INTEGRAL TRANSFORMS
AND
GENERALIZED FUNCTIONS

THESIS
SUBMITTED TO
THE UNIVERSITY OF CALICUT
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY IN MATHEMATICS
IN THE FACULTY OF SCIENCE

BY
GEETHA K. V.

UNDER THE GUIDANCE OF
DR. N. R. MANGALAMBAL

DEPARTMENT OF MATHEMATICS
ST.JOSEPH’S COLLEGE
IRINJALAKUDA 680121

THRISSUR DISTRICT
KERALA STATE
INDIA

FEBRUARY 2009



Dr. Mangalambal N. R.

Reader, Department of Mathematics
St. Joseph’s College
Irinjalakuada-680 121

CERTIFICATE

This is to certify that the thesis titled Integral Transforms and
Generalized Functions submitted by Ms. Geetha K. V., part-time
research scholar, Department of Mathematics, St. Joseph’s College,
Irinjalakuda, in partial fulfillment of the requirement for the degree
of Doctor of Philosophy in Mathematics, to the University of Cali-
cut, is a bonafide record of research work undertaken by her in this
department under my supervision during the period 2006-2009 and
that no part thereof has been presented before for any other degree.

Irinjalakuda Mangalambal N. R.

18-02-2009 (Supervising Teacher)



DECLARATION

I hereby declare that this thesis titled Integral Transforms and
Generalized Functions is the record of bona-fide research I car-
ried out in this Centre under the supervision of Dr. N. R. Man-
galambal, Reader, Department of Mathematics, St. Joseph’s Col-
lege,

Irinjalakuda. I further declare that this thesis, or any part thereof,
has not previously formed the basis for the award of any other de-

gree, diploma or any other similar title of recognition.

K. V. Geetha
Department of Mathematics
St. Joseph’s College, Irinjalakuda 680 121.
Dated: 18 February, 2009.



Acknowledgement

It is with immeasurable pleasure that I record here my unfath-
omable debt of gratitude to Dr. N. R. Mangalambal, my Supervis-
ing Teacher, for the undivided devotion with which she guided this
project, making herself available with insightful suggestions and in-
finite patience all through the process of this work, right from its
genesis to the very final submission.

I acknowledge my deep sense of gratitude to Prof. T. Thrivikra-
man, formerly of Cochin University of Science and Technology, for
the scholarly suggestions and generous encouragement he magnan-
imously offered during my days of research.

I gratefully recall that it was Dr. J. K. John, the former Head of
the Department of Mathematics here, who initiated me into research
and helped me sustain abiding interest in the project. My scholastic
acquaintance with him dates back to my student days in the Depart-
ment.

Some of my research papers were avidly read and incisively com-
mented on by Dr. M. S. Chaudhary who heads the Mathematics De-
partment of Shivaji University, Kolhapur. I am immensely thankful
to him for this kind gesture of academic patronage.

My sense of gratitude extends also to my former Principal Dr. Sr.
Ranjana and the present incumbent Dr. Sr. Annie Kuriakose whose
contributions manifest themselves in the inspiring research ambi-
ence existing in the campus. In no less measure I am grateful also to
the Library and Administrative Staff of the college for the support
they extended in innumerable ways. I am sincerely thankful to my
colleagues in the Department too whose co-operation stood me in
good stead in propelling forward this endeavour uninterruptedly.

If not for Mr. Sanjay Varma, Beta Computers, Tripunithura this
dissertation would not have had the impeccable word-processing



standards it maintains. Apart from the excellent computational ex-
pertise his enterprise has brought into this work, his own grasp of the
subject has gone a long way in making the work this much agree-
able. Even its very aesthetics came from his sense of art.

After all it is the Almighty that makes everything possible. With
no research fellowships or supportive grants chipping in from any
quarters, I believe, the gods realized the magic for me. I bow to his

grace in all humility I am capable of.
K. V. Geetha

Department of Mathematics
St. Joseph’s College
Irinjalakuda 680 121.

Dated: 18 February 2009.



Contents

Introduction
Chapter 0. Preliminary

Chapter 1. Duals of ordered multinormed spaces, ordered countable union
spaces
1.1.  Duals of ordered multinormed spaces, ordered countable union
spaces
1.2. The test function space D and the space of distributions D’

Chapter 2. The Fourier Transformation

2.1. The space & of smooth complex valued functions and its dual &”,
the distributions with compact support

2.2. The space € of rapidly decreasing test functions and its dual ', the
tempered distributions

2.3. Direct product and convolution of tempered generalized functions

2.4. Fourier transform of tempered generalized functions

2.5. Application of Fourier transforms to solve non-zero linear
differential equations with constant coefficients and comparison of
solutions

Chapter 3. The Laplace Transformation

3.1. The spaces L, L(w, z) and their duals

3.2.  Linear maps on L, £(w, z) and their adjoints on L], ,, £'(w, 2)

3.3.  The two-sided Laplace transformation: Definition and some basic
properties

3.4. Inversion and Uniqueness

3.5. Operational calculus and solution and comparison of solutions of
differential equations

Chapter 4. The Stieltjes Transformation
4.1. The testing function space M.y and its dual (M)’
4.2. The Stieltjes transformation

15

15
24

35

36

41
46
49

50

54
54
59

65
69

70

74
75
77



4.3. Abelian and Tauberian theorems

Chapter 5. The Laplace-Stieltjes transformation
and its dual (M™,

m ) as ordered

5.1. The testing function space M .
vector spaces

5.2. The Laplace-Stieltjes transformation

5.3. Inversion

5.4. Operational calculus

Chapter 6. Abelian and Tauberian theorems
6.1. Basic definitions
6.2. Asymptotic, strongasymptotic
6.3. The algebras H. (W) and H (W) as ordered topological vector
spaces
6.4. Abelian and Tauberian theorems
6.5. Abelian and Tauberian theorems for one dimension

Research Papers

References

80
88

89
91
92
94

96
97
100

107
110
114

117

119



Introduction

Ever since Paul Dirac introduced the so-called delta function and
made use of the notion in the study of quantum mechanics in the
late 1920’s attempts were made by several mathematicians to give
a mathematical basis for the idea. This led to the formulation and
study of the concept called ‘generalized functions’. Early attempts
in this direction were made by Bochner S. in 1932 and Sobolev S. L.
in 1936. With the publication of the monograph ‘Theorie des Distri-
butions’ by L. Schwartz in 1950-51, the study of generalized func-
tions attained wide popularity. The first major contribution in this
area which can be qualified as a milestone was a book of the same
name in two volumes by L. Schwartz [37]. From then on, the theory
of generalized functions was developed intensively by many math-
ematicians. The application of integral transforms to generalized
functions has been effectively used to solve problems which can be
expressed in terms of differential equations or boundary value prob-
lems involving generalized functions.

Several attempts are being made to develop the theory of gen-
eralized functions and application of integral transforms to general-
ized functions. Zemanian [S0] has extended several integral trans-
forms to generalized functions using the method of adjoints. The
idea of Boehmians motivated by T. K. Boehme [3] and studied and
developed by P. Mikusinski [21] and others has been used for the

application of integral transforms to generalized functions. J. F.



Colombeau [7] has studied the generalized functions by admitting
an operation of multiplication. Recently, the theory and applica-
tion of more general objects than generalized functions called hy-
perfunctions have been developed by Sato [34], Zahrinov [48], Ko-
matsu et al [16].

The extensions of various integral transforms like the Laplace,
the Hankel, the Mellin, the Weierstrass and the convolution trans-
forms have been done by Zemanian [50]. V. S. Vladimirov [44] has
studied the properties of generalized functions, the application of
integral transforms and Tauberian theorems for the Laplace trans-
form. H. H. Schaefer [36], Anthony L. Peressini [29] have stud-
ied ordered topological vector spaces, the order relation being in-
troduced through the notion of positive cones. Based on the works
of Zemanian and Vladimirov we have applied the notion of ordered
topological vector spaces to the test function spaces and their duals.

The space D of smooth functions with compact support in R?
with the inductive limit topology and its dual D’, the space of distri-
butions are the basic background in the study of distribution theory
[33]. It has been observed that when D’ is ordered by the dual cone
C’ of the cone of non-negative functions in D, DT, the order dual
of D is a proper subset of D’ with the topology of pointwise con-
vergence assigned to D’. However, when the topology of bounded
convergence is assigned to D', since the dual cone C’ is a normal
cone it follows that D’ is a reflexive space ordered by a closed nor-

mal cone, the order dual and the topological dual of D coincide and



that D’ is both order complete and topologically complete. Thus D’
is a vector lattice.
We have applied the above idea to the spaces &, ¢, L4, L(w, 2),

/ /

m m . / !/
o> M, . and to the corresponding dual spaces &7, (', £, ,, L' (w, ),

(M), (M, ) and extended the Fourier, the Laplace, the Stieltjes
transforms to the corresponding dual spaces. The order properties
and continuity properties of the above integral transforms and the
inverses defined on these dual spaces with respect to the topology
of bounded convergence are subjected to study. Comparison of the
solutions of differential equations which can be solved by the appli-
cation of the above integral transforms to generalized functions is
done using illustrations.

The preliminary chapter contains the definitions and basic prop-
erties of ordered topological vector spaces, order topology, multi-
normed spaces, countable union spaces, Schwartz topology on D.

In the first chapter, the notions of ordered multinormed space,
ordered countable union space, normal cone, b-cone, topology of
bounded convergence in the dual of ordered multinormed space, or-
dered countable union space are defined. The convolution and direct
product of elements in D’ are defined and their order properties and
continuity properties are studied. The compatibility of the above
operations with the lattice properties in D’ is also proved.

In the second chapter, the spaces &,  and their duals &, the
space of distributions with compact support and ¢’, the space of tem-

pered distributions are studied as ordered topological vector spaces.



&', (" are equipped with the topology of bounded convergence. Or-
der property and continuity of convolution and direct product on &”,
¢ are proved. Fourier transform is applied to the elements of ('.
Comparison of fundamental solutions of two differential equations
which can be solved by the application of the Fourier transform is
also done.

In the third chapter, the ordered multinormed spaces L, the
ordered countable union space .Z(w, z) and their respective duals
L, L'(w, z) with the topology of bounded convergence assigned
to them are studied. The Laplace transform is applied to the ordered
topological space of Laplace transformable functions and the order
properties of the transform and its inverse are studied. Comparison
of the solutions of differential equations solved by the application
of Laplace transform is also done.

In the fourth chapter the Stieltjes transform is applied to the or-
dered linear space (M;",)" of generalized functions to which the
topology of bounded convergence is assigned. The Abelian and
Tauberian theorems for the Stieltjes transform in the new context
are proved. Corollaries extending the result to monotone nets are
also proved.

In the fifth chapter, we have applied a combination of the Laplace
and the Stieltjes transforms to an ordered vector space of general-
ized functions to which the topology bounded convergence is as-
signed. Some of the order properties of the transform and its inverse

are studied. Also we establish the operational transform formula.



In the sixth chapter, the notions of the asymptotic of a function of
order « in the wedge W, that of the strongasymptotic of a general-
ized function in ¢'(WW') of order « at 0o are defined and the compati-
bility of these notions with the lattice properties in D'(W), '(W) is
proved. The holomorphic functions defined on T, the tube region,
form a convolution algebra H (W) which is isomorphic to {'(W) via
the Laplace transformation. We define an order relation on H (W)
by identifying a cone in H (W) and assign a topology to H (W)
with respect to which the above cone is normal. The notion of ele-
ments in H (W) having strongasymptotic is defined and is observed
to be compatible with the lattice properties in H (W'). The Tauberian
and Abelian theorems in this new background for the Laplace trans-
form are proved. Corollaries extending the result of the theorems
to monotone nets are also proved. A special case of the Tauberian
theorem applied to the one dimensional case is also proved.
Relevance of the study. In all the ordered linear spaces we have
studied the respective positive cones are generating so that it was
sufficient if the results were studied on the positive cone. In the
present background the duals of all test function spaces form topo-
logical vector lattices. So, further lattice theoretic properties of these
spaces, order preserving transforms on them and concerned char-
acterization theorems may be taken up for study. We have illus-
trated that solutions of differential equations under various bound-

ary value conditions are comparable. These comparable solutions



form a chain. Further lattice properties of such chains can also be

subjected to study.



CHAPTER 0

Preliminary

The basic background used in our study are ordered topological
vector spaces, countable union spaces, order topology, the topolog-
ical vector space D and the space of distributions D’. The prelim-

inary chapter contains the definitions and some properties of the

above ideas which have been taken from [29, 33, 36] and [50].

DEFINITION 0.1.1. [29] An ordered vector space is a real vector
space I/ equipped with a transitive, reflexive, antisymmetric relation

< satisfying the following conditions

(HDIfz,y,ze FEande <ythenx+ 2 <y—+ 2
Q) Ifr,ye E,aeR,a>0thenz <y = ar < ay.

Note. Schaefer [36] defines a real underlying space of a vector space
as follows: If L is a vector space (or a topological vector space)
over a field X' = H (i) containing ¢ then the restriction of scalar
multiplication to H x L to L turns L into a vector space (or a tvs)
Lo over H. Ly is called the real underlying space of L. A vector
space E over C, the complex numbers is said to be ordered if its

underlying real space F is an ordered vector space over R.

DEFINITION 0.1.2. [29] The positive cone C' in an ordered real

vector space F is defined by C = {z € E : x > 0}.



Note. The cone C' has the following properties.
(hc+Cccdl

2)aC CC,fora>0,a0a e R

(3)C'n(-C) = {0}.

DEFINITION 0.1.3. Let £ be a vector space over C, the complex
numbers. If C' is the positive cone of £ when the field of scalars is
restricted to R then the cone in E is C' + ¢C which is also denoted
as C.

Note. [29] A subset C' of E as defined in 0.1.2 defines an order
relation < on E as follows: for z,y € E, x < yify — x € C. With
respect to this order relation £ is an ordered vector space whose

positive cone is C.

DEFINITION 0.1.4. [29] A subset W of E containing 0 and sat-
isfying
(HW+WCW
Q)aW CW,a>0,aeR

is called a wedge.

DEFINITION 0.1.5. [29] If E is an ordered vector space and
r,y € E,x <y, theset [x,y] = {z € EF: 2 < z < y}isthe

order interval between x and y.

DEFINITION 0.1.6. [29] If F is an ordered vector space with pos-

itive cone C' and if A is subset of FE, the full hull of A denoted as



[A] is defined as
Al={z€eF:z<z<y,x,y€ A}

ie,[Al=(A+C)N(A—-0C). If A= [A], Ais said to be full.

DEFINITION 0.1.7. [29] A subset B of E is said to be order-
bounded if there exists z,y € E such that B C [z, y].

DEFINITION 0.1.8. [29] A subset D of F is majorized (resp. mi-

norized) in D if there exists an element z € F such that z > d (resp.

z<d)foralld € D.

DEFINITION 0.1.9. [29] If every pair of elements of a subset D
of E/ is majorized (minorized) in D then D is directed (<) (resp.

directed >).

DEFINITION 0.1.10. [50] If " is a linear space, a seminorm on
¥ is a rule 7 that assigns a real number y(¢) to each ¢ € ¥ and
satisfies
(D ~(ag) = laly(d). o€ ¥, acC
@)@+ ¢) <(P) +7(¢), o0 € V.

Note. [50] (1) Clearly v(0) = 0, v(¢) > 0,Vp € V.
(2) A seminorm is a norm if it satisfies the additional condition

7(¢) =0=¢=0.



DEFINITION 0.1.11. [50] Let S = {v,}acs be a collection of
seminorms on a linear space #". The collection S is said to be sep-
arating if for every ¢ € ¥, ¢ # 0, there is at least one 7, € S
such that v,(¢) # 0. If S is separating, S is called a countable

multinorm.

DEFINITION 0.1.12. [50] Let ¥ be a linear space and S =
{Ya}acs be a collection of seminorms, not necessarily separating.
Given a finite collection of seminorms {,.}! ;, a balloon centered
at 1p € 7 is the set of all ¢ € ¥ such that v,,(¢p — V) < ¢,
1 =1,2,...,n where €1, €9, ..., €, are arbitrary positive real num-

bers.

Note. [50] Clearly the intersection of two ballons centered at the

same point 1) is also a ballon at ).

DEFINITION 0.1.13. [50] A neighbourhood of 1) € ¥ is any set
in 7 that contains a balloon centered at ¢). The collection of all
neighbourhoods of all points of 7 is the topology of ¥ generated

by the multinorm S.

DEFINITION 0.1.14. [50] A multinormed space 7 is a linear
space having a topology generated by a multinorm S. If S is count-

able, 7 is called a countably multinormed space.

DEFINITION 0.1.15. [50] Let {7;,}°°_, be a sequence of count-

ably multinormed spaces such that 7; C ¥, C .... Also assume

10



that the topology of each 7;, is stronger than the topology induced
onitby 7, 1.

Let ¥ = UX_,7,. ¥ is a linear space. A sequence (¢;)5; is
said to converge to ¢ € ¥ if all ¢; and ¢ belong to the same %,
and ¢; — ¢ in ¥;, (and hence in %, 1, ¥;,.9,...). In this case 7 is

called a countable union space.

DEFINITION 0.1.16. [SO]A countable union space ¥ = U>>_ 7,
is called a strict countable union space if for each m the topology of

¥, is identical to the topology induced on it by 7;,, 1.

