteristic function (4.2.1), then

1+tq In(1+l |t|a

1+t cln(1+l |t|a)

fe (t)=

where c= p+(1- p)g.

That is,

fo =9+%. 190 ! |
" c & c é’1+tc|n(1+| |t|a)

Hence, if the model (4.2.2) is stationary withTGeGl(a,l t,q) margina

distribution, then the distribution of the innovation sequence {e,} is

TGeGLl(a,I it c,t—g).
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d
If Xo=TGeGLi(a,l t,q) and {e,} are independent and identically

distributed as TGeGL, (a ot ct—(‘}) then the characteristic function of X; is
fx, () =8p+@- p)f x, (U ¢, (1)

L+taing+1[{* 91+ tqing+1 4%

.. ue .U
Py agQ A ag-
g 1+t In§+l |t| bu@l+tcln§+l |t| QH

1+tq In(1+l |t|a)

1+t In(1+l |t|a) |

Thatis, X;dXo.
If X,.1dXq, wecan provethat X, d X, and hence the process {X .} is stationary.
Based on this, we now define stationary first order autoregressive tailed Type |
generalized geometric Linnik process as follows:
Let

XodTGeGly (a,! .t ,q)
and for n=1,2,...

1€n W. . p
Xn =
1 Xn-1t€n W.p. 1- p
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where {e,} is a sequence of independent and identically distributed

TGeGLl(a,I t ct—(‘}) random variableswhere c= p+(1- p)qg.

It can be shown that the process { X,,} is not time reversible. For this, consider the

characteristic function
fx x. ()= E(eit1Xn+it2Xn+1)
=fe (t2) &§PF x, () +(@L- P x (L+t)¥

1+tqln§+l |t|agg 1+tq|n(1+| |t1|a) 1+tq|n(1+| |t1+t2|a)g

= - +(1- p) r
1+tcln§+l ke gg 1+t In(1+l |t2|a) 1+t In(1+l |t1+t2|a) ﬁ

This expression is not symmetric in t; and t,.
REMARK 4.2.1

If {e,} is a sequence of independent and identically distributed
TGeGLl(a,I t ct—‘(}) , Where c=p+(1- p)q then (4.2.2) is asymptotically

stationary with  TGeGLy (a,l .t ,q)  marginal distribution.
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Consider the k™ order autoregressive process

ie, w.p. p
:': Xn-1+€q w.p. P
Xn=iXp.2ten  Wp. pp. (4.2.3)

t Xn-k *en W.p. Py

If the process {X ,} is stationary, then in terms of characteristic function (4.2.3) is

fx (1)
p+(L- pf x ()

fe ()=

k
where1- p=§ p, 0<p <L
i=1

Thus a necessary and sufficient condition for the model (4.2.3) defines a stationary

AR(K) process with TGeGl(a,l t,q) margina distribution is that {e,} is
distributed as TGeGL, (a 1t c,t_g).

Now we consider the type Il generalized geometric Linnik distribution and
study the tailed distribution generated by it.
DEFINITION 4.2.1

A random variable X is said to have tailed type Il generalized geometric

Linnik distribution and write X d TGeGL, (a,! ,t ,q) distribution if it has the
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characteristic function

] 1
&+ (1+I ta)‘,J +(1-
qgl+in It g T

fy(t)= ,0<a £2,0<g<1l .t >0.

. 1
?L+In(1+| |t|a)‘9
e ¢!
The tailed type Il generalized geometric Linnik distribution being the tailed

form of type Il generalized geometric Linnik isinfinitely divisible.

As in the case of TGeGL, distribution, we now obtain a representation of
TGeGL, random variables in terms of tailed geometric gamma and stable random

variables.
DEFINITION 4.2.2

A random variable X is said to have tailed geometric gamma distribution if it
has Laplace transform

f1d)=q+(@-q) - =, dt >00<qg<L

g€l+In(1+d)g

THEOREM 4.2.2
Let X and Y be independent random variables such that X has Laplace

transform q+(1- q); and Y is stable with characteristic function

[1+In(1+d)]
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eI 0<a£2 Then U=x"ay hasdistribution TGeGL (a.l t.q).

Proof follows analogous to the proof of Theorem 4.2.1.

