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Chapter

Introduction

In this thesis we study some problems on Cech closure spaces. Cech clo-
sure operators were introduced by Edward Cech by weakening the idempotent

condition of Kuratowski closure operators.

0.1 Motivation and Survey of Literature

Associated with the topological space (X, T) we can define a closure operator
¢ : P(X) — P(X) where ¢(A) is the smallest closed set containing A for each
A € P(X). Then empty set is a fixed point of ¢, ¢ is idempotent and ¢ commutes
with finite unions. Also if we are given a function 6 : P(X) — P(X) such that
f is an expansive operator, empty set is a fixed point of 6, 6 is idempotent and
f commutes with finite unions, then there exists a unique topology T" on X such

that 6 coincides with the closure operator associated with 7. By relaxing the
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idempotent condition of a closure operator associated with a topology Cech E.
introduced a Cech closure operator. According to him, a Cech closure operator
V on a set X is an operator on P(X) such that empty set is a fixed point of V,
V' is expansive and V' commutes with finite unions [11]. An ordered pair (X, V)

where V is a Cech closure operator is called a Cech closure space.

Every closure operator associated with a topology is a Cech closure operator
but, not every Cech closure operator is a closure operator associated with a
topology. A closure operator associated with a topology is also called Kuratowski
closure operator. A Cech closure operator is a Kuratowski closure operator if
and only if it is idempotent. This way we can regard Cech closure space as
a generalization of topological spaces. For convenience, we call Cech closure
operators as closure operators and Cech closure spaces as closure spaces. The

theory of closure spaces was extensively studied by Cech E. in [11].

We can define a partial order in the set of all closure operators on a set X as
Vi < Vy if and only if V5(A) C Vi(A) for every A C X [11]. The set of all closure
operators on a fixed non empty set X forms a complete lattice L(X) under this
partial order [11]. The indiscrete closure operator I is the smallest element and
discrete closure operator D is the largest element of L(X). Ramachandran P.T.
determined atoms and dual atoms in the lattice of closure operators [32]. He
studied the reflexive relation associated with a closure operator in [32]. Also
proved that the lattice L(X) of closure operators on a set X is complemented if
and only if X is finite [33,37]. Moreover L(X) is a dually atomic and modular

lattice [32].
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Agashe P. and Levine N. introduced the concept of immediate successor and
immediate predecessor in the lattice of topologies [2]. They proved that a com-
pletely normal first countable T} topology cannot have an immediate successor
in the lattice of topologies. Also some properties of adjacent topologies were
investigated in [2]. Analogous to the concept of immediate successors and imme-
diate predecessors, Kunheenkutty M. introduced the concept of upper neighbours
and lower neighbours of closure operators in the lattice of closure operators [24].
The study of upper neighbours and lower neighbours helps us to understand
the lattice structure and to locate a closure operator. He determined the adja-
cency of co-finite closure operators in L(X). The co-finite closure operator has
a lower neighbour whereas it has no upper neighbour in the lattice of closure

operators [24].

Alas O. T. and Wilson R. G. gave a characterization of those topologies which
have an upper neighbour in the lattice of T} topologies on a set and showed that
certain classes of compact and countably compact topologies do not have an
upper neighbour [3]. In [4], authors discussed different sub posets of the lattice
of T} topologies and decided which elements have and which do not have an

upper neighbour.

In an atomic modular lattice every element other than the greatest element
has an upper neighbour and in a dually atomic modular lattice every element
other than the smallest element has a lower neighbour [19]. Thus every element
of L(X) other than the Indiscrete closure operator has a lower neighbour in

L(X). Also every element of L(X) other than the discrete closure operator has
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an upper neighbour when X is a finite set.

The concept of simple extensions in the lattice of topologies were introduced
by Levine N. [29]. This is a method of constructing strong topologies from a
given topology. For a topology T on a set X, the simple extension of T' by
A C X is the smallest topology containing A and is denoted by T'(A). Levine N.
compared certain properties like regularity, normality, second countability and

connectedness of topology with its simple extensions [29].

Ramachandran P. T. discussed the problem of representing permutation groups
as the group of homeomorphisms of topological spaces [32,34]. He proved that if
X ={ay, as, ..., a,}, n > 3, then the permutation group on X generated by the
cycle (ay, as, ..., a,) cannot be represented as the group of homeomorphisms
of (X, T) for any topology T on X [32]. Then Sini P. and Ramachandran P. T.
defined t-representability of permutation groups and studied ¢-representability of
cyclic subgroups of the symmetric group S(X) [39-41]. A permutation group K
on X is said to be t-representable if there exists a topology 7" on X such that the
group H(X,T) of homeomorphisms of (X,7) is K [39]. In [40], it was proved
that direct sum of t-representable finite permutation groups is t-representable
on X. Kannan V. and Ramachandran P. T. gave several characterizations of

hereditarily homogeneous topological spaces [21].