DEFINITION 0.1.17. [33] A multi-index is an ordered n-tuple
) )041 e

Oy

(52)" whose order is o] = a1 + -+ + . If @ = 0, D f = f.

a = (aq,...,a,) of non-negative integers and D = (

DEFINITION 0.1.18. [33] A complex-valued function f defined
on some non-empty open set / C R" belongs to €>°(1) if D*f €
€ (I) for every multi-index «, where ¢'(I) denotes the set of all

continuous functions defined on /.

DEFINITION 0.1.19. [33] If K is any compact set in R", Dy

denotes the linear space of all f € ¢°*°(R") whose support lies in

K.

DEFINITION 0.1.20. [33] Let (K;) be a sequence of compact sets
in R" such that K; C K., fori € Nand let I = U, K;. Define
po(f) = max{|Df(x)| : = € K,,|a|] < n}. The seminorms

{pn}>2, define a metrizable, locally convex topology on €*([)

11



with respect to which 4°*°([) is a Frechet space. For each K C [

Dy is a closed subspace of ¥*°(1) and hence is a Frechet space.

DEFINITION 0.1.21. [33] If [ is any non-empty open set in R",

D(I) = UDg as K varies over compact subsets of [ is the test

function space D(I). When I = R", D(I) is denoted as D.

Note. [33] D(I) is a linear space with respect to the addition and
scalar multiplication of complex functions. ¢ € D(I) if and only if

¢ € € (1) and the support of ¢ is a compact subset of /.

DEFINITION 0.1.22. [33] For ¢ € D(I) define
[6[ln = max{|D¢(z)| : x € I, |a| <n}, ¢ € D(I),

n=0,1,2,.... The collection {|| ||,,} is a collection of seminorms
on D(I) and induce a topology on D"(I) such that the restriction
of these norms to any fixed Dk induce the same topology on Dy
as defined in 0.1.8. This topology on D([) is called the Schwartz
topology on D(I).

DEFINITION 0.1.23. [29] If A, B are subsets of a vector space F
then A absorbs B if there is a constant \y > 0 such that \B C A
for all scalars A such that || < .

DEFINITION 0.1.24. [29] A subset B of a topological vector

space F/(7) is 7-bounded if B is absorbed by each neighbourhood
of 0in E(7).

12



DEFINITION 0.1.25. [29] Let L(E, F') denote the linear space of
all continuous linear mappings of a topological vector space F(7)
into F'(1y) and let N(G,V) ={T € L(E,F) : T(G) C V}, where
G is a 71-bounded subset of £(71) and V' is a neighbourhood of 0
in F' for 7. If V' is convex, N (G, V') is convex for each 71-bounded
subset G of E. The topology on L(F, F') having the collection of
all sets N(G, V') as mentioned above as a neighbourhood basis for
0 is a locally convex topology if 7 on F' is locally convex. This
topology on L(E, F') is called the topology of bounded convergence
on L(E, F).

DEFINITION 0.1.26. [29] A linear map 1" : F/y — E5 where E,
FE5 are orderd topological vector spaces is said to be orderbounded

if 7" maps every orderbounded set in F/; to an orderbounded set in

Ey.

DEFINITION 0.1.27. [29] In L(E, R), the linear space of all con-
tinuous linear functionals defined on an ordered vector space [, let
E? denote the linear subspace of £(E,R) of all orderbounded linear
functionals. If C* = C(E,R) is the wedge of all non-negative lin-
ear functionals of F, the order dual of F, denoted as E, is defined
to be the linear hull of C* in E°. ie., ET = C* — C* in E’. In
L(E,C), the order dual of E'is E™ + ¢ E* which is also denoted as
E*.

13



DEFINITION 0.1.28. [29] If E is an ordered vector space the or-
der topology ) on E is the finest locally convex topology for which

every orderbounded set is 7-bounded.

14



CHAPTER 1

Duals of ordered multinormed spaces, ordered countable union

spaces

In this chapter, we define the notions of ordered multinormed
spaces, ordered countable union spaces, thus assigning an ‘order’ to
multinormed spaces, countable union spaces. The notions of nor-
mal cone, b-cone and strict b-cone on ordered multinormed spaces
are also specified. We assign the topology of bounded convergence
to the dual #” of the ordered multinormed space 7#". As illustration,
the space of test functions D and its dual D’, the space of distribu-
tions are studied. The convolution and direct product of elements
in D' are proved to be continuous and order preserving with respect
to the topology of bounded convergence. We also prove that these

operations are compatible with the lattice properties in D’.

1.1. Duals of ordered multinormed spaces, ordered countable

union spaces

Zemanian [50] has studied in detail the notions of multinormed
spaces, countable union spaces. We assign an order relation to these
spaces by identifying positive cones. An order relation is assigned to
their dual spaces also via the dual cone. It is observed by Peressini

[29] that in the case of the test function space D and its dual D/,

15



when an order relation is defined on D’ via the dual cone of non-
negative functions in D, the order dual D is only a subspace of the
topological dual D', when D’ is assigned the topology of pointwise
convergence. But when the topology of bounded convergence is
assigned to D', the order dual and the topological dual of D become
identical [29]. In what follows we apply the above ideas to duals of
ordered multinormed spaces, ordered countable union spaces. We
define first some basic notions on multinormed spaces, countable
union spaces thus extending notions like positive cone, normal cone,
b-cone defined by Peressini [29] on ordered vector spaces to ordered

multinormed spaces.

DEFINITION 1.1.1. A multinormed space ¥ on which a positive

cone (' is specified is an ordered multinormed space.

DEFINITION 1.1.2. The positive cone C' generates the multinorm-
ed space 7 if 7 is spanned by C' i.e.,if ¥ = C — C.

DEFINITION 1.1.3. Let #(7) be an ordered multinormed space
with positive cone C'. (' is said to be normal for the topology 7
generated by the multinorm S if there is a neighborhood basis of 0

for 7 consisting of full sets. (Refer Definition 0.1.6)

DEFINITION 1.1.4. Let S be a saturated class of 7-bounded sub-
sets of an ordered multinormal space ¥'(7) such that ¥ = U{S :
S € S§}. The positive cone C' in #'(7) is a strict S-cone (an S-cone)

if the class

16



Sc={(SNC)—=(SNC):S€8} (Sc={(SNC)—(SNC):
S € S§}) is a fundamental system for S. A strict S-cone (an S-cone)
for the class of all 7-bounded sets in #'(7) is called a strict b-cone

(b-cone).

Note 1. [36] A family S # {¢} of bounded sets of a locally convex

space I is said to be saturated if

(1) it contains arbitrary subsets of each of its members
(2) it contains scalar multiples of each of its members
(3) it contains the closed, convex, circled hull of the union of
each finite sub family.
Note 2. [36] A fundamental system of bounded sets of a topolog-
ical vector space F is a family B of bounded sets such that every

bounded subset of £ is contained in a suitable member of .

DEFINITION 1.1.5. If the supremum, sup{¢,?} = ¢ V ¢ and
the infimum inf{¢, ¥} = ¢ A ¢ of every pair ¢, € ¥ an ordered
multinormed space ¥/, exists in ¥/, then ¥ is a multinormed vector

lattice.

DEFINITION 1.1.6. A subset B of 7', an ordered multinormed
space is order complete if every directed subset D of B that is ma-

jorized in B has a supremum in B.

DEFINITION 1.1.7. If in an ordered multinormed space 7 the
property [0, ¢] + [0,¢] = [0,¢ + ¥], for all ¢,7p € ¥ is satisfied

then ¥ is said to have the decomposition property.

17



DEFINITION 1.1.8. A net (¢, )qc.s in a multinormed vector lattice
¥ order converges to ¢y € ¥ if
(i) {Pa taes is an order bounded subset of ¥

(ii) there is a net (1), )acs in 7 that decreases to O such that

|00 — 0| < |Wa|, Va € J.

Order and topology on 7’. Let 7" denote the linear space of
all continuous linear functionals defined on an ordered multinormed
space ¥ and ordered by the dual cone C'(¥") = {f € V', f(¢) >
0,Vp € C}. Leto (¥, ") denote the topology of pointwise conver-
gence on ¥, The collection of all polars B° of B as B varies over
all (¥, 7"')-bounded subsets of ¥ form a neighborhood basis of 0
in 7. This topology on ¥ denoted as 3(7#”, ¥') is the topology of
bounded convergence on 7.

The topology G(7#”,7) on ¥’ may also be described as follows:
using Definitions 0.1.23 and 0.1.24, a o(7', #")-bounded subset B
of ¥ is of the form B = {¢ : | f(¢)| < te forsome f € ¥}, e >0
forallt > s,t,s € R. Then B = {f e v': |f(¥)| < 1, V¢ € B}
is the polar of B. The class of all BY as B varies over o(¥,¥")-
bounded subsets of ¥ is a neighborhood basis of 0 in #” for a locally
convex topology 5(#”,7) on V.

By Proposition 3.7, Chapter 2, [29] it follows that if #” is equipped
with the topology of bounded convergence and is ordered by the

dual cone C’ of the cone C' of non negative functions in ¥, then ¥’

18



is order complete if the dual cone C’ is a closed normal cone with

respect to G(¥', V).

THEOREM 1.1.1. The topology of pointwise convergence is weaker
than the topology of bounded convergence on V' where V' is the

dual of the ordered multinormed space V' .

PROOF. It is enough if we prove that every sequence ( f,,) of el-
ements in ¥’ which converges to 0 with respect to the topology of
pointwise convergence converges to 0 with respect to the topology
of bounded convergence in ¥”. We say that ( f,,) converges to 0 with
respect to the topology of pointwise convergence if, for every € > 0

there exists £ € N such that
|fu(¥)] < e forally € ¥, n > k. (1)

We say that a sequence ( f,,) in 7’ converges to O with respect to the
topology of bounded convergence on ¥ if given any neighborhood

basis of 0, BY, if there exists k € N such that f,, € B° for n > k.

ie., |fu(¥) <1, Vi€ B, n>k.

Taking € = 1, ¢) € B in (1) it follows that ( fn) converges to 0 with
respect to the topology of bounded convergence on #" if (f,) con-

verges to 0 with respect to the topology of pointwise convergence

on V. O

We assign an order to the (strict) countable union space as follows:
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DEFINITION 1.1.9. Let ¥ = U°_, %, be a (strict) countable
union space. We say that ¢ > ¢ for ¢, € ¥ if p — ¢ € C,, for

any m = 1,2, ... where C,, denotes the positive cone in 7.
The dual of a (strict) countable union space is defined as follows:

DEFINITION 1.1.10. Let ¥ = U°_, 7, be a (strict) countable
union space. ¥, the dual of ¥ is the linear space of all continuous
linear functionals on ¥/, the topology on ¥ being 3(7’,7), the

topology of bounded convergence.

We apply the notions of positive maps, strictly positive maps in
Peressini [29] to linear maps on ordered multinormed spaces, or-

dered countable union spaces.

DEFINITION 1.1.11. Let U, ¥ be ordered multinormed spaces or
ordered countable union spaces with positive cones C'(U), C(¥)
respectively. A linearmap T : U — 7 is
(i) positive if T'(C'(U)) C C(¥) i.e., if T(¢) > 0 whenever ¢ > 0,
peU.

(i) strictly positive if T'(¢) > 0 whenever ¢ > 0, ¢ € U.

Note. Peressini [29] has observed that every strictly positive linear
map is positive and every positive linear map is orderbounded.

The notion of the adjoint of a linear map defind on multinormed
spaces, countable union spaces used by Zemanian [S50] may be ap-
plied to linear maps on ordered multinormed spaces, ordered count-

able union spaces. If 7' : U — 7 is a continuous linear map where
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U, 7V are either ordered multinormed spaces or ordered (strict) count-

able union spaces the adjoint 77 of T is T" : ¥ — U’ defined by

(T"f)(¢) = [(T(¢)), [eV' ¢el.

THEOREM 1.1.2. If T : U — V¥ is linear and continuous its
adjoint T' : V' — U’ is also linear and continuous where U,V
are ordered multinormed spaces or ordered (strict) countable union
spaces with the topology of bounded convergence assigned to U’,

V.

PROOEF. For ¢, € ¥V, a,3€C, f € ¥V,

(T"f)(ag + o) = f(T(ag + B¢))
= f(aT' () + 6T())
= f(aT () + f(BT(¥))
= af(T()) + 6T (¢))
= a(T"f) () + BT [)(¥).
so that 7" f is a linear functional on U.
Let (¢q)acs be a net converging to 0 in U.
Since T : U — ¥ is continuous 7' (¢,) — 0 as o — oo with respect
to the topology induced by the multinorm on #". Then (7" f)(¢,) =

f(T(¢a)) — 0as a — oo, since f € ¥ is continuous with respect

to the topology of bounded convergence on #”. This implies that
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T’ f is a continuous linear functional on U, i.e., 7" is a mapping of

Y to U'. Also

T'(af + Bg)(¢) = (oof + Bg)T(¢),
= af(T(¢)) + Bg(T(9))
= a(T'f)(¢) + B(T"9)(9)
= (a(T'f) + B(T"9))(¢),

f,ge V', o eU,a,B3€C. Thus, TV : ¥’ — U’ is linear.

Let (f.)aes be a net converging to 0 in ¥’ with respect to the
topology of bounded convergence. We prove that (7" f,)acs con-
verges to 0 in U’ with respect to the topology of bounded conver-
gence in U’. We observe that if By is a o(U, U’)-bounded subset
of U, since T : U — ¥ is linear and continuous, 7(By) = By
is a o(¥, 7")-bounded subset of ¥". To prove the convergence of
(T" fa)acs to 0 in U’ we assume that BY; is a neighbourhood of 0 in
U’ for the topology of bounded convergence. Since T'(By) = By
isa o(¥,7")-bounded subset of ¥, BY, is a basis element for the
topology of bounded convergence in #” containing 0. Since f, — 0
in ¥’ with respect to the above topology f, € BY fora > 3,5 € J.

ie., |fa(¥)| < 1,forallyy € By,a> 3,0 € J.

For ¢ € By, |T'(fa)(@)| = |fo(T(9))] < 1fora > 3, 8 € J,
since T'(¢) € By. We conclude that (7" f,).cs converges to 0 with
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respect to the topology of bounded convergence on U’ and hence

T ¥ — U’ is continuous. ]

Remark. The above theorem assures that though the usual weak
topology (topology of pointwise convergence) used on duals of multi-
normed spaces (see [50]) is replaced by the topology of bounded
convergence, the basic properties like continuity of adjoint maps on
duals of multinormed spaces are preserved.

The following theorem pertains to the order properties of the ad-
joint of a linear map. The theorem proves that the order properties

of a linear map are followed by its adjoint also.

THEOREM 1.1.3. Let U, V" be ordered multinormed spaces or
ordered counable union spaces. If T' : U — V is a strictly positive

map, its adjoint T' : V"' — U’ is also strictly positive.

PROOF. Let f > 0, f € ¥'. For¢ € U, ¢ > 0, T(¢) > 0
since 7 is strictly positive. T'(¢) € ¥, T(¢) > 0= f(T(¢)) > 0
since f > 0. But f(T'(¢)) = T'(f(¢)). Thus ¢ > 0, ¢ € U =
(T"f)(¢) > 0.

Thus f > 0 = T'f > 0, i.e., T is strictly positive. It follows

that 7" is positive and order bounded (see Note following Defini-

tion 1.1.11.) [

Remark. The ideas developed in section 1.1, we subsequently apply
to particular countable union spaces &, ¢, -Z(a,b), M oy and their

dual spaces &7, (', £'(a,b), (M;’fb)’ etc.
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1.2. The test function space D and the space of distributions D’

In the preliminary chapter we have mentioned the test function
space D, the linear space of smooth complex-valued functions with
compact support in R? with the Schwartz topology (Definition 0.1.21,
0.1.22 and 0.1.23). The dual D’ of D is called the space of distribu-
tions [33]. Anthony L. Peressini in his book ‘Ordered Topological
Vector Spaces’ [29] has defined an order relation on D by identify-
ing the positive cone C' to be the set of all non-negative functions
in D. D and D’ are actually examples for the notion of ordered
multinormed spaces and their ordered duals introduced in 1.1. Per-
essini has observed that the cone of D is a strict b-cone (Example
1.17(c), Chapter 2, [29]). The order dual of D, D" = C* — C*
is the linear hull of C* where C* is the wedge C'(D,R) of non-
negative elements in £°(D,R), the subspace of orderbounded lin-
ear functionals (see page 24, [29]). Peressini has also observed
that the topological dual D’ of D contains the order dual D+ of D
(Example 2.20(c), Chapter 2, [29]). The space of distributions D’
equipped with the strong topology 3(D’, D) (also called the topol-
ogy of bounded convergence) and ordered by the dual cone C’ of the
cone C' of non-negative functions in D is a reflexive space ordered
by a closed normal cone (Example 3.8, Chapter 2, [29]). The nor-
mality of C’ for 5(D’, D) follows from corollary 1.26, Chapter 2,
[29] and the fact that C' is a strict b-cone (Example 1.17(c), Chapter
2, [29]). By proposition following Example 3.8, Chapter 2, [29], it
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follows that D’ equipped with the topology of bounded convergence
B(D', D) is order complete and hence coincides with the order dual
Dt = C* — C*. Also it follows that the cone in D’ is generating,
since D' = DT = C* — C* = C'" — (C'. Thus D' is both order
complete and topologically complete with respect to 5(D’, D).
Though order has been introduced on D’ and it has been observed
that the order dual D" and the topological dual D’ coincide when
the topology of bounded convergence is assigned to D’ [29], a com-
paritive study of the order topology and the topology of bounded
convergence on D’ has not been made. From the properties of the
ordered topological vector spaces we make the following observa-

tions.