43 TAILED GENERALIZED GEOMETRIC ASYMMETRIC LINNIK
DISTRIBUTION

Here we discuss the tailed distributions generated by generalized geometric
asymmetric Linnik distributions.
DEFINITION 4.3.1

A random variable X is said to have tailed type | generalized geometric

asymmetric Linnik distribution and write U d TGeGAL,(a,l ,mt,q) if it has
characteristic function

1+tq|n(1+| |t|a - im)

fu(t) = - .
1+t In(1+l it - im)

As in the case of TGeGlL,; random variables, we now consider the first order
autoregressive model (4.2.2). We can prove that if {e,} are independent and

identically  distributed TGeGALl(a,I ,mt ct—(‘}) random variables and

XodTGeGAL (a,l ,mt,q), then the model (4.22) is stationary with
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TGeGAL (a,l ,mt ,q) marginals. Also if the model (4.2.2) is stationary with

TGeGAL (a,l ,mt ,q) marginals then it can be easily seen that the distribution of
{en} is TGeGALl(a,I ,mt ct—(‘}) where c=p+(1- p)g. Based on this we can

develop first order autoregressive models with tailed Type | generalized geometric
asymmetric Linnik marginal distribution.
The model can be easily extended to higher order autoregressive model as in
(4.2.3).

The type Il generalized geometric asymmetric Linnik distribution can be
defined using (4.1.1) with f y (t) replaced by

1

) T
?L+In(1+| |t|a - im)‘ﬂ
e o

That is, a random variable U having tailed type Il generalized geometric

asymmetric Linnik distribution denoted by TGeGAL; (a,! ,mt ,q) has characteristic

function

1

q+(-q)- 5
?L+In(1+| |t|a - im)‘ﬂ
e o
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4.4 MARSHALL-OLKIN FORMS

Let X be a random variable having absolutely continuous distribution
function F(x) in the support (a, b) where a can be - ¥ and b can be +¥. Let
F(x) =1- F(x) bethe survival function of X. Marshall and Olkin (1997) introduced
a flexible family of distributions by adding a new parameter in to the survival
function. Starting with a survival function F(x), Marshal and Olkin (1997)

defined a new class of distributions given by

— . _  gF(0)
G(x)—l_ L OF0) ¥ <x<¥,0<g<¥. (4.4.2)

Sankaran and Jayakumar (2007) gave an interpretation for the family (4.4.1) using
odds function. They showed that family (4.4.1) satisfies the proportional odds
model. Jayakumar and Mathew (2006) considered a generalization of Marshall-
Olkin scheme and discussed the application of this in Burr Type XII distribution.
The generalized Marshall-Olkin scheme corresponding to the survival function F is

defined as

z — .m
TS 9F(x) U
H(X) =& =1 ,- ¥ <X<¥,0<g,m<¥. (4.4.2)
&- (- 9OF (g
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Jayakumar and Kuttykrishnan (2007) defined the Marshall-Olkin schemes in terms

of characteristic functions. Let X be a random variable on (- ¥,¥) with

characteristic function f (t) . They defined the characteristic functiony (t) as

__9g® )
y(t)—l_ w g)f(t)’0<g<¥’ ¥ <t<¥., (4.4.3)

We now introduce the Marshall-Olkin forms of the geometric Linnik characteristic
function, its asymmetric versions and other extensions.
Suppose

1

f(t):1+ln(1+l |t|a).

The Marshall-Olkin formis

1
1+1In(1+l |t|a)
g

y ()= ,0<a £2,g>0.

Note that the Marshall-Olkin form of GL(a,!) distribution give rise to
GeGLy (a y é) distribution.
Simiilarly, ~ the Marshall-Olkin form of GAL(a,l,m distribution is the

GeGALl(a,I ,mé) distribution. It can be easily seen that if X d GeGALy(a,l ,mt)

then the Marshall-Olkin form of X is GeGALl(a,I mtg)
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If (1) = L _, then

§L+In(1+l |t|a - im)@
e o]

g

y () =- 1 :
gL+In(1+I It - im)g - (1- )

ggth In(1+l |t|a - im)g

Alsoif XdTGeGAL(a,l ,mt,q),then y(t)= t
- g +[1+(g- Da] In(1+l |t|"’1 - im)
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CHAPTER V

SOME BIVARIATE EXTENSIONS

5.1 INTRODUCTION

Heavy talled bivariate distributions with different tail index are used for
modeling bivariate data. Considering this, Kozubowski et al. (2005) introduced
marginal Laplace and Linnik distributions. A random vector X =(Xq,X>) issaid to
have margina Laplace and Linnik distribution if it has the characteristic function

y(t,S): ! ,O<a£2, |1,|2>O, t,STR.