(1) D' is regularly ordered. (An ordered vector space F is reg-
ularly ordered if the order dual E* separates points of E,
i.e., if there exists an order bounded linear functional f on £
such that if ¢ # 0, ¢ € E, f(¢) # 0.) By proposition 1.29,
Chapter 2, [29] it follows that the order dual of D’ separates
points of D’.

(2) The order topology and the topology of bounded conver-

gence on D’ are the same.

By proposition 1.16, Chapter 3, [29] if E is a regularly ordered
vector space with the decomposition property and 7 is a locally con-
vex topology on F then 7 is the order topology on E if and only if 7

is the finest locally convex topology on E for which the cone K in F
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is normal. By the above paragraph D’ is regularly ordered. Being a
vector lattice D’ has the decomposition property. (see page 8, [29]).
Since the topology of bounded convergence 3(D’, D) is the finest
locally convex topology for which the cone C” is normal it follows
that the order topology and the topology of bounded convergence
on D' are the same.

Vladimirov [44] has studied the notions of direct product and
convolution of elements on D’ with the topology of pointwise con-
vergence assigned to D’. We next study the above notions applied
to the ordered topological vector space D’ with the topology on D’
changed to the topology of bounded convergence. We observe that
the direct product and convolution which are continuous with re-
spect to the topology of pointwise convergence continue to remain
so with respect to the topology of bounded convergence. These op-
erations are proved to be order preserving and compatible with the

lattice properties in D',

Direct product and convolution in D’. The following defini-
tions and notations have been taken from Vladimirov [44].

Let f(z), g(y) be locally integrable functions defined on open
sets [; C R", [, C R™ respectively. The function f(z) x g(y) is
locally integrable on I; x 5. It defines a regular generalized function
f(x)g(y) = g(y)f(z) in D'(I; x I) operating on test functions
é(x,y) in D(I; x ) via the formula
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i.e., (f(2)g(y), o) = (f(x), (9(y), o(x,y)))
(9() f(x),0) = (g(v), (f(x), o(x,y)))

Vladimirov [44] takes the above two equations as starting in-
equalities for defining the direct product f(x)x g(y) and g(y) x f(z)
of the generalized functions f € D'(I;) and g € D'(15).

(f(x) x g(y), 9) = (f(2),(9(y), (2, ¥))) (2)
(9(y) x f(x),9) = (9(y), {(f(x), d(x,¥))) 3)

where ¢ € D(I; x I5). Vladimirov [44] proves that the right hand
side of (2) (and hence of (3) also) defines a continuous linear func-
tional on D(1; X I5) by proving that the operation ¢(x,y) — ¥ (z) =
(9(y), @(x,y)) is linear and continuous from D([; x I5) into D(1I;).
Thus the right hand side of (2) which is equal to ( f, ¢)) defines a con-
tinuous linear functional on D([; X I3) so that f(z)x g(y) € D'(I; X

I5). In a similar manner it follows that g(y) x f(x) € D'(Iy x Iy).
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THEOREM 1.2.1. If g € D'(Iy) the operation [ — [ X g is
linear, continuous and order preserving operation from D' (1) into

D'(I; x 1) with respect to the topology of bounded convergence.

PROOF. The linearity of the operation is obvious. Vladimirov
[44] has proved the following result. The operation ¢(z,y) —
W(x) = (g(y), ¢(x,y)) is linear and continuous from D'(I; x 1)
into D(I;) (Corollary, sec 3.1, [44]). We prove that the adjoint of

the above operatoris f — f X g.

Let T : D(I; x Iy) — D(1;) be defined by

T(p(z,y)) = v(x) = (9(y), d(z,y)).

The adjoint operator 7" : D'(1;) — D'(I; x I5) is defined by

(T'f)(¢) = f(T(s))
= (f(2),(9(y), d(z,v)))
= (f xg,9)

Being the adjoint of a continuous operator f — f X g is continuous
from D'(I;) to D'(I; x I5) with the topology of bounded conver-
gence assigned to D'(1y), D'(I; x I) by Theorem 1.1.2.

Now, let ¢(x,y) >0, f > 0,9 > 0.

Since (g(y), ¢(z,y)) = 0, (f(z) x g(y),d(x,y)) = 0, it follows
that f x g > 0. Hence the theorem. ]
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Remark By proving the above theorem we have obtained the ad-
ditional feature that direct product is order preserving without los-
ing the linearity and continuity of the operation in the new situation
when the topology on D’(I; x I5) is changed to the topology of
bounded convergence.

The following definitions of convolution of locally integrable
functions, Notes 1, 2 and definition of convolution of elements in
D' have been taken from Vladimirov [44].

Let f,g be locally integrable functions defined on R". If the
integral [ f(y)g(z — y)dy exists for almost all z € R" and defines
a locally integrable function on R" then it is called the convolution

of the functions f and g and is represented as f * g. Thus
()@ = [ Fwgle -
Z/p@ﬁw—yMyzm*ﬂm)

Note 1. [44] The convolution f * g defines a regular functional on

D(R") via the rule

U*%¢>=/U*mwmuMw

— [ o) [ rwgta - y)dyaa
— [ 1) [ o~ y)ota)dudy
=/f(y)/g(€)¢(y+§)d€dy
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Thus

(f*g,0) = / f@)g)dle +y)dudy, $€D (@)

Note 2. [44] A sequence (7)) of functions in D(R") converges to 1
in R™ if

(i) for any compact set K there is a number n = n(K) such that
ne(z) =1,z € K, k> nand

(ii) the functions (7)) are uniformly bounded together with all their
derivatives, 1.e.,

0N (z)| < M,z € R" E=1,2,...,a=0,1,2,....

Vladimirov [44] has proved that equation (4) can be rewritten as

(fxg,0) = lim (f(z) x g(y),m(z, y)o(x +y)), ¢ €D

where 7, is any sequence of functions in D(R™) that converges to 1
in R".

Let f, g € D'(R") be such that their direct product admits of an
extension (f(x) X g(y), ¢(x +y)) to functions of the form ¢(z + y)
where ¢ is any function in D(R") in the following sense: if (7)) is
any sequence of functions in D(R**) which converges to 1 in R?"
there exists a limit to the numerical sequence,

lim (f(z) % g(y), m(z;y)o(x +y)) = (f(x) x 9(y), d(x +y))

k—oo

the convolution f * g is the functional defined by
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(f(x) % g(y),0) = (f(zx) x g(y), d(z +y))

= lim (f(x) x g(y), m(z;9)o(x +y)), ¢ € DR").

k—o00

We now prove thatif f, g € D', f(x)*g(y) is a continuous operation

on D(IR™) with the topology of bounded convergence assigned to D’.

THEOREM 1.2.2. If f, g are elements of D(R") as above, [ x

g € D'(R™) with the topology of bounded convergence assigned to
D'(R™).

PROOF. Vladimirov [44] has proved that f x g € D/(R") with
the topology of pointwise convergence assigned to D’(R") in the
following manner: If (¢;) is any sequence of functions in D(R")
such that ¢; — 0 as i — oo, Ng(x,y)di(z +y) — 0asi — oo in
D(R™). Since the functional f(z) x g(y) is continuous on D(R?"),

the numerical sequence

(f(x) x g(y), me(z;9)(x +y)) — 0asi — oo.

ie., (f*g,¢i) — 0asi— oo.

This implies that f * g is a member of D’(R™) with the topology
of pointwise convergence assigned to D’(R"™). Since the topology
of pointwise convergence is weaker than the topology of bounded

convergence by Theorem 1.1.1 it follows that f x g € D'(R") with
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the topology of bounded convergence assigned to D'(R"). Hence

the theorem. L]

THEOREM 1.2.3. The operation f — f * g is order preserving
on D'(R™).

PROOF. Let f,g € D'(R"), ¢ € D(R"), f > 0,9 > 0, ¢ > 0.
Then (f(z) x g(y),me(x;y)o(x + y)) > 0 for each k, so that
limy oo (f(2) X g(y), me(x;y)d(x +y)) > 0.

By definition (see Vladimirov [44], page 52) the above limit, it
it exists is independent of the sequence (7;). So we conclude that

fxg>0. O

Remark. As in the case of direct product we have obtained that
convolution of elements in D’(IR") is order preserving, without los-
ing the continuity of the operation when the topology on D’'(R") is
changed to the topology of bounded convergence. We also prove
the following theorem which involves the order property of direct

product and convolution in D’'(R").

THEOREM 1.2.4. The operations of direct product and convolu-
tion of comparable elements in D' are compatible with lattice op-
erations i.e., if f1, fo and g1, go are comparable elements in D’ then

fixgi,t=1,2and f; * g;, i = 1,2 are comparable with
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(fixg)V(faxg2)=(fiV[fa) x(q1V g)
(fi xg1) A(fax g2) = (f1 A f2) X (g1 A g2)

and

(fixg1) V(faxg2) = (frV fa) x(q1V g2)
(fixg1) A(f2axg2) = (fi A fa) x (g1 A g2)

PROOF. By definition,

(fi x g1,0) = (f1(2), (91(y), &(z, y)))

/f1 / o(z,y)dydx
/fl r)g1(y)¢(x, y)dyds

so that
(fi xq1)V(f2 X g2) /fl r)g1(y)o(x, y)dydz)

/ (2)g5(y) (. ) dydz)

(i )V (g1 X g2) = / (1 £2)(@) (g1 V 92) (), y)dyde.
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Since

/ £1(2)1 (0) () dyddz v / F2(2)92(9) bz, ) dyda
= [ (v R0V )0t )y

for any ¢ € D, it follows that (f1 X g1) V (fa X g2) = (f1 V fa) X
(91 V go). Since

/ £1(2)1 (0) () dyddz: A / F2(2)92(9) bz, ) dyda
- / (1 A o) () (g1 A g2) () dyda

for any ¢ € D, it follows that (f1 x g1) A (fa X g2) = (f1 A fa) X
(91 A g2).

By definition, (fx*g, ¢) = limy_.o(f () xg(y), me(x; y)p(z+y))
we obtain (f1 x g1) V (faxg2) = (f1 V f2) * (g1 V ¢2)-

Since

lim ((f1(2)g1(v), me(z;9)0(x +y))) V ({(f2(2)g2(y), ne(z; y)P(x + y)))

k—o00

= lm ((f1 V f2)(@) (91 V 92) (W), me(z; y) (2 + y))

k—o0

Similarly it follows that ( f1*g1) A(foxga) = (fiAfa)*(g1Age). O
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CHAPTER 2

The Fourier Transformation

In this chapter we apply the notion of ordered countable union
spaces and their ordered dual spaces developed in Chapter 1, sect 1
to the spaces &, ¢ and there dual spaces &”, (’ respectively called the
distributions with compact support and the tempered distributions.
By changing the usual weak topology on &”, (' and assigning the
topology of bounded convergence on these spaces we observe that
the order dual and the topological dual of & and ( coincide. We
observe that the direct product and convolution of elements in &”, {’
are continuous and order preserving with respect to the new topol-
ogy. The Fourier transform and its inverse applied to the elements
of (' by Vladimirov [44] are applicable in the present situation also
to the elements of ¢’ which can be used to solve differential equa-
tions involving tempered distributions. As the solutions belong to
an ordered vector space comparison of solutions is also possible.
This is an additional feature achieved by the introduction of order
relation on (’. Tllustrations of the comparison of solutions of differ-
ential equations solved by the application of Fourier transforms are

also done in the chapter.
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2.1. The space & of smooth complex valued functions and its

dual &7, the distributions with compact support

Zemanian [50] has treated & as a multinormed space and stud-
ied its dual &”, the distributions with compact support. We have
assigned an order relation on & by identifying a positive cone in it.
The dual space & is also ordered by the dual cone C” of the cone
C' of non-negative functions in &. Using the fact that D’ is a dense
subspace of & and using the properties of ordered topological vector
spaces we observe that the positive cone C' of & is not normal. As
proved by Peressini [29] in the case of the positive cone in D, it can
be proved that the positive cone in & is a strict b-cone.

The topology of bounded convergence is assigned to &”. Apply-
ing some properties of ordered topological vector spaces we make
some useful observations about &”’. We also compare the order and
topology on &' and D',

Consider &, the linear space of all smooth complex-valued func-
tions defined on R"™. Let (K,) be a sequence of compact subsets of
R™ such that K; C K5 C --- and such that each compact subset of

R™ is contained in some K ,,,. Let

Vi, (¢) = sup [DFo(t)], p € &, k=0,1,2,...

teK,,

{7VK,.1 } .k is a multinorm and generates a topology 7, on & with re-

spect to which & is complete. (The completeness of & with respect

36



to 7 follows in the same method as Zemanian [S0] proves that Dy
1s complete in Example 1.6.1, Chapter 1, [S0]).
Note. D is dense in & [33].

DEFINITION 2.1.1. The positive cone C' of & when & is re-
stricted to real-valued functions is the set of all non-negative func-
tions in &. When the elements of & are allowed to take complex

values also, C' + iC' is the positive cone in & which is also denoted

as &.
THEOREM 2.1.1. The cone C' of & is not normal.

PROOF. Anthony L. Peressini [29] has proved that the cone C
of the non-negative functions in D is not normal (Example 1.9.c,
p.66, [29]). He has also observed that if the cone C' of E an ordered
topological vector space is normal and if M 1is a linear subspace of
E then K N M is a normal cone in M for the subspace topology
(Proposition 1.8, Chapter 1, [29]). From this result it follows that

the cone of & is not normal. L]
THEOREM 2.1.2. The cone C'is a strict b-cone in &.

PROOF. Let & be restricted to real valued functions. Let B be
the saturated class of all bounded, circled subsets & for 7o. Then
& = UpepB. The collection
Boe={(BNC)—(BNC): B € B} is a fundamental system for
B and by Definition 1.1.4 it follows that C' is a strict b-cone since B

is the class of all 70-bounded subsets of & . ]
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Order and topology on the dual of &. Let &’ denote the lin-
ear space of all continuous linear functionals defined on &, which is
referred to as functions with compact support. An order relation is
defined on & by identifying the positive cone of &’ to be the dual
cone C’ of the cone C' of non-negative functions in &. The class of
all BY, the polars of B as B varies over all (&, &”)-bounded sub-
sets of & is a neighbourhood basis of 0 in &’ for the locally convex
topology (3(&”,&). When &’ is ordered by the dual cone C’ and
is equipped with the topology (3(&”, &), it follows that C” is a nor-
mal cone since C' is a strict b-cone in & for the topology 7 of &
(Proposition 1.2.7, Chapter 2, [29]). Since &’ is an ordered topo-
logical vector space we note that &’ has the following properties.
(An ordered vector space I is regularly ordered if the order dual

E™ separates points of F, i.e., there exists an orderbounded linear

functional f on F such thatif ¢ # 0, ¢ € E, f(¢) # 0)

(1) & is regularly ordered (See Proposition 1.29, Chapter 2,
[29]).
(2) The order topology and the topology of bounded conver-
gence on & are the same.
By Proposition 1.16, Chapter 3, [29], if E is a regularly
ordered vector space with the decomposition property and if
7 is a locally convex topology on F, T is the order topology
on F, if and only if 7 is the finest locally convex topology

on E for which the cone K in E is normal. By (1), &’ is
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regularly ordered. Being a vector lattice, &’ has the decom-
position property (see page 8, [29]). Since the topology of
bounded convergence (&, &) is the finest locally convex
topology for which the cone C’ is normal, it follows that the
order topology and the topology of bounded convergence on
&' are the same.

(3) The order dual & and the topological dual & (with respect

to the topology of bounded convergence) of & are the same.

Since D is a subspace of & their dual spaces D’ and &” are such that
&' C D' . In the following theorem we make a comparative study

of the order and topology on &’, D'.

THEOREM 2.1.3. &' is a subspace of the space of distributions
D', the topology on &' being the same as the topology of bounded
convergence. Also, the order induced on &' by D' is the same as the

order on &',

PROOF. Clearly &” is a subspace of D’. We prove that B} =
B$, N & where B, B denote respectively the polar of Be in &’
and the polar of Bp in D’.

Be = {y € & : |f(¥)| < teforsome f € &'}, € > 0, Vt > s,
t,s € R
Bp ={¢Y € D :|f(¥)| < teforsome f € D'}, e > 0,Vt > s,
t,s € R.
The elements of & are the elements of D’ having compact support.

Soif fi € B, |fi(v)| < 1,forally € Be, f1 € &'
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Since Bp = Bg N D it follows that f; € B N &’. Conversely if
fi € B N&' then f € & and |f1(v)| < 1, V¢ € Bp.

If v € Bp, |f(¢)| < te for some f € D', ¢ > 0, forall t > s,
t,s € R. Since & C D', 1) € Bp it follows that ¢ € Bg, f; € BS

and we conclude that B} = B, N &”.

Since the order on &” is defined by the dual cone C” of the cone
C' of non negative functions in & it follows that the order of &’ and
the order induced on &’ by D’ are the same. (See Proposition 1.8,

Chapter 1, [29]) O

Since &” is a subspace of D', the order and topology on &” being
the same as the order and topology induced by D’, the notions of
direct product and convolution defined on D’ are applicable to the
elements of &” also. We make the following observations.

(1) For g € &’ the operation f — f X g is linear, continuous
(with respect to the topology of bounded convergence) and
order preserving from &” to &”.