1+1 2 +1 58P

Note that,

1

y(t’O): 2 H
1+1 1t

This Chapter is based on Mariamma Antony and Raju (2008b) and (2008c)



and

1

0,5)=————.
v 09 1+1 ,|g?

Kozubowski et al. (2005) derived the representation of X as
Ag@%ﬁu%@)

where U is unit exponential, X4 and X, are normal and a stable random variables
with respective characteristic functions

yﬁnzémzmd

y4$=é“H5

The margina Laplace and Linnik distribution can be generalized to include
the asymmetry in the data as follows:
Consider a random vector X =(X,X 5) with characteristic function

y (t,s) = = 11,1,>00<a£2mnl R

1+1t2 +1 ,|g® - int- ins

~—— andy (0,9=——— Wecdl the

Notethat inthiscase, y (t,0) = a
1+14t=- int 1+1 5|9 - ins
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distribution with characteristic function y (t,s) as marginal asymmetric Laplace and
asymmetric Linnik distribution.

In Section 2, we introduce geometric marginal asymmetric Laplace and
asymmetric Linnik distribution and study its properties. In Section 3, we consider
geometric marginal asymmetric Linnik and asymmetric Linnik distribution and its
extensions. Geometric bivariate semi-a -Laplace distribution are introduced and
studied in Section 4
52 GEOMETRIC MARGINAL ASYMMETRIC LAPLACE AND
ASYMMETRIC LINNIK DISTRIBUTION

Kozubowslki et al. (2005) introduced and studied a class of multivariate
distributions called operator geometric stable laws by generalizing operator stable
and geometric stable laws. As a particular case, they studied a new class of
bivariate distributions namely margina Laplace and Linnik distributions.
Kutyikrishnan and Jayakumar (2005) generalized this class of distributions and
introduced and studied a class of bivariate distributions that contains marginal
Laplace and Linnik distributions. The resulting class of bivariate distributions
namely generalized marginal asymmetric Laplace and asymmetric Linnik

(GeMALaAL ) distributions have the characteristic function
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1

é
f(t,s)=6 -
&L+14t% +1,|d® - int- ins

l:lt
a, (5.2.1)
H

l1,15>0,- ¥ <mn <¥,tz30al (0,2].

Let y(t,s) be the characteristic function of a geometrically infinitely divisible

1 0
bivariate distribution given by the equation f (t,s) =e? Y93 where f(t,9) is the

characteristic function of an infinitely divisible bivariate distribution.

1 0
Substituting (5.2.1) in the equation f (t,s) :e? Y93 e obtain

1

y (t,s) = > 2 : (5.2.2)
1+t In(1+llt +1 |9 - imt- ins)
l4,1 ,>0t30,-¥<mn<¥,al (0,2].
Hence y (t,s) = 1 Is the characteristic function of a

1+t In(1+llt2+l o|g® - int - ins)

geometrically infinitely divisible bivariate distribution.
A bivariate distribution with characteristic function (5.2.2) is caled Type |
generalized geometric marginal asymmetric Laplace and asymmetric Linnik

GeGMALaAL; distribution with parameters a,mn,l 4,1 2,t . Note that when
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m=n =0 and t =1, this becomes geometric marginal Laplace and Linnik
distribution.

If (X,Y) is bivariate random vector with characteristic function (5.2.2), we
represent it as  (X,Y)d GeGMALaAlLy(a,l 1,! ,mn,t). An asymptotic property of
GeGMALaAL, distribution is given in the following theorem.

THEOREM 5.2.1
The GeGMALBaAL4 distribution is the limit distribution of the geometric

sums of GeMALaAL random variables.
The theorem can be proved using the argument similar to the Proof of Theorem
3.3.1.

Now it is useful to develop a bivariate time series model using the

GeGMALaAL; marginal distribution. A one parameter autoregressive model

equivalent to TEAR(1) structure of Lawrance and Lewis (1981) can be

constructed corresponding to the set of bivariate time series data as follows:

Let {(enhn).n?* 3 be a sequence of independent and identically distributed

bivariate random vectors and let (Xg,Yp) d GeGMALaALy(a, | 1,1 o, mn t).
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Define {(Xp.Yy).n* 14 as

_1ep wp. p
=i
n T Xp-1+¢€n wp. 1-p

and

ih W.p.
Y ={n PP (5.2.3)
T Xp-1*hp w.p. 1-p

where0O<p<1

Let fx, v, (ts) and fg  (t,s) be the characteristic functions of (xn,Yn) and

(en : hn) respectively. Then (5.2.3) gives

f (t,s)
—_ (Xn’Y)n
Menny) (S = p+@- P (x v, )9 (5.24)

If {(Xn.Yn)} is astationary sequence with GeGMALaAL(a,l 4,1 ,,mn,t) marginal

distribution, then from (5.2.4) we get

1
2 a . . )
1+p:|n(1+|1t +1 5|9 -|m-|ns)

f(enhn)(t, S) = (5.2.5)

Hence (ey,hy) d GeGMALaALy (@l 4,1 o, mn, pt).
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Also it can be verified that if (Xp,Yp)d GeGMALaAL (@l 1,1 ,mn t)and
{(en,hn),n3 J}is an independent and identically distributed sequence of bivariate

random variables with characteristic function given by (5.2.5), the first order

autoregressive process (5.2.3) is stationary with GeGMALaAL(a,l 4,1 o,mn,t)

marginal distribution.
Hence, we have the following theorem.

THEOREM 5.2.3

Let {(enhn).n? 1} be a sequence of independent and identically distributed
GeGMALaAL;(@,l 1,1 ,,mn, pt) random vectors and (X0 Yo) d

GeGMALaAl (a,l 1,1 ,,mnt). Then the relation (5.2.3) defines a stationary
bivariate time series with GeGMALaAL; marginal distribution.

53 GEOMETRIC MARGINAL ASYMMETRIC LINNIK AND
ASYMMETRIC LINNIK DISTRIBUTION AND ITSEXTENSIONS

In practice we come across bivariate random vectors where the components
of the vectors have heavy tails than normal distribution and component distributions

are asymmetric with steep peak.
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DEFINITION 5.3.1
Let X =(X1,X,) be arandom vector with characteristic function

u

1 a

e
f(t,s)=& U
gL

+1 q[tPr+1 5|2 - int- insg

£
[1,12>0,,t 30,- ¥ <mn <¥,0<aj,az£2

Then we say that X =(Xq,X,) has generalized marginal asymmetric Linnik and
asymmetric Linnik distribution and we denote X by
Xd GeMALAL(aj,ap,l 1,1 o,mn,t).

The geometric version of this and its generalization are the subject of study
in this Section.

DEFINITION 5.3.2

A random vector X =(X;,X,) is said to have geometric marginal
asymmetric  Linnik and asymmetric Linnik  distribution and  write

X d GMALAL(aj,ap,l 1,1 2,mn) distribution if it has the following characteristic

function
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1

f(t,s)= - 2 :
1+In(1+| 1t +1 o|d72 - int- ins)

[ 1,1 o>0,,t 30,- ¥ <mn<¥,0<aj,ansf2

Note that when a1=2 and aj =a , the geometric marginal asymmetric Linnik and

asymmetric Linnik distribution turns out to be geometric marginal asymmetric
Laplace and asymmetric Linnik distribution studied in Section 2.

REMARK 5.3.1

As in Chapters Il and Ill, the two generalizations of the geometric marginal
asymmetric Linnik asymmetric Linnik distribution are Type | generalized geometric
marginal asymmetric Linnik and asymmetric Linnik distribution defined by the

characteristic function

é u
é 1 a
f(ts)=g _ . i (5.3.1)
al+t In(l+|1|t| L+] 5|92 - int- ins)a
€ u

denoted by X =(X1,X2)d GeGMALAL4(ag,a2,11,1 2,mn,t) and Type Il generalized

geometric marginal asymmetric Linnik and asymmetric Linnik distribution defined

by the characteristic function
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é

& 1
f(t9)=g _ _
gl+|n(1+|1|t| L+l g2 - int- ins) v

ey e} e’y

cc

denoted by AQGGGMALALz(al,azJ 1.1 2,mn t).

THEOREM 5.3.1

The GeGMALAL(a1,a2,1 1,1 2,mn,t) distribution is the limit distribution of
geometric sums of GeMALAL(aq,a2,!1,! z,mn,tﬁ) random variables.