(2) For f, g € &’ the operation f — f * g is continuous (with
respect to the topology of bounded convergence) and order
preserving from &’ to &”.

(3) The operations of convolution and direct product of compa-
rable elements in &’ are compatible with lattice operations
i.e. if fi, fo and g1, go are comparable elements in &’ then

fi*xgi,1=1,2and f; X g;,7 = 1,2 are comparable and
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(fixg)V(faxg2) = ([rV f2) * (91V g2)

(frxg) A(faxg2) = (fi A f2) * (91 A g2)

and

(fixg)V(faxg2)=(fiV[fa) x(q1V g)

(f1 xg1) A(fax g2) = (f1 A f2) X (g1 A g2)-

2.2. The space ( of rapidly decreasing test functions and its

dual (’, the tempered distributions

Rudin [33] and Vladimirov [44] have studied the test function
space ¢ and its dual (', the tempered distributions with the topology
of pointwise convergence assigned to ¢’. We study ( as an ordered
strict countable union space and define an order relation on ¢’ via the
dual cone C’ of the cone of non negative functions in ¢ and assign

the topology of bounded convergence to (’.

Functions of slow growth. [30] A function f(z) = f(z1,...,z,)
in R™ is of slow growth if f(x) together with all its derivatives grows
at oo more slowly than some polynomial. This means that there ex-

ists constants C, m and A such that |D* f(z)| < C|z

m
’

x| > A.

Test functions of rapid decay. [30] The space ( of test func-

tions of rapid decay contains the complex valued functions
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¢(x) = ¢(z1,. .., x,) having the following properties
(i) ¢(x) is infinitely differentiable
(ii) ¢(x) as well as its derivatives of all orders vanishes at co faster
than the reciprocal of any polynomial. Property (2) may be ex-
pressed as |z*D*¢(z)| < C,k, where p = (p1,...,pn) and k =
(k1,...,ky) are n tuples of non-negative integers and C,k is a con-
stant depending on p, k and ¢(z).

Let (K,) denote a sequence of compact subsets of R" such that
K, C Ky C --- and such that each compact subset of R" is con-

tained in some K;, j = 1,2,.... On each K define

loll, = sup (1+|2)P%0%(2)], ¢ €7, p=0,1,2,...

z €K,

laf <p
{II'l,} is @ multinorm on (g, where (f; is the linear subspace of ¢
consisting of functions with support in K;. The above multi norm
generates a topology 7x, on (g,. If m < p, (x, € (k, and the
topology of (k,, is the same as the topology induced on it by 7.
Then ¢ = U;°_,(k, 1s the strict countable union space. By defini-
tion 0.1.14, a sequence (¢;) in ¢ converges to ¢ in  if all ¢;, ¢ € (k..
for some m and (¢;) converges to ¢ with respect to topology 7, .
Since (x, is complete, ¢ is also complete. (That (g, is complete
can be proved in the same method as Zemanian proves that Dy is
complete in Example 1.6.1, Chapter 1, [S0]. Being a strict countable

union space it follows that ¢ is also complete.).
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DEFINITION 2.2.1. Restricting ¢ to real-valued functions an or-
der relation is defined on ( by identifying the positive cone to be the
set of all non-negative functions in (. When the elements of ( are
allowed to take complex-values also, C' 4 ¢C' is a positive cone in (

which is also denoted as C'.

Note. C defines an order relation on (, ¢ < v if ¢ — ¢ € C where
v, 0 €C.

Vladimirov [44] has observed (see pages 74, 75 [44]) that D is a
dense proper subspace of (. This result along with the comparison

of the order relation in D and ¢ we state as a theorem.

THEOREM 2.2.1. D is a dense proper subspace of (, the order

on D being the same as the order induced on D by (.

PROOF. For ¢ € (, the sequence of functions (¢y) in D defined
by
), k=1,2,3,...

where n(z) = 1, |z| < 1, n € D is such that ¢, — ¢. So D is
dense in (. However eIl belongs to ¢ but not to D. Since D is a
subspace of (, the order on D induced by ( is determined by C: N'D
where C; is the cone in (. Clearly C N D is the positive cone in

D. H

Note. As in the case of & it can be proved that the cone of ( is not

normal but is a strict b-cone.
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Order and topology on the dual of (. Let ' denote the linear
space of all continuous linear functionals (continuous with respect
to the topology of pointwise convergence) defined on (. An order
relation is defined on ¢’ by identifying the positive cone of (' to be
the dual cone C’ of the cone C' of non-negative functions in (. The
class of all BY, the polars of B as B varies over all (, ¢’)-bounded
subsets of ( is a neighbourhood basis of 0 in ¢’ for the locally convex
topology 3((’,¢). When (' is ordered by the dual cone C” and is
assigned the topology of bounded convergence (3((’, () it follows
that C” is a normal cone for 3((’, (), since C'is a strict b-cone in (
for the topology defined on (.

As in the case of D', & we observe that (' has the following

properties

(1) ¢’ is regularly ordered.

(2) The order topology and the topology of bounded conver-
gence on (' are the same.

(3) The order dual (™ and the topological dual ¢’ (with respect

to the topology of bounded convergence) of ( are the same.

We observe in the following theorem that as a subspace of D', the
topology induced on (' by 2’ is the same as the topology of bounded
convergence defined on (’. Also the order relation induced on ¢’ by

D’ is the same as the order relation ¢’ has.

THEOREM 2.2.2. The space of tempered distributions ' is a sub-

space of the space of distributions D', the topology on (' being the
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same as the topology induced on (' by D'. Also the order relation

on (' is the same as the order relation induced on (' by D'

PROOF. In Theorem 2.1.3 we have proved that ng = BpnN&'
and C, = Cp N &". Similarly we can prove that B = B N ¢’ and
Ce = Cp N ¢’ from which the theorem follows H

In the next theorem we observe that certain operations defined
on (' are continuous with respect to the topology of bounded con-
vergence defined on (’. Vladimirov [44] has proved that these oper-
ations on ¢’ are continuous with respect to the topology of pointwise

convergence (see page 79, [44]).

THEOREM 2.2.3. (i) If f € & then f € (' and (f, ¢) = (f,no)
¢ € (, wheren € D and n = 1 in the support of f.
(ii) If f € (' then every derivative 0*f € (' and the operation
f — 0%f is continuous and linear on (' (when (' is assigned the
topology of bounded convergence).
(iii) If f € (' and det A # 0 then f(Ax + b) € (' and the operation
f(x) — f(Ax + b) is linear and continuous on (' (with respect to
the topology of bounded convergence).
(v)If f € ("and a € 0y then af € (' and the operation f — af is
linear and continuous on (' (with respect to the topology of bounded

convergence).

(Suppose that the function a € C* grows at infinity together

with all its derivatives not faster than the polynomial |0%a(z)| <

45



Co(1 + |x|)™. Denote by 6, the set of all such functions. This set

is called the set of all multipliers in (. See page 76, [44]).

PROOF. Vladimirov [44] has proved the above results with the
topology of pointwise convergence assigned to (’. Since the topol-
ogy of bounded convergence is finer than the topology of pointwise

convergence (Theorem 1.1.1) the required results follow. ]

2.3. Direct product and convolution of tempered generalized

functions

Since (' is a subspace of D’ the notions of direct product and
convolution defined on D’ are applicable to the elements of (’ also.
Vladimirov [44] has proved that since (' C D', for f(z) € ('(R")
and g(y) € C'(R™), f(z) x g(y) € ¢'(R™™) (see section 5.5,
chapter 1, [44]), Vladimirov [44] has also defined the convolution
of f,g € ( to be the limit limy_..(fn;) * ¢g in ¢’ if this limit
exists for any sequence (7;) converging to 1 in R"”. The above
limit, if it exists, is independent of (7). Thus in this case f * g =
limy, oo (fn) * g. Also fxg =gx f. For f € (, g € & the

convolution f * g belongs to ¢’ and can be represented as

(f*g,0) = (f(x) xg9(y),n(y)d(x +y)), ¢ €

where 7 1s any function from D equal to 1 in a neighbourhood of

the support of g; here the operation f — f * g is continuous from
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¢’ to ¢’ and the operation g — f * g is continuous from &” to (' (see
5.6.1., chapter 1, [44]).

Though the topology of pointwise convergence assigned to ¢’ and
&' has been replaced by the topology of bounded convergence by us,
the above definitions of direct product and convolution of tempered
generalized functions hold good and their continuity properties are
retained by virtue of Theorem 1.1.1 in the new situation when (',
&' are treated as ordered duals of ordered (strict) countable union
spaces, ordered multinormed spaces respectively, with the topology
of bounded convergence assigned to them. The relevant results we

state and prove as follows:

THEOREM 2.3.1. Let f € (!, g € &'. The convolution f x g € ('

and can be represented as

(fxg,0) = (f(x) xg(y),nW)o(x+y), ¢

where 1 is any function in D equal to 1 in a neighbourhood of the
support of g. The operation f — [ x g is orderpreserving and
continuous from (' to (' and g — [ * g is orderpreserving and
continuous from &' to (' when the topology of bounded convergence

is assigned to (' and &’

PROOF. Vladimirov [44] has proved that the operations f —
f * g from ¢’ to ¢’ is continuous and ¢ — [ * g from &’ to (' is
continuous when &”, ' are assigned the topology of pointwise con-

vergence (5.6.1, chapter 1, [44]). By Theorem 1.1.1 it follows that

47



the above operations are continuous when &”, ¢’ are assigned the
topology of bounded convergence.

Let f >0,9>0,¢ > 0. Since

(F() x gy, m(w;y)é(w + ) = 0 for me(w) = n(7).

k=1,2,3,...wheren € D,n(z) =1,

x| < 1 and since
limy oo (f(2) X g(y), me(x; y)od(z + y)), if it exists, is independent
of (ny) it follows that f x g > 0. ]

THEOREM 2.3.2. The operations of convolution and direct prod-
uct of comparable elements in (' are compatible with lattice oper-
ations i.e. if f1, fo and g1, go are comparable elements in (' then
fixg,i=1,2and f; X g;, i = 1,2 are comparable and

(fixg) V(faxg2) = ([1V [2) *(q1V g2)
(frxg) A(faxg2) = (fi A f2) % (91 A g2)
and
(f1xg) V(faxg2) = (f1V f2) X (g1V g2)

(fixg) A(faxg2) = (fi A f2) x (g1 A ga).

PROOF. Similar to the proof of Theorem 1.2.4. 0
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2.4. Fourier transform of tempered generalized functions

Vladimirov [44] has studied the integral transforms of gener-
alized functions in detail. We have used the definition and prop-
erties of Fourier transform of tempered generalized functions in
Vladimirov [44] to illustrate our idea that comparison of solutions of

differential equations involving generalized functions can be done.

DEFINITION 2.4.1. [44] If f is an integrable function on R" its

Fourier transform is defined as

FANE) = | f@)e e

which is a continuous function on R" and hence determines a regular

tempered generalized function by the formula

(F(f). 6) = / FUHE)HE), 6 € ¢

The inverse of the Fourier transform F~! : (' — (' is defined as

F7(f) = (2;),1}7[]"(—:5)] where f(—x) is the reflexion of f(x).

1
(27-(-)71 R~

F ' (¢)(x) = (§)e""dg
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The following are some observations made on the basis that the
topology of pointwise convergence is weaker than the topology of
bounded convergence on (’. The following results with the topology
of pointwise convergence assigned to ¢’ have been proved in detail

by Vladimirov (section 6.2, chapter 2, [44]).

(1) Since the operation ¢ — F'(¢) is linear and continuous on
(, being the adjoint of the operation, f — F(f) is linear and
continuous on ¢’ with the topology of bounded convergence
assigned to (.

(2) The operation f — F'(f) is an isomorphism on ¢’ with the
topology of bounded convergence assigned to (’.

(3) For f(x,t) € ('(R"™) where 2z € R", y € R™ the restricted
Fourier transform F,.(f) with respect to x acts on ¢(&,y) €
((R™*™) by the equation (F,(f), &) = (f, Fe(6)).

(4) The operation f — F,(f) is an isomorphism on ('(R"*™)
with the topology of bounded convergence assigned to

C®R™),

2.5. Application of Fourier transforms to solve non-zero linear
differential equations with constant coefficients and

comparison of solutions

Rudin [33] and Vladimirov [44] have worked out in detail the
method of solving non-zero linear differential equations with con-

stant coefficients by applying Fourier transform and its inverse to
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tempered distributions. We give a brief outline of obtaining tem-
pered fundamental solutions to such differential equations. Our
main objective in this section is to illustrate that comparison of such
solutions of differential equations is possible since we have assigned
an order relation to the linear space of tempered distributions.
Fundamental solutions in D’ [44]
If P(O) = > j0j<m @0, D j4j=m @a # 0 is a partial differential
operator of the mth order with constant coefficients there exist €()
in D’ such that

P(d)e(x) = (x) (5)

where ¢ is the delta function of Dirac which operates via the rule

(0,¢) = ¢(0), ¢€D

¢(x) is called the fundamental solution of P(0) in D’. Every differ-
ential operator with constant coefficients P(J) # 0 has a fundamen-
tal solution in D’. Having a fundamental solution € of the operator

P(0) we can construct a solution v € D’ of the equation
P@)u=f feD (6)

in the form of the convolution u = € * f for those f € D’ for which
the convolution exists in D’. The solution of (6) is unique in the
class of generalized functions from D’ for which the convolution

with e exists.
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Fundamental solution in (' [44]
The equation (6) in the class ' is equivalent to the algebraic equa-
tion

P(=i)é(§) =1, (7)

with respect to the Fourier transform F'(¢) = €. Thus the problem of
seeking a tempered fundamental solution turns out to be the problem

of finding a solution u in ' of the equation

Pu=f (8)

where P £ 0 is a polynomial and f is a specified member of ’. It
has been proved that every equation of the form (8) has a tempered

fundamental solution.

Illustration

(1) Vladimirov [44] has derived a fundamental solution of the

heat conduction operator

Je 0>
E —a*Ae = 5($,t), where A = @
as
e(z,t) = _90) -

(2a+/mt)"
(15.4.5, chapter 3, [44]). As €(z,t) is a member of (' it is
possible to compare different solutions obtained correspond-

ing to different values of z, t.
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Corresponding to x = x1, t = t1, t = t9 we get two

different solutions

6(t1) _l=y?

t N 4a2t1
6(5[)1, 1) (20/\/71__1%1)”

_lzyl?

6(x17t2) — Me 4a2t

The two solutions obtained corresponding to two different
values of ¢, say t = t; and ¢ = t5 are comparable since
€(x1,t1) and €(xy,ty) as elements of ¢ satisfy the relation
€(x1,t1) > €(xq, to) with respect to the order relation defined
on (" if t; < to. On the other hand the two solutions obtained
corresponding to two different values of x, say * = x1, x =
To, t = t1 satisfy the relation €(z1,t1) < €(xo,t1) if 11 < 9.

(2) Fundamental solution of the Schrodinger operator

.O¢ 1 :
i + %Ae = §(x,1) is

1 +Z m ime
E(I',t) = — \/§ Q(t)\ / %61%

(15.4.10, Chapter 2, [44]) For a fixed value of z, say x = 71,

the two solutions €(xy,%;) and €(x1,t2) are comparable as
elements of (' since t1 > ty = €(x1,t1) < €(xq, ta).
Also for t = t;, x = x1, x = xo the solutions €(z1,t1)

and €(xo, t1) satisfy x1 < xo = €(x1,t1) < €(xo, t7).
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CHAPTER 3

The Laplace Transformation

Zemanian [S0] has studied the two-sided Laplace transform of
generalized functions. In chapter 1 we have introduced the notions
of ordered multinormed spaces, ordered (strict) countable union spaces
and their ordered dual spaces with the topology of bounded conver-
gence assigned to the dual spaces. We have adapted the techniques
applied by Zemanian [S0] to the present situation by applying the
two-sided Laplace transformation to generalized functions which
are elements of ordered topological vector spaces. Without losing
any of the original properties of the Laplace transformation and its
inverse by the changes we have made, we observe that comparison
of solutions of differential equations involving generalized functions

is possible in the present situation.

3.1. The spaces L, ;, L(w, z) and their duals

We begin by defining the testing function spaces L, and L£(w, z).
Though our definitions are based on the definitions of £, ; and L£(w, z)
by Zemanian (see section 3.2, chapter 3, [50]), our definitions differ
from that of Zemanian since we treat L, as the (strict) countable

union space of L, k. Leta,b,c,d,t € R, s € C and let
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Lap(t) =", 0 <t < o0

:ebt, —oo <t <0.

Let (K,) be a sequence of compact subsets of R such that K; C
Ky C .- and such that each compact subset of R is contained in
some ,,,, m = 1,2,3,.... Let L, , denote the linear space of
smooth complex-valued functions defined on R having support in

K,,. Define

W/Km,k‘(¢) - SI;(p ‘La7b(t)Dk¢(t)‘7 k= 07 17 I ¢ S 'Ca,b,Km
teKn,

{VK,, k }7oo is amultinorm on £, x,, and generates a topology 7, k.,
on L, x,. Each L, i is complete with respect to the topology
Loy ki, Let Loy = U L, k,, be the strict countable union space.
Since each L, k,, is complete, L, is also complete. (Proof follows
as in the case of Example 1.17, chapter 1, [S0]).

We now define an order relation on £, by identifying a positive

cone in L, .