PROOF

Let f(t,s) be the characteristic function of GeMALAL(aj,aq,l1,! z,mn,tﬁ)

Then

t
é o
& 1 (
f(t9)=g - - "
A1+ ([ +I 2-int-ins)’
di+1afif +1 19 ¥

Define Q(t,s) =———- 1

()

t
n

:(1+I1|t|al +1o|g%2 - int - ins) -1,
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1

} t
1+n_|'(1+l 1P +1 5|2 - int - ins)n -1

\_ﬁi

Consider f(t,s) =

o<

1

t

"1

\_ﬁi

lim f o(t,s) =
n

o<

1+ lim n'¥(1+|1|t|a1+| o|g?2 - int- ins)
®¥ f

_ 1
1+t In(l+|1|t|a1 +1 |2 - imt- ins)

Now we develop a bivariate time series model using GeGMALAL; margina

distribution.
Let {(enhn).n? 1} be a sequence of independent and identically distributed

bivariate random vectors and et (&,E)gGeGMALALl(a 1azl 1l 2,mnt) bea
random vector with characteristic function (5.3.1). Define {(Xp,Y,).n* 1} as

ie W.D.
Xy=f " PP (5.3.2)
T Xp-1*€n wp. 1-p

v _ihp w.p. p
=1
" iXp.1thy  wp 1-p

whereO<p<1
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Let f(x v)(ts) and f(gp y(t.s) be the characteristic functions of {(X,,Y, )} and

{(e,.,hp, )} respectively.

Then (5.3.2) gives

_ f(me)n (t,S)

- | (5.3.3)
P+ P (x, .Y, )9

f(emhn)(t’ S)

If {(Xn.Yn)} is a stationary sequence with GeGMALALj(ay,a 2.l 1,1 2,mnt)

marginal distribution, then from (5.3.3) we get

1
1+ pt In(1+l 1P +1 5?2 - imt- ins)

f(emhn)(t’s):

Hence
(en)hn)d GeGMALAL (@ 1,8 2,1 1,1 2,mn, pt). (5.3.4)
Also it can be verified that if
(X0.Yo)dGeGMALAL (@ 1,a0,1 1,1 2,mnt)  and  {(enhp)nzd s
independent and identically distributed sequence of bivariate random variables

given by (5.3.4) then the first order autoregressive process (5.3.2) is stationary with

GeGMALAL(a 1,a 2,1 1,1 2,mn,t) marginal distribution.
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5.4 GEOMETRIC BIVARIATE SEM| aLAPLACE DISTRIBUTION
A bivariate semi a Laplace distribution X is defined by the characteristic

function

1

fto=13 d(t,s)

(5.4.1)

where d(t,s) satisfies the functional equation
d(t,s) :%d S‘ep%lt, p%259,0< p<l0<ajq,ajnf?2. (5.4.2)
[}

A solution of the equation (5.4.2) is

d(t,s) =[tPr dy(t) +|sP2 do(9)

where dy(t) and dy(s) are periodic functionsin Int| and Injg with periods - Iznpsl
- 2pa2 .
and respectively.
Inp

The solution of (5.4.2) is not unique.

For example, the function

d(t,s)=g’%(t,s)8(t,s)'g/2 0<a £2 (5.4.3)
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and S is any non negative definite matrix, satisfy the functional equation (5.4.3)

sZ rlslszg

é
with a;=a,=a and any pi (01). When S=¢
g15152 Sz

in (5.4.3) with

a =2, then (5.4.1) becomes

1

2 2
S{.,2,S>
Slice4>2
2t 2

f(t,s)= ,$1,52>0,0<r £1
1>2

1+ SZ+I’S]_S ots

Is the characteristic function of a bivariate Laplace distribution (for details, see
Kuttykrishnan and Jayakumar (2008) and Kotz et al. (2001)). Kuttykrishnan and
Jayakumar (2008) studied the properties of bivariate semi a Laplace distribution in
(5.4.1) and obtained some characterizations of the distribution.

In this Section, we introduce and study geometric bivariate semi a Laplace
dsistribution. A random vector X is said to have geometric bivariate semi a
Laplace distribution if it has characteristic function

1
1+In(1+d(t,9))

f(t,9)= (5.4.4)

where d(t, s) satisfies the equation (5.4.2). Note that the distribution we discuss here

has the form
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1
L+Ing+[f* dy (1) +[92 d2 ()8

f(t,s) =

where dl(t):dl(p%‘lt) and dz(S)Idz(p%ZS) for every O<a;,a, £2 and for
some pi (0,2). When d;(t) =d5(s) =1 and aj =2, the geometric bivariate semi-a

Laplace distribution  reduces to geometric marginal Laplace and Linnik

distribution.
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CHAPTER VI

SUMMARY AND CONCLUSION

Laplace distribution found and continues to find applications in a variety of
disciplines that range from image and speech recognition (input distributions) and
ocean engineering (distributions of navigation errors) to finance (distributions of log
returns of a commodity). Laplace distribution was considered for modeling sizes of
sand particles and diamonds. Now they are rapidly becoming distributions of first
choice whenever ‘something’ with heavier than Gaussian tails is observed in the
data. Laplace distribution has found applications in the fields: Engineering
Sciences, Financial Data Analysis, Inventory Management and Quality Control,
Astronomy and Biological and Environmental Sciences. Consequently, a large
number of papers in diverse journals and monographs mention Laplace laws as the
‘right’ distribution.

The double exponential distribution was discovered by Pierre Laplace as the

distribution form for which the likelihood function is maximized by setting the
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location parameter equal to the median of the observed values of an odd number of
independent and identically distributed random variables. This result appeared in
Laplace's fundamental paper on symmetric distribution for describing errors of
measurement and is known as the first law of Laplace. Another mode of genesis for
this distribution is as the distribution of difference of two independent and
identically distributed exponential random variables. Laplace replaced the median
by the arithmetic mean as the value maximizing the likelihood function and derived
the corresponding distribution to be the normal distribution. This result is called as
the Second Law of Laplace.

In studies with probabilistic content, the Laplace distribution serves as a tool
for limiting theorems and representations with the emphasis on analyzing its
difference from the classical theory based on the foundations of normality. Since
the area under the normal and Laplace curve are the same, the peakedness of the
Laplace distribution is counterbalanced by a corresponding distribution of
frequencies in the tails. Generaly, there is an over compensation so that the
leptokurtic curve crosses the normal curve four times, first near the peak and then
again at the tails and tends towards the x-axis by staying sightly above the normal

curve. Empirical studies have shown that the data on financial time series and health
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sciences are heavy tailed than normal curve. Hence modeling such observations, the
normality assumption will be insufficient.

The Laplace distribution is generalized by introducing one more parameter
a andisnamed as a -Laplace (Linnik) distribution. Lin (1994) proved that Linnik
distributions are self-decomposable and obtained a number of characterizations of
the same (see also, Lin (1998)). George and Pillai (1987) obtained the density of the
same in terms of Meijer's G- function. Jacques et a. (1999) proved that the
generalized Linik laws belong to Paretian family. Pillai (1985) generalized Linnik
distributions to semi-a -Laplace distributions and derived various properties of the
same. For the applications of Linnik distributions in various fiels, see Kotz et al.
(2001).

As noted in Chapter |, random summation has found applications in different
fields such as Insurance Mathematics, Marketing, Reliability etc. For the
applications of random sums in Markov Chain analysis, see Milne and Y eo (1989).
The negative ageing property of random sum is investigated in Li et a. (2006).
They showed that under certain circum stances the negative ageing property of the

N
random sum é Xi,is solely determined by the negative property of the random
i=1
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count N, rather than that of X;. Klebanov et al. (2006) gave a systematic account

of applications of random summation, especially geometric summation.

From Chapter Il, we have the geometric Linnik distribution is the limit
distribution of geometric sum of Linnik random variables. Being the limit
distribution random (geometric) sums, the geometric Linnik distribution, type | and
type Il generalized geometric Linnik distributions can be used for modeling data
in diverse fields such as Engineering, Biology, Risk Theory etc.