DEFINITION 3.1.1. The positive cone C' of L, when L, is re-
stricted to real-valued functions is the set of all non-negative func-
tions in £, ;. In the general case when the field of scalars is C the
complex numbers C' + :C' is the positive cone of L, which is also

denoted as C'.
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Note. The positive cone defines an order relation on £, ; by setting
¢ <y ifandonlyify — ¢ € C.
As done in Chapter 2 in the case of D, &, ( it can be proved that

the cone C' of L, is not normal but is a strict b-cone.

Order and topology on the dual 5;7;) of £, ;. An order relation
1s defined on the dual £;7b, the linear space of all continuous linear
functionals on L, by identifying the positive cone in Lg’b to be
the dual cone C’ of the cone C' of L,;. The class of all BY, the
polars of B as B varies over all o(L,;, L], ,)-bounded subsets of
L, 1s a neighbourhood basis of 0 in E&,b for the locally convex
topology B3(L}, ;, Lap). When L is ordered by the dual cone C’
and is equipped with the topology 3(L;, ;, L) it follows that C" is
a normal cone since (' is a strict b-cone by corollary 1.26, chapter
2, [29].

Asin case of D', &, (" we observe that when the topology on £ ;
is changed to the topology of bounded convergence, L‘fl’b 1s order
complete and topologically complete, the order dual and the topo-
logical dual of £, 4 coincide and the order topology and the topology
of bounded convergence on E;J} coincide. Also the cones of L,
L}, , are generating.

We make the following observations from the results proved by

Zemanian [50].
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(1) Leta < ¢, d < b. The restriction of any f € Egvb to L. 41s1in
/Q’C’ ; When the topology of bounded convergence is assigned
to L, L. 4-

Whena < c,d <0, L.q C L, and the topology 7.4
on L., is stronger than the topology induced on L., by
Lqp. Also the restriction of any f € ﬁ;’b to L. 4 1s in [Z’C’d
when Eihb, E’Q ; are assigned the topology of pointwise con-
vergence (see pages 49, 50, [50]). The above results remain
true when the topology of bounded convergence is assigned

to L, ,, L. ; by Theorem 1.1.1.
2)Ifa < bord < b, E;b cannot be identified in one-to-one
correspondence with a subspace of [,’c’ -

Zemanian [50] has illustrated that two different members
of E;b have the same restriction to L. 4if a < cord < b
when L ;,

vergence (see Example 3.2.1, Chapter 111, [S0]). By Theo-

L’Q ; are assigned the topology of pointwise con-

rem 1.1.1 it follows that the above result is true when E’a b

L’Q ; are assigned the topology of bounded convergence.

The ordered countable union space £(w, z) and its dual £'(w, 2).
Zemanian [50] has defined the space L(w, z) (see page 50, [50]) as

follows.

DEFINITION 3.1.2. [50] Let w € Rorw = —o0, 2 € R or

z = +4o00. Let (a;), (b;) be sequence of real numbers such that
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a; — wt, bj — z~. The strict countable union space U, L, ;, i8

denoted as L(w, z).

Each L, 5, is an ordered topological linear space, the order be-
ing assigned by identifying a positive cone in each £, ; and the
topology of each L, ;. being 7, ;. as described in the beginning of
Section 3.1. Being a strict countable union space L£(w, z) is also an
ordered topological vector space, the order relation on £(w, z) be-
ing determined as follows: for ¢,v € L(w, z) we say that ¢ < 1)
if ¢, € L,,p, for some a;, b; and ¢ < 1) with respect to the order
relation defined on £, ;,. The topology on L(w, z) is determined
by the notion of convergence defined on L(w, z) as follows: a se-
quence (¢,,) in L(w, z) converges to ¢ € L(w, z) ifall ¢, p € Ly,
for some a;, b; and (¢,,) converges to ¢ with respect to the topology
Ta.p;- Since each L, 3, is complete it follows that £(w, z) is com-
plete.

From the result I and II (pages 51, 52, Zemanian [S0]) we make
the following observation: D C £, ; C & and D is not dense in L,
but D is dense in L(w, z) for every w, z. In particular, D is dense in
L(a, b) though not in L, ;.

The dual £'(w, z) is ordered by the dual cone C’(L'(w, z)) of the
cone C'(L(w, z)) of L(w, z) and we assign the topology of bounded
convergence (L' (w, z), L(w, z)) on L' (w, z). Since C'(L(w, z)) is
a strict b-cone it follows that C'(L'(w, z)) is a normal cone with re-

spect to B(L'(w, z), L(w, z)) by corollary 1.26, chapter 2, [29]. As
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in the cases of D', &', (' it follows that the order dual and the topo-
logical dual of £(w, z) coincide and since £'(w, z) = LT (w, z) =
C" — " it follows that the cone in £'(w, z) is generating. Also,
since 3(L'(w, z), L(w, z)) is the finest locally convex topology on
L' (w, z) for which the cone C” is normal, it follows that the order
topology and the topology of bounded convergence on L' (w, z) co-

incide.

3.2. Linear maps on L, ;, £(w, 2) and their adjoints on £ ;,

L (w, 2)

Zemanian [50] has studied some linear maps and their adjoints
(see pages 42, 43, 61, 62, 63, [50]). We make some observations
on these maps defined on the ordered multinormed spaces L, , or-
dered countable union spaces £(w, z) and their adjoints on the or-
dered dual spaces L, and L'(w, z) with the topology of bounded
convergence assigned to the dual spaces. Without losing any of the
properties of the linear maps and their adjoints mentioned by Zema-
nian we obtain some additional order properties for the adjoints of
these maps.

A linear partial differential operator and its adjoint on general-
ized functions

Zemanian [50] has discussed a type of operator that may be ap-
plied to generalized functions under certain conditions. The opera-
tor in question is defined as the adjoint of a linear partial differential

operator acting on testing function spaces.
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Let I be an open set either in R” or C" and let fort = (¢1,...,t,) €
I,0,(t) (v=0,1,...,m) denote complex-valued smooth functions

on /. Considers the partial differential operator
R = (-1)¥lgyD*10,D* ... 0,,_, D0,

where k, now denote non negative integers in R" and |k| is the one-
dimensional integer |k;| + - - - + |k;,|. The order of R is |k|. (The
above symbol R denotes the sequence of operations: multiply by
0,,, differentiate according to D*», multiply by 6,,_; etc. Moreover
when [ is an open set in C", D has the customary definition when
the limit is required to be independent of the direction in which the
complex increment goes to zero.) Finally let U(7) and V' () be test-
ing function spaceson I. If R : U(I) — V/(I) is linear and continu-
ous its adjoint R' : V'(I) — U'(I) defined by (R'f, ¢) = (f, R¢p) is
also linear and continuous. Note that the order of differentiation in
each D*, |k,| > 1 can be changed in any fashion without altering
R¢ because ¢ and the 0, are smooth functions. Therefore R’ f also
does not depend on this order. On the other hand, R¢ and therefore
R’ f do depend on the order in which multiplication by 6, and the
differential operators D* are applied.

When [ is an open set in R” and when f is a smooth function
whose support is a compact subset of I (i.e., f € D(I)) f and each

of its derivatives define regular distributions in &”(1). For f € D(I),
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¢peU()

(R'f,¢) = (f,Rp) = /If(t)qu(t)dt.

By successive integration by parts this becomes

/ P[0, DFm - - 6, D™ 6, f]dt.
1

Thus in this case we can identify R’ as the operator
0, D" - - 0, D16,

where D denotes the conventional differentiation. When R’ acts
upon f € v/(I), D denotes the generalized differentiation.

The following theorem proves that generalized differentiation is
a continuous operation on £ ;, L'(w, z) with respect to the topology

of bounded convergence.

THEOREM 3.2.1. The generalized differentiation is a continuous
mapping of L, into itself and of L'(w, z) into itself with the topol-

ogy of bounded convergence assigned to the dual spaces.

PROOF. For ¢ € C(Ly3), ¢ € C(L,, i ) for some compact set

K, in R. By the definition of seminorms {vx, »}7>,0on Lo K,

Vi, k(—D@) = vk, k+1(¢). By Lemma 1.10.1, [50]
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(—D) is a continuous linear mapping of C'(L, i, ) into itself and
hence of C(L,;) into itself. It follows that (—D) is a continuous
linear mapping of Eé,b into itself, since the cone in L, is gener-
ating. By Theorem 1.1.2 its adjoint operator, the generalized dif-
ferentiation is a continuous linear mapping of £'(w, z) into itself.
Since L(w, z) is the countable union of the spaces L, , it follows
that (— D) is a continuous linear mapping of £(w, z) into itself and
its adjoint operator D), the generalized differentiation is a continu-
ous linear mapping of Eé,b into itself with respect to the topology of

bounded convergence. [

Remark. As the cone in £, is generating it is enough if we prove
the continuity of the operator (—D) on the elements of the cone of
L.

Zemanian [50] has made the following observation: 6, is the
space of smooth functions defined as follows: 0(¢) is in 0, if and
only if it is smooth on —oo < ¢t < oo and for each non-negative
integer k there exists an integer Nj, for which (1 + %)~ N D*0(t) is
bounded on —oo < t < oo. For ¢ € L.4 and for arbitrary real
numbers a,b with a < ¢, d < b, for any 8 € 6,; the operation
¢ — 0¢ is a continuous linear mapping of L. 4 into L, ;. Let (¢;) be
a sequence in L(w, z) that converges in L(w, z). Then there exist
real numbers a, b, ¢, d such that w < a < ¢, d < b < z such that (¢;)

converges in L. 4. By what proved above, (f¢;) converges in L,
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and hence in L(w, z). Thus ¢ — ¢ is a continuous linear mapping
of L(w, z) into itself.

The following theorem makes use of the above result to prove
that f — 0f, f € L'(w, z), 8 € 6, is a continuous linear operator

on L'(w, z) with respect to the topology of bounded convergence.

THEOREM 3.2.2. For 0 € 0y, f — 0f is a continuous linear
operator on L'(w, z) with respect to the topology of bounded con-

vergence.

PROOF. For 0 € 0y, ¢ € L(w,z), ¢ — 0O¢ is a continuous
linear mapping of L(w, z) into itself. The adjoint of this map is
f — 0f, f € L'(w,z). Being the adjoint of a continuous linear
map on L(w, z), f — 6f is a continuous linear map on L'(w, z)
with respect to the topology of pointwise convergence and hence

with respect to the topology of bounded convergence on L' (w, z) by

Theorem 1.1.1. L]

THEOREM 3.2.3. Let « be a fixed complex number and r =

Re - o. The mapping [ — e “f from L, onto L, . is lin-
ear, continuous, strictly positive and hence orderbounded. The map

is a strictly positive, orderbounded isomorphism from L' (w, z) onto

L(w—712—71).

PROOF. The map ¢(t) — e *¢(t) and its inverse are linear
and strictly positive. Zemanian [S0] has proved that the map from

Lo—rp—r onto L, and its inverse are continuous. By Theorem 1.1.2
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its adjoint map f — e ' f, f € ‘C’;—r,b—r is linear and continuous
with respect to the topology of bounded convergence. By Theo-
rem 1.1.3 it follows that the adjoint map and its inverse are strictly

positive and hence are orderbounded. We conclude that the map is a

/

strictly positive, orderbounded isomorphism from £, , onto £, ., .

with respect to the topology of bounded convergence. By the defini-
tion of L£(w, z) corresponding results follow in the case of the map
from L'(w, z) onto L'(w — r, z — r) with the topology of bounded

convergence assigned to these dual spaces. L]

THEOREM 3.2.4. Let \ be a fixed positive real number. For ev-
ery a,byw,z, f(t) — f(t — ) from L, to itself is linear, con-
tinuous, strictly positive and orderbounded. Hence the map is an
orderbounded automorphism on £g7b with respect to the topology of
bounded convergence. The map is an orderbounded automorphism

on L'(w, z) with respect to the topology of bounded convergence.

PROOF. Zemanian [50] has observed that for a fixed real number
A, ¢(t) — o(t + A) is linear and continuous L£(w, z). We observe
that for A > 0, ¢(t) — ¢(t + A) is strictly positive on L,; and
hence on L(w, z). The adjoint of this map f(t) — f(t + A) on L ,
is continuous with respect to the topology of bounded convergence
by Theorem 1.1.2 and strictly positive and hence orderbounded by
Theorem 1.1.3. The unique inverse mapping of ¢(t) — ¢(t + A) is
o(t) — ¢(t—A) and it maps L, into itself and L(w, 2) into itself. It
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follows that f(¢) — f(¢f—\) is continuous with respect to the topol-

ogy of bounded convergence, strictly positive and orderbounded on

L,y L(w, 2). O

3.3. The two-sided Laplace transformation: Definition and

some basic properties

For defining the two-sided Laplace transformation and its in-
verse, we follow the methods of Zemanian [50]. But the dual space
on which the Laplace transform is applied is an ordered vector space
on which the topology of bounded convergence is applied. By mak-
ing these changes on the dual space we obtain the additional feature
that comparison of solutions of differential equations which can be

solved by applying the Laplace transform is possible.

DEFINITION 3.3.1. Let f be a linear functional defined on Ly, a
linear space of conventional functions which satisfies the following
properties.

(i) L, € Ly for at least one pair of real numbers a, b with a < b.
(ii) For every L, C Ly the restriction of f to L, isin L], ;.

We call f a Laplace transformable generalized function.

DEFINITION 3.3.2. Let f be a Laplace transformable generalized

function. We define a set As to be the union of all open intervals

(a,b) suchthat L, C Ly, ie., Ay = U{(a,b) : Lop C Ly}

Note. A is an open set.
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THEOREM 3.3.1. The collection VV of all Laplace transformable

functions is a linear space.

PROOF. Let f,g € VW. Then there exists real numbers a, b and
c,dsuchthat £, C Ly, L.4 € L,. Then we can find real numbers
[,m such that £;,,, € L, and L;,, C L. 4 so that f + g can be
defined on Ly N L, by

(f+9.¢)=([,0)+(9,9).

Also for A € C, \f € Wif f € VW so that VWV is a linear space. [

As a prelude to defining the Laplace transformation we state and

prove the following theorem.

THEOREM 3.3.2. Let 01 = inf Ay, 09 = sup Ay. Given a func-
tional f defined on a linear space Ly of conventional functions f
can be extended to a functional f, on Ly U £ (01, 02) such that
(i) the restriction of fi to L(01,04) is a member of L' (01, 02)

(ii) the restriction of fi to Ly coincide with f.

PROOF. Since o1 = inf Ay, o9 = sup Ay, there exists two se-
quences (¢;), (d;) of real numbers such that ¢; — o and d; — g9—,

ci,d; € Ap, ¢; < d;,Vi. Then f € L, ., f € E/di,di’ Vi. (see pages

Ci,Ci?

53, 54, [50]). Let A(¢) be a fixed smooth function on R such that

At)=0 fort< —1

=1 fort>1
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f can be extended to L., 4, as follows:
Lety € L., 4,. Define f(¢) = f(A))+ f((1—A)4). fis continuous
and linear on L., 4. Using the above method f may be extended to

L(o1,09). This extension of f is unique. O

For a given Laplace transformable function f let {2; denote the

open strip in the complex s-plane:
Qf ={s:01 <Res < o9}, where oy = infAy.
oy = sup Ay. Then the Laplace transform £( f) is defined by

F(s) = (Lf)(s) = (f(t),e™), s € Qy

Note.

(1) By the notation (f(¢),e™*"), s € Qs we mean

(f(t), e ") = /_ N f(t)e *dt.

(2) For any fixed s € (1, the right hand side has a meaning as
the application of f € L'(a1,09) to e ' € L(01, 09).

The following two theorems deal with the order relation intro-

duced by us on L] ;, L'(w, z), L'(01,02). The proof of Theorem

3.3.3 is based on the results proved by Zemanian [50] in section 3.2

(v), Chapter 2.

THEOREM 3.3.3. If f(t) is a positive locally integrable function

such that Lf (bt()t) is absolutely integrable on —oo < t < o0 then
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(f.0) = [Z_ [(t)o(t)dt is positive and so [ € C'( wp)- Also,

f@t)
T

if f(t) is a positive locally integrable function such that
absolutely integrable on —oo < t < oo for every choice of a and b

satisfying w < a and b < z, f generates a positive regular member

of C'(L,,.)-

PROOF. Zemanian [50] has proved that if f(¢) is a locally inte-

grable function such that f ( ()) is absolutely 1ntegrable on —o0o0 <

t < oo, the functional defined by (f, ¢) = [~ f(t)p(t)dt, ¢ € Ly,

is continuous and linear on £, (see pages 53, 54, [50]). Since the
topology of pointwise convergence is weaker than the topology of
bounded convergence it follows that f & E;J) with the topology on
[,fl’b replaced by the topology of bounded convergence. A linear
functional f on a linear space X of scalar valued functions on a set
T is said to be positive if f(x) > 0, forall z € X such that x(¢) > 0,
forall t € T ([18]). If ¢(t) > 0, f f(t)o(t)dt > 0 and it follows

that f € C'(L] ;). ie., f is a member of the dual cone defined on

/
a,b

Zemanian [50] has also proved that if f(¢) is a locally integrable

function such that Lf (bt()t) is absolutely integrable on —oo < t < o0,

for every choice of a and b satisfying w < a and b < z then f

generates a regular member of £'(w, z) by the definition

o) = [ rstin o€ L)
As in the above case, it follows that f is a linear functional on
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L(w, z), continuous with respect to the topology of bounded con-

vergence. Also, it follows that f € C'(L'(w, z)). O

THEOREM 3.3.4. The Laplace transform is continuous, strictly

positive and orderbounded map on L' (o1, 09).