Recently, a number of time series models with non-Gaussian marginal
distribution have been introduced and studied by various authors. The need for such
models arises from the fact that many naturally occurring time series are clearly
non-Gaussian. Lawrance (1978), Andel (1983) and Dewald and Lewis (1985)
developed and studied time series models using Laplace marginal distribution.
Anderson and Arnold (1993) discussed the properties of Linnik distributions and
developed Linnik processes to model time series data on stock price returns.
Jayakumar et al. (1995) generalized Laplace processes of Lawrance (1978) and
Dewald and Lewis (1985) and introduced a first order autoregressive a -Laplace

process. Mariamma Antony and Raju (2005) introduced time series models with
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Type | and Type Il generalized geometric Linnik marginals. In Chapter II,
autoregressive models with Type | and Type Il generalized geometric Linnik
marginals developed. The stationarity of the processes are established, along with
other properties.

Ayebo and Kozubowski (2003) studied a class of skew continuous
distributions on the real line that arises from symmetric exponential power laws by
incorporating inverse scale factors into the positive and negative orthants. Skew and
symmetric Laplace and normal laws are included in this class as specia cases. Since
exponential power laws including their special cases of norma and Laplace
distribution are symmetric, they are not appropriate for modeling data with
asymmetric empirical distributions. However various practical applications require
models for unimodal but skew data. Ayebo and Kozubowski (2003) presented skew
exponential power models of currency exchange rates. Although there is no
agreement regarding the best theoretical model, a general consensus is that currency
exchange rates are leptokurtic; their empirical distributions are fat- tailed with sharp
peaks at the origin. It is aso generally accepted that the currency exchange rates are

increasingly leptokurtic with decreasing time intervals while daily changes have fat
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talls and quarterly changes are nearly normal. Some authors also believe that
currency exchange rates are asymmetric.

Kozubowski and Podgorski (2000) studied asymmetric Laplace distributions,
which arise as the limits of sums of independent and identically distributed random
variables with finite second moment, where the number of terms summed is
geometrically distributed, independently of the terms themselves.  Ordinary
symmetric Laplace laws are a subclass of the Asymmetric Laplace distributions.
Their general characteristics include asymmetry, sharp peaks and heavier tails not
unlike the properties of stable laws. However, the asymmetric Laplace distributions
are much easier to work with in practice than stable or general geometric stable
laws, because they have finite moments of all orders, explicit formulas for densities
and distribution functions, natural extensions to the multivariate case, and also yield
to classical estimation procedures. The concept of finite variance also agrees with
the intuition of many financial analysts. Additionally asymmetric Laplace laws arise
as limiting distributions of geometric summations, which provide natural models in
finance, insurance, reliability and other fields.

Kozubowski and Podgorski (2000) presented an application of asymmetric

Laplace distributions in modeling foreign currency exchange rates. Their model
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regarded an exchange rate change as a sum of a large number of small changes.

However the sum is taken up to a random discrete time n P having a geometric

distribution:
Np
Exchange Rate Change = é_ (Small Changes).
i=1

Therefore the asymmetric Laplace distribution (provided the small changes have

finite variance) can approximate the distribution of the exchange rate change. n D IS

considered as the moment when the probabilistic structure governing the exchange
rates breaks down. This can be due to new information, political or economic or to
other events that affect the fundamentals of the exchange market. Kozubowski and
Podgorski  (2000) considered the currency exchange rates of the German
Deutschmark versus the US dollar and the Japanese Y en versus the Us dollar from 1
January 1980 to 7 December 1990 (2853 data points) and they reached the
conclusion that the asymmetric Laplace distributions model these data more
correctly than normal distribution. Yu and Zhang (2005) introduced a three
parameter asymmetric Laplace distribution which is useful for modeling the model

errors of quantile regression models and applied the same to modeling a flood data
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Julia and Vives-Rego (2005) establish the use of asymmetric Laplace distribution in
modelling size distribution of bacteria. For the applications of skew distributionsin
biology, see aso, Barrera et al. (2006). A comprehensive account of various classes
of the skew Laplace distributions is given in Kozubowski and Podgorski (2007a).
They clubbed the various classes into four types and the links between those types
are established. Skew Laplace distributions are being widely applied in modeling
of foreign currency exchange data, underreported data, interest rate data, share
market return data, option pricing etc.