PROOF. For f € L/(01,09), Lf € L'(01,09) and acts upon ele-

ments of £(oy,02) in the following way:

cr.o)= [ "))t = (f, L),

The mapping ¢ — L¢ is the conventional Laplace transform on
L(01,09) and is continuous on L£(o1,09). The adjoint of this map
is f — Lf which is continuous on £'(01, 09) with respect to the
topology of bounded convergence (by Theorem 1.1.2). Defining an
order relation on the field of complex numbers by identifying the
positive cone to be the set of complex numbers o + 13, a > 0,
B > 0, it follows that if f > 0, f € L'(01,02), then Lf > 0
so that the Laplace transformation is strictly positive and hence is

orderbounded. U]

3.4. Inversion and Uniqueness

The results on the inversion of the Laplace transform and Unique-
ness Theorems [50] hold good in the ordered dual spaces when they
are assigned the topology of bounded convergence. The theorems

are stated without proof.
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LEMMA 3.4.1. Let L(f) = F(s) for oy < Res < 0y, let ¢ €
C(D) and set(s) = [ ¢(t)e'dt. Then for any fixed real number
rwith0 <r < oo, [T_(f(t),e)(s)dw = (f(7), [T e T (s)dw)

where s = 0 + 1w and o is fixed with 01 < 0 < 09.

LEMMA 3.4.2. Let a, b, 0 and T be real numbers with a < o < b,
¢ € C(D). Then L [7_¢(t + 7)e”®2Ldt converges in C(Lay) to

¢(7) and hence in L, as r — oo.

THEOREM 3.4.1. Let L(f) = F(s) for s € Qs and L(h) =
H(s) for s € Qp and if Qy N Qy, # ¢ and if F(s) = H(s) for
s € QyNQy, then f = hin L'(w, z) where the interval w < 0 < 2z

is the intersection of {2y Ny, with the real axis.

3.5. Operational calculus and solution and comparison of

solutions of differential equations

The Laplace transform and its inverse may be applied to differ-
ential equations involving generalized functions to find solutions to
such differential equations. We give below a brief sketch of the
method applied to solve differential equations involving Laplace
transformable functions. Zemanian [50] has proved a few results
required to establish the operational calculus. We state below these

results with out proof.

RESULT 3.5.1. [50] Let F(s) be a strictly positive function. The
necessary and sufficient condition for F(s) to be the Laplace trans-

form of a positive generalized function f and for the corresponding
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strip of definition to be 0y = {s : 01 < Re s < o3} is that F'(s) be
analytic on 2y and for each closed substrip {s : a < Re - s < b}
of Q1 where o1 < a < b < 09 is that there be a polynomial P such
that F(s) < P(|s|) fora < Re - s < b. The polynomial will in

general depend on the choices of a and b.

RESULT 3.5.2. [50] Let F(s) be a strictly positive function and
let L(f) = F(s) for s € Q. Choose three fixed real numbers a, o
and b such that a < o < b and choose a polynomial Q)(s) that has

no zeros for a < Re - s < b and such that

F k
(|S|) < a < Re-s < b, k a constant.

Q(ls]) ~ [s[*

Then in the sense of equality in L' (a,b)

o+100
F(t) = Q(Dt)QLm, /_' ggz;e‘gtds, a<o<b.

where Dy denotes the generalized differentiation in L'(a, b) and the
integral converges in the conventional sense to a continuous func-

tion that generates a regular member of L'(a, b).

Operational Calculus. Consider the linear differential equation
L(u(t)) = (anDn + an_an—l + .+ ao)U(t) — g(t)

where the a;’s are constants, a, # 0 and g(t) is a given Laplace

transformable generalized function. Applying the Laplace transform
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to both sides,

U(s) = L(u), G(s) =L(g), s€Qy={s:0, <Re -5 <0y}

If B(s) has no zeros in 2, then by Theorem 3.5.1 there exists a gen-

eralized function u(t) whose Laplace transform is ggg on Q4. u(t)

is a unique member of £'(0,,, 0,,) and satisfies the given equation.
If B(s) has a finite number of zeros in (2, there exists a set of m

adjoint substrips

04 =09 <Re -s<oy,00 <Re -s<o09,...,0,1

<Re -s <o, =0,

on which % is analytic and satisfies the growth condition of Re-

sult 3.5.2. For a given substrip, say, 0; < Re - s < 0;.1 there exists
a unique member u(t) of £'(0;, 0;11) and whose Laplace transform
18 % on 0; < Re - s < 0;41. For any other choice of the substrip
there will be a different solution.

Given below is an illustration of the fact that comparison of dif-
ferent solutions of a differential equation which can be solved by the

application of Laplace transform since we have introduced an order

on the linear space of Laplace transformable functions.
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ILLUSTRATION 3.5.1. In Zemanian [50] the solution of the non-

homogeneous wave equation is given as follows.
(D} = ¢*Dju(z,t) = g(x,1) ©)

where x,t € R, g(x,t) is a given Laplace transformable function, ¢

is a + ve real number, the speed of the wave
c
h(z,t) = —5(1 + ct — |z|)

is an elementary solution to the wave equation in one dimensional
space. The solution to (9) is now given by

u(z,t) = h(z,t) * g(x,t).
If vt =x,t =1t1,t =ty are such that t; < ¢

h(z1,t1) < h(xy,ts).

Since the operation of convolution is orderpreserving, it follows that
u(xl, tl) S U(Il, tg).
If |z1] < |zo| we get h(xq,t1) > h(x9,t;) and accordingly

u(a:l, tl) Z U(CCQ, t1>.
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CHAPTER 4

The Stieltjes Transformation

Arora [2] has studied the Stieltjes transformation by defining the
test function space My and its dual (M",)" with the weak topol-
ogy and has applied the Stieltjes transformation of the form f () =

fooo (x,,,fcﬁ?,,,,)pdt, m, p > 0 to the elements of (M ch)’ . We treat M

as a countable union space and assign an order relation on M
by identifying a positive cone in it. The dual space (M,})" is or-
dered by the dual cone of the cone of M} and the topology of
(M) is changed to the topology of bounded convergence so that
the order dual and the topological dual of M, coincide. The Stielt-
jes transform of the above form is applied to the ordered vector
space (M) with the topology of bounded convergence assigned
to (M)". Without losing any of the properties the transformation
originally had, we get some additional order properties satisfied by
it. John J. K. [13] has studied the asymptotic behaviour of a distribu-
tion f € (! at oo with respect to a regularly varying function v(k)
using the techniques used by Troger [42]. In our study since the
topology of bounded convergence which is also called the strong
topology is assigned to (' we call the above behaviour the strong
asymptotic behaviour of f € (.. Results connecting the strong as-

ymptotic behaviour of f € (M)" at oo with respect to v(k) and
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that of S7'(f) € (M],)" at co with respect to k'~"#v(k) are proved.
Using the fact that (})" and (M[';)" are order complete we apply

the above results to monotone nets in these spaces.

4.1. The testing function space )/, and its dual (M}’

Let (K,,) be a sequence of compact subsets of R, such that
K, C K, C ... and such that each compact subset of (0, 0) is
contained in one K, j = 1,2,3,.... Let M, i, denote the linear
space of all (infinitely) smooth complex-valued functions defined on

R having compact support in K;, on which is defined

m mil—a mya— —m d
fa i, 6 (@) = supt Aotk (1 —gmye=by(¢! a)%(t)\,
’ tek]‘
a,beR, k=0,1,2,...,m € (0,00). {:ug,lb,Kj,k}zO:O is a multinorm

m m m m 1
on M7, K, and generates a topology 7., Kk, On M5, K, M3, K, 1
complete with respect to 7.’} ;- . Denote the strict countable union
sV Lx g
o0 m m 1 m 1 1
space U2 M i as M. Since M5, K, 18 complete with respect
m : : .
to 7, i ;» as in the case of Lo, it follows that M} is complete. On

m . . o
each M, ;. an equivalent multinorm is given by

fab i, 1 (0) = Oiglik Hab i, (@), see [13].

We define an order relation on M} by identifying a positive cone
in it.
DEFINITION 4.1.1. The cone C' of M, when M is restricted

to real-valued functions is the set of all non-negative functions in
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M gfb. When the field of scalars is C, the complex numbers. C' + iC'

is the positive cone in M which is also denoted as C'.

Note We say that ¢ < ¢ in M, when ¢ — ¢ € M.
As in the case of previous examples it can be proved that the cone

C'in M} is not normal but is a strict b-cone.

Order and topology on the dual of M. An order relation is
defined on the dual (1)’ the linear space of all continuous linear
functionals on M} by identifying the positive cone in (M) to
be the dual cone C’ of the cone of M Zlb. The class of all BY, the

polars of B as B varies over all o (M, (M,)")-bounded subsets

a,b’
of M} is a neighbourhood basis of 0 in (M)’ for a locally con-
vex topology B((M;,)', M,). When (M,})' is ordered by the dual
cone C’ and is equipped with the topology of bounded convergence
B((M,3)', M) it follows that C” is a normal cone since C'is a strict
b-cone, by Corollary 1.26, Chapter 2. [29].

As 1n the case of previous examples we observe that when the
topology on (M,)" is changed to the topology of bounded con-
vergence, (M,)" is order complete and topologically complete, the
order dual and the topological dual of M} coincide and the order

topology and the topology of bounded convergence on (M)’ coin-

cide. Also the cones of M™,

oy (M) are generating.
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4.2. The Stieltjes transformation

For ¢ € M5 the Stieltjes transformation is defined as

S)(¢) = o(x) = /000 ( 40 dt forafixedm > 0, p > 1.

xm 4 tm)e

John J. K. [13] has proved the following result:

Leta >1— 4, 3 < p+1— L. Then the Stieltjes transform maps
M(;’?ﬁ continuously into Mé’fb ifa<1 a< % +a—panda <1
fa=p+1—-L;b>1-pb>+L+F—pandb>1-np,
if 3 =1-— % We use this result in a modified form where we
claim that the Stieltjes transform maps the positive cone of M,

continuously to the positive cone of M.

THEOREM 4.2.1. Let « > 1 — £, 8 < p+ 1 — L. Then the
Stieltjes transformation maps C'(\ M5 continuously into C'(V M,
ifa < 1,a§%+a—panda<1ifoz:p+1—%,b21—p,

b2%+5—pandb>1—pifﬁzl+%.

PROOF. By definition, the Stieltjes transform is order preserving.
From the result quoted above it follows that the transform maps the
positive cone of M5 to the positive cone of M, under the spec-
ified conditions. Since the cones of M5 and M are generating
it follows that the Stieltjes transform maps M, continuously into

m
b [
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With suitable integrability properties the double integral

[ 1 i

can be evaluated in two different ways so that

(SP(f),d) = (f,0) = (f.0) = (£, S(8)), o € My, f € (M)

Thus the Stieltjes transform of a generalized function f € (M[;)’
is defined to be adjoint of the map ¢ — S}'(¢), ¢ € M5

THEOREM 4.2.2. The Stieltjes transform is strictly positive, or-
derbounded and continuous with respect to the topology of bounded

convergence.

PROOF. Being the adjoint of strictly positive map, f — S}'(f)
is strictly positive and hence is orderbounded. By the same reason,
f — S}'(f) is continuous with respect to the topology of bounded

convergence. [
Note. John J. K. [13] has observed that the Stieltjes transform of ¢ €
M, ; may be inverted by the application of a differential operator L,,
where n 1s a non-negative integer, defined by

(—1)'m!T(p)

Ly = Ly(¢(z)) = _(xl_m !

)n—l

C(n+ =)(p+n—+)de da
x2mn+nurﬂn(xl—nh££>n¢(x)
dz

for p+n > % The formal adjoint of this operator is itself.
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We make the following conclusions from the results proved by

John J. K. [13], modified to suit the present situation.
RESULT 4.2.1. If p+n > L, [ L, ,(z™ + ¢™)~Pdt = 1.

RESULT 4.2.2. L, maps C' (Y My continuously into C N M}'s
provided o > 1—%,& < p—|—1—%, a = %jLa_p, h = %+5_p_

RESULT 4.2.3. If L, is the differential operator and S is the
Stieltjes transform operator then either x'~™"L, and Sz~ or
L,xz'=" and x™"~1S commute on Mgflb where a = % +a — p

b=+ 0—p.
ie. xm’HS}?(Ln,t(cb)) = xmp_l(Ln,t(¢))A
= L. (o ™) PEP g (1) dt
/o (™ +t™) ()
= LnoS) (1" 9).

RESULT 4.24. If a > 1 — %, < p+1-— %, the sequence
(Ln.¢(x)) converges in C' N M5 to ().

RESULT4.2.5. Leta = ~+a—p, b= =+ 3 —p. Then (L,(¢)")

converges to ¢ in M, as n — oo.

RESULT 4.2.6. Let f € (M}})". Then f € C'if and only if
for every non-negative integer n, L,S]'(f) € C" where C" is the
positive cone in (M) It follows that L, is strictly positive and

hence is orderbounded.
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RESULT 4.2.7. For f € (M), ¢ € M,

(S, (Ln(f)), @) = {f, LnS; (9)) — (f,¢) as n — .

For f € (M}}), ¢ € MY,

4.3. Abelian and Tauberian theorems

We have studied (’, linear space of tempered distributions as an
ordered vector space with the topology of bounded convergence de-
fined on it in Chapter 2. The elements f of ¢’ whose support is
contained in [0, 0o) form a subspace of ¢’ denoted as (’,. ¢, is or-
dered by the order derived from ¢’ and has the topology derived
from the topology of bounded convergence assigned to ¢’. Using
the techniques applied by Troger [42],John J. K. [13] has studied
the asymptotic behaviour of a distribution f € ¢/ at oo with re-
spect to a regularly varying function, the topology on (’ being the
topology of pointwise convergence. We define a similar notion on
¢’. with the topology of bounded convergence assigned to ¢’ and
call it the strong asymptotic behaviour of f € (/.. Besides obtaining
results similar to the abelian and Tauberian theorems proved in [13],
since (M;'5)" and (M) are ordercomplete we have extended the
above results to monotone nets in these space.

A function v(k) which is positive and continuous on (0, c0) is

said to be regularly varying of order r, » € R if for any a > 0 the
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limit
lim 2 (ak)

S = a" exists.

DEFINITION 4.3.1. A distribution f € ¢ is said to have the
strong asymptotic behaviour at co with respect to a regularly vary-
ing function v(k) if the limit limy_, % = F(t) exists, in the
sense of convergence in ¢’ with respect to the topology of bounded

convergence, provided F' # (.

Note.

(1) F' is a homogeneous function of order r and hence F' € (’
and support of F' C (0, co).

(2) By saying that limy, ., % = F'(t) exists in ¢’ with respect
to the topology of bounded convergence what we mean is
that if F'(t) € B where BY is a basis element for the topol-

ogy of bounded convergence on (', % € B for k > ky,

o0 )| <1, Yo € Bk > ko

whenever |(F(t),v)| < 1, Vo € B, where B = {¢ €
" |g(w)] < s'e for some g € ('}, e > 0, for all s > s,

s, s eR.

LEMMA 4.3.1. Let a = % +a—p b= % + [ — p, then the set
A={S)(¢): ¢ € M5} is dense in M.

PROOF. Let ¢ € My, ¢, = S}'[Lys(¢)]. Then ¢, € A and
On — ¢ in M. O
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THEOREM 4.3.1. Let f € (M]})" and v(k) be a regularly vary-
ing function of order r > (—ma). Then the following statements
are equivalent
(i) [ has in C" (Y (M) strong asymptotic behaviour at 0o with re-
spect to v(k)

(ii) S)'(f) has in C" N (M'5)" strong asymptotic behaviour at oo
with respect to k'""v(k) and an@S;”(f)(k;x), fork > 0is
uniformly continuous with respect to the topology of bounded con-

vergence in C" M (M) for all values of n.

PROOF. (1) = (i1)
Let ¢ € M5 Also let

lim f(kt)
k—o0 U(]{I)

=g(t), f e n (M)

Then we have

.1
Lim @(f(kt), o(t)) = (g(t), o(t)).

For ¢, € Mg?ﬂ, S;”(gbl) € M(Tb'
Hence  {g(t), S(6n)(1) = Tim ——(f(kt), S2(61)(1))

k—o00 U(k)

— lim ——(S7(f) (kz), n (x)).

k—o0 klfmpv(k)

But (g(1), 5;"(¢1) (1)) = (55"(9)(2), dr(x)).

So we conclude that
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lim ———S"(f)(kz) = S (9) ().

k—oo K1=mPy(k) P p
This means that S7'(f) has in C' N (M[7';)" strong asymptotic be-

haviour at co with respect to k' ~"v(k).

g (BoSE ) o) = 1K) s o))
Since limy_. J;((IZ;) = F(t)in (',
()
G v <1

forall v € B, k > ko whenever

[(F (1), %)) <1

forall ¢ € B where B = {1y € {': |f(¢)| < §'e for some f € ('},
e > 0forall s > s,s, s e R. Since % is a continuous linear
functional there exists a positive constant ('}, and integers j, ¢ such

that

1
|kl_m—pv(k><

Fa rc, (S La(@)) < Loty i, o (S Ln(®) — @) + Loty i, (D)

LSy (f) (k) 6(2))| < Cifigy i, 4(Sy Lu(9))
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Using Results 4.2.3,4.2.4,4.2.5.

Fa ic,.q(S) Ln(®) — @) = ﬁ%,fg,q(xl_manS;?(tmp_%(t))) — ¢(v))

< Cgﬂgﬁ’Kj’q<LnSgl(¢O) - ¢O>

where

do(t) =t"""1p(t) € Myls x, < enCafis i, g11(9).

Consequently figh, - (S)"Ln(®)) < Cufigyy, 411(¢), for all n, uni-
formly for £k > kg where C} is a constant depending only on f, j
and ¢q. Hence we conclude that ;=7 mpv Ln xSm( f)(kz), for k > 0
is uniformly continuous with respect to the topology of bounded

convergence in C' N (M['5)" for all values of n.

(i) = (1) (k)

Sm(f)(kt
Let it T )
Then

= 5,"(9)(t), say.

1 m _ m
lim m(sp (f)(kx), ¢(x)) = (S, (9)(x), $1(x))

= (9(2), 5,"(¢1)(1))-

But

. m . 1 m
Lim klm—v(k)<5p (f)(kz), ¢r(2)) = lim m<f(kt)7sp (¢1)(1))-
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It follows that limy_. £ (( )) = ¢(t) on a dense set of elements of

the space M. Now we prove that {% : k > ko} is bounded in
(M%), By the theorem of uniform convergence it follows that f
has strong asymptotic behaviour at co with respect to v(k).

Let ¢ € M.y Since ;7= mpv =ty Ln. S, (f)(kx), k > 0 is uniformly
continuous in (M (’L”b) there exists a constant C'; > 0 and integers 7, q

such that

1

5ot (LS (k) 6@ < Cufiy k,4(9)

for k > ky, for all n € N. Since

1

1
)

(LaS} () (k2), o(2))| = \@U(HLSZ”(LM)@D :

it follows that

|T1k>< (), $(0)| < Cofilly ¢, g41(9)

Hence the theorem. ]
REMARK. As the dual cone C’ in (M%) is generating it is
enough if we state and prove equivalence of (i) and (ii) for elements

of the dual cone and the results for elements of the whole space

M™) follow automatically.
( a,b y

COROLLARY 4.3.1. If (fa)ac, is a monotone netin C' N (M)’
having strong asymptotic behaviour at oo with respect to a regu-

larly varying function v(k) and if (fa)acs converges to f in C' N
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(M gfb)’ with respect to the topology of bounded convergence then
(S (fa))acs converges to S)'(f) in C" N (M[)'5)" where S}'(f) has
strong asymptotic behaviour at oo with respect to k' ~"v(k). Also
anlS?(f)(kx) for k > kg is uniformly continuous with
respect to the topology of bounded convergence in C' N (M[)" for

all values of n.

PROOF. Follows from Theorem 4.3.1 since (M), (M['5)" are

order complete. 0

REMARK. Studies have been made earlier about the asymptotic
behaviour at oo of generalized functions and their integral trans-
forms. (see for example [13, 44]). The relative merits of our method
which studies the strong asymptotic behaviour at oo of elements of

(M,)" and their Stieltjes transforms are the following:

(i) As the elements of (M})’, (M]}'5)" are ordered and since these
spaces are ordercomplete the results proved regarding the strong
asymptotic behaviour at co could be extended to monotone
nets in these spaces.

(ii) As the conesin (M) and (M[;)" are generating it was enough
if we verify the results for the elements of the cones of these
spaces.

From the proof of (i) = (ii) of Theorem 4.3.1 we obtain the fol-
lowing result.
Let f € (M) and v(k) be a regularly varying function of order

r > (—ma). If ST'(f) has strong asymptotic behaviour at co with
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respect to k'~ v(k) in C' N (M]';)" then

1

. m >
kl—mﬂv(k)L”’“SP (f)(kx) for k > kg

is uniformly continuous with respect to the topology of bounded
convergence in C' N (M,)" for all values of n. Since (M),
(M) are ordered vector spaces the above results may be extended

to monotone nets in (M"})".

THEOREM 4.3.2. Let (fo)acs be a monotone net in C' (0 (M)’
such that (S)'(fa))acs has strong asymptotic behaviour at oo with
respect to k'~""Pv(k) in C' 0 (M]'3) where v(k) is a regularly vary-
ing function of order r > (—ma). Then (S}'(fa))acs converges to

a function f in C' N (M['5)" and

1

Fgqy bS5 ) ). for k >

is uniformly continuous with respect to the topology of bounded con-

vergence in C' M (M) for all values of n.

PROOF. Follows from the proof of (i) = (ii) of Theorem 4.3.1,
extending the result to monotone nets since (M";)" is order com-

plete and the cone in (M'5)" is generating. N
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CHAPTER 5

The Laplace-Stieltjes transformation

Geetha K. V. and John J. K. [11] in a paper titled “The Laplace-
Stieltjes Transform’ has combined the Laplace transformation and
the Stieltjes transform of the form

NN (R
f(:c)—/o (xm+tm)0dt’ ,p>0

and applied it the elements of the dual space (M ) of a testing

a,b,c

function space M

v .. The application of the combination transform

was done in the conventional way based on the methods adopted
by Zemanian [50]. In this chapter, we apply the same combination

transform to (M

a,b,c

), the dual of the testing function space M Zf‘b’c.

The difference from the earlier method and the present one are the

following

(1) We treat the testing function space M} . as a strict countable

union space.

(2) M.}y and its dual (M

a ob.) are ordered topological vector

spaces.
(3) The pointwise convergence topology on (M )" is replaced

by the topology of bounded convergence.

We observe that without losing any of the original properties of the

combination transform some additional features like order proper-
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ties of the transform can be studied. The features of operational
calculus and solution of initial value problems are retained. Com-

parison of initial value problems is possible in the present situation.

5.1. The testing function space M/}, . and its dual (M} )" as

ordered vector spaces

Let (K,,) be a sequence of compact subsets of R, x R, such
that K3 C Ky C ... and such that each compact subset of R X R
is contained in one Kj;, j = 1,2,.... Let M} K, denote the linear
space of all smooth complex-valued functions defined on R, x R,

whose support is contained in K; on which is defined

/’L;be,C,Kj, (¢)

= sup \e“uqHDgtm(I*“H)(l+tm)“*b(t1*mDi)¢(u,t)|
(u,t)eKj

where a,b,c € R, q,1 =0,1,2,...,m € (O,oo),Du:au,Dt_ o

{ ,ugfb K, .4, 3 21=0 1s a multinorm on K, and generates topology

abc

m
Tabet; O0 Mgy o o MY, o i, 1s complete with respect to 7, . .

;”bc = j:1 o bc K, is a (strict) countable union space. Since
each M7, . i is complete with respect with respect to 7, . ;. it fol-
lows that My . is complete. On each M5 . K, an equivalent multi-

norm is given by

Pabe. K ;.q.l (¢) = sup Hab.c,K;.q1 (¢).
0<q¢ <q
0<l' <l
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We define an order relation on M™

ob.c DY 1dentifying a positive cone

in it.

DEFINITION 5.1.1. The positive cone of M, ~when M is

a,b,c a,b,.c

restricted to real valued functions is the set of all non-negative func-

tions in M™

ab.c When the field of scalars is C, the complex numbers,

the positive cone in M, is C' 4+ +C' which is also denoted as C.

a,b,c

Note. We say that ¢ <1 in M}, .wheny —¢ € C'in M .
As in the previous cases it can be proved that the positive cone in

Mm

2% . 1s not normal but is a strict b-cone.

Order and topology on the dual of M, . An order relation is

a,b,c*
defined on the dual (M,

a,b,c

)/, the linear space of all continuous linear

by identifying the positive cone in (M )’ to

a,b,c

be the dual cone C” of the cone C'in M}, .. The class of all B, the

functionals on M .,

polars of B as B varies over all (M} ., (M, .)')-bounded subsets

a,b,c
of M™

a,b,c

is a neighbourhood basis of 0 in (M )" for the locally

a,b,c

convex topology B((M;, )", M, ). When (M, )" is ordered by

a,b,c

the dual cone C’ and is equipped with the topology of bounded con-
vergence 3((M, ), M,

a,b,c

) it follows that C” is a normal cone since
C' is a strict b-cone by Corollary 1.2.6, Chapter 2, [29].
As in the case of the previous examples we observe that when the

topology on (M )" is changed to the topology of bounded conver-

a,b,c

gence, (M ) is order complete and topologically complete, the

a,b,c
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order dual and the topological dual of M = coincide and the or-

a,b,c

der topology and the topology of bounded convergence on (M} )’
and (M,

coincide. Also the cones of M™ e

. )/ are generating.

5.2. The Laplace-Stieltjes transformation

For ¢(u,t) € M

o3~ the Laplace-Stieltjes transformation is de-

fined as

SL76(u, 1) = d(y, ) = /0 N /O e )P, ¢)dudi

for a fixed m > 0, p > 1. With suitable integrability conditions the

multiple integral

/000 /OOO /OOO /OOO e (@™ + ") f(x, y)p(u, t)dudtddy

for f € (M[5.)', ¢ € M5, canbe evaluated in two different ways

so that
(f,0) = (f,0).

Geetha K. V. and John J. K. [11] has proved that for oo > 1 — %, 0 <

p+1— %, the Laplace-Stieltjes transform maps M "; | continuously
into My . if

a§1,a§%+oz—panda<1ifa:p+1—%
b>1—pb>L4+pB—pandb>1—piff=1-1/m.

Now, let f € (M.}, .)'. Foreach ¢ € M, we have SL)'(¢) €
My, .. Then the adjoint mapping
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(SLy'(f), ¢) = (f,SLy(¢))

defines the Laplace-Stieltjes transform

SL'(f) € (M5,)" of fe (Mg, .)".

THEOREM 5.2.1. The Laplace-Stieltjes transform is strictly pos-

itive and orderbounded.

PROOF. (M}, .)'s (M{ls,)', My o Mg

Let f >0, f € (MJ3,,). For ¢ € M7, ¢ > 0,SL)"(¢) > 0,
SLY(f) € M,

a,b,c’

are ordered vector spaces.

Thus ¢ — SL7(¢) is a strictly positive map. Be-
ing the adjoint of this map, f — SL7'(f) is a strictly positive map

from (M, ) to (M"

. o'5.,) - Since every strictly positive map is order

bounded, the theorem follows. U]

5.3. Inversion

. . 1 . .
For a non-negative integer n for p+n > - a differential operator

can be defined by

Ln,y,x¢(ya :U)

_ My2n+1(Dny)(Dyl'l_me)n_liL“an_Fmp_m(Dyxl_me)ngb(y, l’)

m! =T (p)

F(n+ =)C(p+n—1/m)'(2n+1)
The Laplace-Stieltjes transform can be inverted by the applica-

where M =

tion of this differential operator. The formal adjoint of this operator

1s itself.
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Geetha K. V. and John J. K. [11] have proved the following re-

sults which are true in the present situation also.

RESULT53.1. If p+n > +

/ / Ly y e (2™ +t") Pdudt = 1.
0o Jo

RESULT 5.3.2. L,, .+ maps M

: . m
ab.c continuously into M

a,Byy
videdoz>1—%,ﬁ<p—|—1—a,a:%+oz—p,b:E+ﬁ—p.

pro-

RESULT 5.3.3. If Ly, is the differential operator and SL}' is the
Laplace-Stieltjes transform operator then either y~2"z'~""L,, and
Smemp_ly_2” or L,x'=™Py=2" and y_2”xmp_1SLzl commute on

Mc’f‘bcwherea——+oz—p,b——+ﬁ P

ie., y_Q"a:mp_lSLm(Ln,u,t(ﬁb)) = 3/_2n55mp_1([zn,u,t(€b))/\
= / / eV (@™ + ) P p(u, t) dudt
— Loy oSLI (w0 ) for 6 € MY

RESULT 5.34. Letav > 1 — i, g<p+1— %, then the sequence

{Lmy’x(ﬁ(y, )} converges in M5 to ¢(y, x).

RESULT 5.3.5. Leta = L +a—p b= L+ 3 — pthen (L,(¢))

converges to ¢ in M, . asn — oo.

The following result proved in [11] has been suitably modified

to suit the present situation.
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RESULT 5.3.6. Let f € (M}, ). Then f € C'if and only if for
every non-negative integer n, Ly, .SL'(f) € C" where C' is the

positive cone in (M ). It follows that L, is strictly positive

and hence is orderbounded.

We summarize the above results as follows:

For f e (M];.), ¢ € M5
(SL)' Luya (£, 8) = {f, LnyaSLY (0)) — (f,0) asn — oo,
For f € (Mgfb’c)’, ¢ € Mch,c

(LnyaSL'(f), @) = (f, SLy Ly« (0)) — ([, ®)-

5.4. Operational calculus

SL}'[DuDi(9)] = (mp)ySLy [t~ d(u, t)]

provided

lim D,(¢(u,t)) =0 = lim D,(¢(u,t))

t—o0 t—0
lim ¢(u,t) =0 = lir% o(u, ).

Consider the differential equation
(Dth)¢(u7t) = f(u7t)7 u > 07 t>0
where f(u,t) is a generalized function upon which the
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Laplace-Stieltjes transform can be applied.

Let F(u,t) = [ f(u,t)dt be such that
tlim Fi(u,t) =0= %ir% Fi(u,t) and
Fy(u,t) = /Fl(u, t)du be such that

lim Fy(u,t) =0 = lim Fy(u,t)

U—00 u—0

Applying the operational calculus
(mp)ySLy ' [t ¢(u, )] = (mp)ySLy, [t Fa(u, 1)].
Inverting using the differential operator L,, ,, , for p +1 +n > %,
t" p(u, t) = " Fy(u, t)

so that ¢(u,t) = Fy(u,t) where Fy(u,t) = [ [ f(u,t)dtdu. Com-
parison between different solutions arising out of different initial
value conditions is possible since they belong to an ordered vector

space.
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CHAPTER 6

Abelian and Tauberian theorems

In this chapter we study distributions which are bounded on the
sides of a wedge W in R", tempered distributions having their sup-
port in a wedge W in R" and holomorphic generalized functions
defined on the tube region 7. The notion of distributions having
asymptotic, strongasymptotic of order « is defined and the compat-
ibility of these notions with the lattice properties in D'(W), /(W)
respectively is proved. Those functions which are holomorphic in
TV form a convolution algebra H (1) which is isomorphic to ¢’ (W)
via the Laplace transformation. We define an order relation on
H (W) by identifying a cone in H (W) with respect to which the
above cone is normal. The notion of elements in H (W) having
strongasymptotic is defined and is observed to be compatible with
lattice properties in H(W). The Tauberian and Abelian theorems
in this new background for the Laplace transform are proved. Two
corollaries extending the results of the theorem to monotone nets are
also stated. A special case of the Tauberian theorem applied to the
one-dimensional case is also stated.

The basic definitions have been taken from Vladimirov [44].
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6.1. Basic definitions

DEFINITION 6.1.1. [44] A wedge in R" with vertex at O is a
subset IV of R" containing 0 and satisfying the conditions W +W C
W,alWW CW fora >0, a € R.

DEFINITION 6.1.2. [44] The intersection of I with the unit sphere
with center at O is denoted as pr W and a wedge W' is said to be

compact in the wedge W if pr W’ C pr .

DEFINITION 6.1.3. [44] The wedge W* = {£ : (¢,2) > 0,z €
W} is said to be conjugate to the wedge V.

Note. V" is a closed convex wedge with vertex at 0.

DEFINITION 6.1.4. [44] A set A C R" is said to be bounded on
the side of the wedge W if A C W + K where K is a compact set
in R".

DEFINITION 6.1.5. [44] The collection of all distributions in D’
whose supports are bounded on the side of the wedge W is denoted

as D'(W,).

DEFINITION 6.1.6. Let ( f,)acs be a net of functions in D'(W..),
with the topology of bounded convergence defined on D’. We say
that f, — 0in D/(W) if f, — 0 in D’ with respect to the topology
of bounded convergence and suppf, € W + K for each a € J

where the compact set K does not depend on v € J.
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DEFINITION 6.1.7. [44] A wedge W is said to be acute if there

exists a plane of support for chl¥ that has unique point in common

with the chV where chW is the convex hull of 1.

DEFINITION 6.1.8. [44] Let I/ be a closed convex acute cone in
R" with vertex at 0 and let V' = int W*. Then T" denote the tubular
domain in C" with base Vi.e., TV = R" +iV = {z =x+iy :x €
R" y € V}

DEFINITION 6.1.9. [44] Let W be a connected open wedge in

R"™ with vertex at 0 and let W be the conjugate wedge. Then

ICW(Z) = / ei<z,£>d§ = £(XW*) — F(XW*G*@’@)
W*

where L represents the Laplace transformation and F’ represents the
Fourier transformation is called the Cauchy kernel of the tubular

region TV . Here - is the characteristic function of W*.

DEFINITION 6.1.10. [44] Let W be an acute convex open wedge
such that the Cauchy kernel ky(z) # 0 in the tube TV = R" + 4V,

Such wedges are said to be regular.

In what follows W represents a closed convex acute solid wedge
and V' = int W* is a regular wedge with vertex at 0. kyp(2) is
the Cauchy kernel of the tube domain 7V = R" + iV and x§, =

L7k, —00 < a < o0,
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Some properties of X7 .
() x5y * Xy = X7, —00 < a, B < o0.
(2) xi (8) = " Ui (6), £ > 0

(3) Forany m = 0,1, ... there exists /V such that
xw € C"(R"), a >N

where C""(R"™) denote the set of all functions that are contin-
uous in R"™ together with all derivatives 0° f(x), |a| < m.