In Chapter Ill, a representation of the asymmetric Linnik distribution is
obtained. Note that asymmetric Linnik distributions are generalizations of
asymmetric Laplace laws described above. Also, Type | generalized geometric
asymmetric Linnik distribution is introduced and is shown that this distribution
arises as the limit distribution of the geometric sums of generalized asymmetric
Linnik random variables. The stability property of type | generalized geometric
asymmetric Linnik distribution is examined in Chapter I1l. Autoregressive models
with type | generalized geometric asymmetric Linnik marginals are developed.
Various forms of geometric asymmetric Laplace distributions are also introduced

in Chapter Ill. The asymmetric Laplace/ Linnik distributions and the geometric

106



asymmetric Linnik laws are applied in a variety of situations, where Laplace/
geometric Laplace distributions faill to describe the situations. The geometric
asymmetric Laplace/ Linnik distribution and its generalizations are more realistic
than their symmetric counterparts. There are many contexts such as gene sequence
microarray data, bacterial colony size data etc. which follow asymmetric Laplace
distributions. Julia and Vives-Rego (2005) report that the asymmetric Laplace
distribution is an excellent fit to the sidelight scatter (SS) values in gram-negative
bacterial sizes and to all microorganisms also. In the case of amost al financia
data sets, geometric asymmetric Laplace/ Linnik distribution can prove as a more
appropriate model. Laplace distribution is found useful for modeling data from
genetics and molecular biology also. Elizabeth and Susan (2005) apply this
distribution for modeling error in gene expression data. Thus the new distributions
and processes discussed in Chapter Il can be applied for modeling data from a
rich variety of contexts.

Tailed distributions are found to be useful in the study of life testing
experiments and clinical trials. These distributions can be used data which exhibit
zeros, asin the case of stream flow data of riversthat are dry during part of the year.

They are useful for modeling life times of devices, which have some probability for
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damage immediately when it is put to use. Tailed forms of type | and type Il
generalized geometric Linnik distribution and their asymmetric forms are studied in
Chapter 1V. By various methods new parameters can be introduced to expand
families of distributions for added flexibility or to construct covariate model.
Introduction of a scale parameter leads to accelerate life model and taking powers
of a survival function introduces a parameter that leads to the proportional hazards
model. Marshall and Olkin (1997) suggested a method of adding a parameter to a
family of distributions. Jayakumar and Kuttykrishan (2007) applied Marshall-Olkin
scheme to characteristic functions and studied the asymmetric Laplace model, so
generated. In Chapter 1V, Marshall — Olkin forms of type | and type Il generalized
geometric Linnik distributions are introduced and studied. A representation of
tailed type | generalized geometric Linnik distribution is obtained. A first order
autoregressive model with tailed type | generalized geometric Linnik distribution is
introduced. It is shown that the process is not time reversible. The model is
extended to higher order cases. The tailed type Il generalized geometric Linnik
distribution is also introduced and studied this Chapter. As a generalization of tailed
type | and type Il generalized geometric Linnik distributions, tailed type | and type

Il generalized geometric asymmetric Linnik distributions are introduced and studied

108



in this Chapter. Marshall — Olkin scheme is applied to geometric Linnik
characteristic function and its generalizations, and the distributions so generated are
examined.

Empirical analysis of some bivariate data, especidly in the fields of Biology,
Mathematical Finance, Communication Theory, Environmental Science etc. shows that
bivariate observations are asymmetric and heavy taled with different tail behavior.
Kozubowski et al. (2005) considered a bivariate distribution related to Laplace and Linnik
distribution, namely marginal Laplace and Linnik distribution, which can be applied for

modeling bivariate data with this character. In Chapter V, geometric margina
asymmetric Laplace and asymmetric Linnik distribution is introduced and studied.
Note that, the geometric marginal asymmetric Laplace and asymmetric Linnik
distribution arise as the limit distribution of geometric sums of asymmetric Laplace
and asymmetric Linnik random variables. Time series models with geometric
marginal asymmetric Laplace and asymmetric Linnik distributions are introduced.
Also in this Chapter we study the properties of geometric marginal asymmetric
Linnik - asymmetric Linnik distribution. A bivariate time series model with this
marginal distribution is developed and studied. Geometric bivariate semi-a -

Laplace distribution is aso introduced and studied in this Chapter.
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In short, in this Thesis, we have introduced some new classes of distributions
that are useful for modeling skewed/symmetric data having heavy tailed nature.
The properties of the members of these classes are obtained. Estimation of
parameters of the distributions are done in some special cases. The time series
models with members of this class as marginals are developed and their extensions
to higher order cases are discussed. Bivaraiate distributions are also introduced and
studied. These distributions can be used for modeling bivariate data sets with

different tail indices.
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