@) 10X (&) < Mg ¢ e R", o > N.

DEFINITION 6.1.11. [44] Let f € ¢'(W). The convolution X, *
f 1is called the primitive of f of order o with respect to the wedge

W and is denoted as f(=¥)(¢), i.e.,

FEIE) =Xy = f (10)

Note. From Vladimirov [44] it follows that for f € ('(W) the
primitive f(=®) for all sufficiently large & > N is continuous in
R™ and

FE©) = (F(€).n(€iw (€ =€) (11)
and

FEE)) < M| f-mlél, (12)

M > 0, r > 0 where m is the order of f.
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6.2. Asymptotic, strongasymptotic

DEFINITION 6.2.1. [44] A generalized function f(&) is said to
have an asymptotic ¢g(£) of order « in the wedge W as || — « if

forany £ € int W

S
—g(|€|)

i 1)
eI

and there exists constants M and r such that

£(©)]
€l°

EXAMPLE 6.2.1. Letn = 1, W = [0, oo], int W = (0, 00). Con-

<M, [£] >r, £€intW.

sider the generalized function P% which coincides with the regular

generalized function + for z # 0. P+ € D'(W). For any £ € int W

- r .. &
am [e1Pg =21 =9(1)

and there exists constants M and r such that
1
\é“HPEI <M, [§] > 1, & €(0,00)
so that P% has an asymptotic of order (-1).

DEFINITION 6.2.2. A generalized function f € /(W) is said to

have a strongasymptotic g of order a at oo if

;}E?o% =g(§)in

with respect to the topology of bounded convergence in (' or equiv-

alently,
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DEFINITION 6.2.3. A generalized function f in ¢’ has a stron-
gasymptotic g of order « at O if

lim pf(px) = g(x)
p—0

with respect to the topology of bounded convergence in (.

Note. Definition 6.2.2 implies that if g(¢) € B, a basis element for

the topology of bounded convergence in (’

%eBofork>ko,koeN

Le,if |(g,v)] < 1,V¢ € B,
where B = {¢p € ( : |f(¢¥)| < te forsome f € (', e > 0,t > s,
t,s € R} then

()

YWY <1, Vo € B, k> ko, ko € N.
Note. From Definition 6.2.2 it follows that the strongasymptotic g
of order o at oo if it exists is a homogeneous generalized function

of degree o which belongs to ('(W) of homogeneity degree o + V.

THEOREM 6.2.1. For f € /(W) to have the strongasymptotic
g of order v at oo it is necessary and sufficient that the Fourier

transform F(f) has the strongasymptotic F(g) of order o + n at 0.
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PROOF. We know that

F(f(Az)(6)) = ‘dej TP ©), det 4 0
FOF(RE) = " F(f)(pr), p= 7 > 0.

From the definitions 6.2.2, 6.2.3 and from the fact that the Fourier
transform is a continuous operation on (' with respect to the topol-

ogy of bounded convergence the required result follows. 0

COROLLARY 6.2.1. If f € ('(W) has the strongasymptotic g of
order a at 0o then fN), —0o < N < oo has the strongasymptotic

g of order o + N at oc.

LEMMA 6.2.1. If a function f(§) in ('(W) has the asymptotic
g(&) of order « > —n in the wedge W as |{| — oo then f has the

strongasymptotic g of the same order o at <.

PROOF. From Definition 6.2.1 it follows that

£

k= (kE) — |€|O‘g(’§’

) =9(&), k— o0

almost everywhere in R" (assume that g is continued by zero onto

the whole of R") and

R
Ko f(RE)| < Mg, el > 4, € € R
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Let ¢ € (. Then

(ko f(kE), 6) = K~ / FRE)S(€) e

_ 4 ‘ (R S(€)dg + B / f(kE)p(E)dE

R
1€l<%

- / 9(E)BE)dE = (g.6), K — oo

since one can pass to the limit under the integral sign in the first term

and the second which is equal to

k—"me f(§)¢(%)d§ —0ask — occifn+a > 0.

1€|<1

It follows that f has the strongasymptotic g of order « at oc. [

THEOREM 6.2.2. For f € ('(W) to have the strongasymptotic
g of order o at oo it is necessary and sufficient that there exists
N > —1 — 2 such that the function f (=N)(&) has the asymptotic
g=N(€) of order o + nN in the wedge W and

£
¢l

) S epr W e — 00

€l FEN(E) — gt e

and the function g=V )(§ ) is continuous in R™ with support in W,

gt e Co(W).

PROOF. That the conditions are sufficient follows from corol-

lary 6.2.1 and theorem 6.2.1.
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Now we prove the necessity. By assumption % converges in

(" as k — oo with respect to the topology of bounded convergence.

The set of functions

{& = n(€)xwle—¢) el =1}

is bounded in ¢ for sufficiently large N > —1 — 2. Also,

(k&) f (k&) — n(&)f (k) as k — oo.

Using the above results,

kTN (ke) = (K77 £(€1), (€ )xaw (ke =€)

= ¢"(e), (13)

" so that

By (12) [fC(&)] < M| fl|-ml€

€7 ()] < M sup 1= f (R -m < M, €] = 1

Thus by Definition 6.2.1, f()(¢) has the asymptotic g(~™)(€) of
order o + n.N in the wedge W. Supp ¢") € W, hence ¢(~") €
Co(W). [

104



THEOREM 6.2.3. The property of comparable generalized func-
tions having asymptotic is compatible with lattice operations i.e., if
f1, fo are comparable elements in (' with asymptotics g, g, respec-
tively of order v in W then f1 V fo, f1 N\ fo have the asymptotics

91V g2, g1 N\ go respectively of order c.

PROOF. Let %i) — gl(|§—|) as || — oc.

.]Eﬁi) _ 92(3) as |€| — 00, fOI‘f € int V.

€]

with respect to the topology of bounded convergence and let there

exist constants My, Mo, rq, ro such that

| f1(6)] < M | f2(€)] < M,
&l = -

|€| > 1, ‘gl > ro, 51752 - lntW

Then
(v hRIE & .
e g e
where g(%) is either gl(%) or gg(é—‘). Also,
(i T{{j)(g)‘ < M for |¢| >r, & €intW.

It follows that f;V f> has an asymptotic in (' of order « in the wedge
V. Similarly it can be proved that f; A f> has an asymptotic in ' of
order « in the wedge V. [
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COROLLARY 6.2.2. The property of comparable generalized func-
tions in '(W) having strongasymptotic are compatible with the lat-

tice operations in (.
PROOF. Follows from Theorem 6.2.2, 6.2.3. U

LEMMA 6.2.2. Let f € D'(W) and k= f(k&) — g(§) ask — o0
in D' with respect to the topology of bounded convergence. Then
f e (W) and | has the strongasymptotic g € ('(W) of order « at

Q.

PROOF. The support of all functions

{& = n(€)xwle—¢) el =1}

are contained in a ball U. Let m be the order of f € D'(W) in U
and N > —1 — 2 be such that the above functions belong to C™(U)

and are bounded and continuous with respect to e in this space. It

follows from (13) that the sequence of continuous functions

ko N fEN) (ke b — oo

converges uniformly with respect to e, || = 1 to the continuous
function gtV (e).

This fact together with the following inequality

TN IO < sup B (R om0y m(€) Xy (e—€)

k>1,e|=1

Cm(U)
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for |¢] > 1 shows that f(=™) has the asymptotic g(=") of order
o + nN in the wedge W and f=N) € ¢'(W). Hence f € ¢'(W).
By Theorem 6.2.2, f(-V) has the strongasymptotic ¢{~) of order
a+nN. Thus f = f~NVIN has the strongasymptotic g of order o at
Q. 0

COROLLARY 6.2.3. Let f € D'(W). If the set of generalized
functions
{k=f(k&) : k > 1} is bounded in D' then it is bounded in ('(W)

also.

6.3. The algebras H, (1) and H(1V) as ordered topological

vector spaces

The following definitions of the spaces H,(W) and H, (V') have
been taken from Vladimirov [44].

Let ¥ be an open connected wedge with vertex at 0. Denote by
H (a’ﬁ)(W), a > 3, 3 > 0 the set of all functions that are holomor-

phic in TV and that satisfy the following growth condition
F(2)] < M1+ )21+ AP ()], €TV (14)
A topology is introduced on H, éa’ﬂ ) (W) via the norm

) _ [f(2)]e
1f1la SN A+ 1221 + A8 (y)]

(15)
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The spaces qi? (W) are Banach spaces and
HED(W) C HE (W), o >0, #>6,d >a  (16)

with the inclusion (16) to be understood together with the appropri-

ate topology by virtue of the obvious inequality
1A < 200,

Define Hy(W) = Ugso20HS"”, Hi (W) = UysoHa(W).

The set H, (W) form an algebra of functions that are holomor-
phic in TV and satisfy the estimate (14) for certain a > 0, a > 0,
B > 0 relative to the operation of ordinary multiplication. This al-
gebra is associative, commutative, contains a unit element but does
not contain divisors of zero. The spaces H,(W) and H, (W) are

endowed with the inductive limit topology.

RESULT 6.3.1. From Viadimirov [44] it follows that the alge-
bra H, (W) and {'(W.) and also the subalgebra H(W') and {'(W)

are isomorphic and that the isomorphism is accomplished via the

Laplace transformation.

We prove the next theorem that the algebra H, (W) is a complete

ordered topological vector space.

THEOREM 6.3.1. The algebra H, (W) is an ordered topological

vector space, complete with respect to the topology 7.
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PROOF. We have seen in chapter 3 that ¢’ is an ordered topo-
logical vector space, the order relation being determined by the
dual cone C” and the topology being the the topology of bounded
convergence with respect to which C” is a normal cone, ('(WW7)
is a subspace of ¢’ and is ordered by C' N ('(W7}). The topol-
ogy on ('(W7) is the subspace topology whose basis elements are
B N ¢'(W;) where B is the polar of B consisting of elements
1 € ( such that |f(¢)| < te for some f € (', e > 0,1t > s,
t,s € R. The cone C' N ¢'(W7) is normal with respect to this
subspace topology. The isomorphism from ¢'(W7) to H (W) is
derived via the Laplace transformation, the isomorphism being de-
noted as L.. {L.(B° N ¢'(W3)) : B is a basis element for the
topology of bounded convergence in ('} generates a topology 75 on
H,(W). Since L, is orderpreserving and continuous it follows that
{L.(f) : feC' n¢(W3)}is acone in H (W) which is normal
with respect to 73. It also follows that the order topology and the
topology 73 are identical and H (/) is order complete and topo-

logically complete. 0

COROLLARY 6.3.1. The subalgebra H(W) is ordercomplete and
topologically complete with respect to the subspace topology de-

rived from 3.
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6.4. Abelian and Tauberian theorems

DEFINITION 6.4.1. A function f(z) holomorphic in TV is said
to have an asymptotic h(z) of order avin TV if
(1)

lim p°f(pz) = h(2), = € T (17)
p—0+

with respect to the topology of bounded convergence defined on
H(W) and
(i1) there exist numbers M, a and b such that

1+ |z
Al ()

THEOREM 6.4.1. If fi and f> are holomorphic functions in TV

P f(pz)| < M ,0<p<1, zeT" (18)

having asymptotics hi, hs respectively of order o at 0 in TV then
fiV foand fi N\ fo also have the asymptotic hy V hy and hi N ho

respectively of order ovat 0 in TV .

PROOF. Follows as in the proof of Theorem 6.2.3. 0

Note. Let f € ¢'(W). Then f(z) = L(f)(2) = (f(£),n(¢)e’>?)
belongs to the H (1V)-algebra of functions that are holomorphic in

TV and satisfy the growth condition

, z=x+iy e T for some M, ¢, d.

: 1+ [2[°
z M

THEOREM 6.4.2. In order that f € ('(W) has the strongasymp-
totic g of order o at oo it is necessary that f (2) has the asymptotic

h(z) of order a+mnat0inTV. i.e.,

110



(1)

111’(1)1+ P f(pz) = h(z), z€ TV (19)
p—)

with respect to the topology of bounded convergence defined
on H(W).
(2)

1+ |z
Al (y)

and it is sufficient that the following conditions hold:

P f(p2)| < M 0<p<l,zeT" (20

(a) there exists a solid subwedge W' C W such that f(iy) has an

asymptotic h(iy) of order a + n at 0 in the wedge W', i.e.,
lim " f (ipy) = h(iy), y € W' 21)
p—

(b) there exist numbers M, q and 3 € [0,1) and a vector e € W

such that

P flpr +iphe)| S MAT0 < p<10< A< 1 Jz| € N

(22)
In this case the equalities
h(z) = L(g)(2) = g(2), z€T" (23)
=N (o)do
N =T N / g TV
Kiw (2)h(z) (@ +n+nN) o (—iz, et <
(24)

hold for all sufficiently large N.
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PROOF. If f(£) has the strongasymptotic of order « at co

P f(pz) = p* T f(€), m(€)e )
5/

= ("IC), n(¢)e¢)

Also,

L+ |z
Al (y)

Conversely assume that (a) and (b) hold. First we prove that

P f(pz) < M L 0<p<l zeT”  (25)

10 f(&/p) : 0<p <1} ={k""f(kE): k>1}

is bounded in ’. By Corollary 6.2.3 it is enough if we prove that the

above set is bounded on D. It can be proved that
ca—n 7T €
|k ”f(E+zE)]§K(1+|x|S), k>1, xeR" (26)

where K and s do not depend on k. Since

L+ |z

N (y),0<p§1,z€TV
W

P f(pz)| < M
and since

DR EVESVES UV (TSR ESVINNCT
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it follows that the set of numbers
{k~(f(K&), @) : k > 1} is bounded for any ¢ € D.

Condition (a) implies that the sequence (27) converges as k — o0
on the functions {n(¢)e=%< y € W’} to the function h(iy), by

virtue of

P flipy) = (k™ f(kE),n(€e W), p—0, ye W'  (28)

We now prove that the linear hull of functions {7(&)e~ ¢ y € W'}
is dense in the set of functions {i) = n¢, ¢ € (}. If g; € (’ vanishes
on these functions then §; (iy) = (g1 (&), n(&)e W) =0,y € W'.
By the Uniqueness Theorem for holomorphic functions we de-
duce that
g1(z) =0, z € TV, hence g; = 0. This fact and the Hahn-Banach

theorem imply that the sequence of functionals

{n(©)k™"f(kE) = k™ f(kE),1 < k < oo}

is bounded and hence converges in ¢’ to a function g € ¢'(W). From

(28) we conclude that

h(iy) = (g(£), n(€)e” ) = g(iy).

Thus f € /(W) has the strongasymptotic g of order a at co and
h(z) = L(9)(2) = §(2), 2 € T". O
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COROLLARY 6.4.1. If (fa)acy is a monotone net in C' N {'(W)
having strongasymptotic g, of order o at oo with respect to the
topology of bounded convergence and if fo, — f, go — g in {'(W)
the net (L(fa))acs converges to L(f) where L(f) has the asymp-
totic L(g) of order v +nat0inTV.

PROOF. Follows from Theorem 6.4.2 since ¢'(W), H(W) are

ordercomplete. [

COROLLARY 6.4.2. If there exists a solid subwedge W' C W
such that the monotone net (L(f,(iy)))acs in Hy (W) has an as-
ymptotic h(iy) of order o + n at 0 in the wedge W' and there exist

numbers M, q and 5 € [0, 1] and a vector e € W such that
PL(f) (o + ipAe)| < MAT

0<p<l, 0<A<Z1, |z| <N

and if L(fa(iy)) converges to (af)(iy) in H (W) then (fa)ae
in ('(W) converges to [ in {'(W) with respect to the topology of
bounded convergence where [ has the strongasymptotic g of order

« at oo where h = L(g).

6.5. Abelian and Tauberian theorems for one dimension

The algebra D'(R! ) is denoted as D’,.. For —oo < a < oo define
fo €D as
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/

where 6(z) is the Heaviside unit function defined by

It can be proved that f, * f3 = fo15.

Consider the convolution operator f,* in the algebra D’.. Since
fo = 0 = ¢ it follows that the fundamental solution f,' of the
operator f,* exists and is equal to f_, i.e., f, ' = f_,. For integers
n <0, f, = 0™ and so, f, *u = " % u = u(™ which means that

fn* is the operator of n-fold differentiation. For integers n > 0

(fn*u)(n):f—n*(fn*u):(f_n*fn)*uzé*u:u

so that f,, * u is the antiderivative of order n of the generalized func-
tion w.

In what follows we take n = 1, W = [0,00), V = int W* =
(0,00), TV =T*, xu(2) = L.

1z
LEMMA 6.5.1. If g € (', is a homogeneous generalized function
of degree , (&) = M’ fo11(§) where M’ is a constant.

THEOREM 6.5.1. For f € (! to have a strongasymptotic of order

a at oo the following conditions are necessary
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(1)

lirél+ P f(pz) = M'(iz)™7, z e T
p—

(2)

o r 1+|Z’a
P f(pz)] < M( g 0<p<l, zeT

and the following conditions are sufficient

(a)

lim y”o‘f(z'y) =M
y—0F

there exist numbers M, q, ro and 3 € [0, 1) such that
(b)
rt fre)| < Msin™4(¢),0 < r < ro, |z| < y°.

In this case for all sufficiently large q the function f (_Q)(é ) is con-

tinuous with respect to & > 0 and has the asymptotic

A3 M’
lim =
E—oo 0ol T(a+1+4q)
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