Cséaszar considered the set of all maps v : P(X) — P(X) such that v is
monotonic. A set A C X is said to be vy-open if and only if A C v(A). Then the
set of all y-open sets forms a generalized topology on X [13]. Corresponding to

a generalized topology on X, there exists a closure operator C' on X such that
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C' is expansive, monotonic and idempotent. On the contrary if C' is an operator
on P(X) such that C' is expansive, monotonic and idempotent, then there exists
a unique generalized topology on X. Tyagi B. K. and Choudhari R. introduced
generalized closure operators on X and they studied generalized interior operator

and generalized neighbourhood systems [44].

0.2 Organisation of the Thesis

Besides the Introduction, this Thesis contains 6 chapters. The introduc-
tory chapter, Chapter 0 deals with the motivation and review of literature on
adjacency in the lattice of closure operators, simple expansions of closure opera-
tors, t-representability of permutation groups and generalized closure operators.
Chapter 1 includes basic definitions and theorems we used in the forthcoming

chapters.

In Chapter 2, we investigate the existence of upper neighbours of closure
operators. We prove that the generalized form of the co-finite closure operator
has no upper neighbour in L(X). Upper neighbours of a T3 closure operator
is characterized. We establish that a first countable T closure operator has no
upper neighbour in the lattice of closure operators. We study some properties of
upper neighbours of closure operators. Adjacency of a closure operator projec-
tively and inductively generated by a function f is also explored in this chapter.
If f is a bijection between two sets, then closure operators inductively generated

by two adjacent closure operators and f are either equal or adjacent. Further
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we seek upper neighbours of the sum and finite product of closure operators.

Chapter 3 deals with simple expansions of closure operators. We determine
when simple expansion of a topological closure operator becomes the closure
operator associated with a topology. Then investigate some properties of the
simple expansion of closure operators and compare certain properties of a closure
operator with their simple expansion. We prove that the simple expansion of a
normal closure operator V' at a point x is normal if V ({z}) = {z}. We discuss
the equality of simple expansions of closure operators by two distinct subsets at
the same point x. Also we introduce countable expansion of closure operators in

L(X).

In Chapter 4, we investigate which permutation groups can be represented
as the group of closure isomorphisms of closure spaces. In order to consider
this problem, we define c-representability of permutation groups correspond-
ing to t-representability of permutation groups. A permutation groups H is
c-representable if there exists a closure operator V on X such that the group
of closure isomorphisms of (X, V') is H. We investigate the ¢- representability
of normal subgroups of the symmetric group S(X). We prove that a proper
non-trivial normal subgroup of S(X) is c-representable if and only if | X| = 3.
We determine the c-representability of the direct sum of an arbitrary family
of finite c-representable permutation groups. Here we characterize hereditarily

homogeneous T} closure spaces.

The lattice of generalized closure operators are studied in Chapter 5. We

determine atoms and dual atoms in the lattice of generalized closure operators.
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Here we study generalized Cech closure operators on a set. A comparison between
the lattice of generalized closure operators and the lattice of generalized Cech
closure operators on a set X is conducted. Also we introduce adjacency in the
lattice of generalized Cech closure operators and prove that co-finite closure
operator has no upper neighbour in the same. Simple expansions of generalized

closure operators is also introduced.

The Chapter 6 is the conclusion and some unsolved problems which we met

during our study.



Chapter 1

Preliminaries

1.1 Introduction

This chapter deals with some basic definitions and preliminary results in set
theory, group theory and Cech closure spaces in order to make the reading of

this thesis simpler.

1.2 Set Theory

First let us go through the definition of a partially ordered set.

Definition 1.2.1. [7] Let X be a set and < be a binary relation on X. A
partially ordered set or a poset is an ordered pair (X, <) such that the binary

relation < satisfies the following conditions:
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1. z<zxforall x € X,

2. fz <yandy <z, then x =y for all z,y € X,

3. Ifx <yandy <z then x <z for all x,y,z € X.

Example 1.2.2. Let Z* denotes the set of positive integers; and let z < y

if x divides y. Then (Z*, <) is a partially ordered set.

Definition 1.2.3. [17] Let (X, <) be a partially ordered set, A be a
nonempty subset of X. An element a € A such that a < z for all z € A is
called a least element. A greatest element of A is an element b € A such that

z < bforall z € A.

Definition 1.2.4. [17] A partially ordered set (X, <) is said to be well-
ordered if for every non empty subset A of X, there exists o € A such that

xo < x for every x € A.

Remark 1.2.5. Every element in a well-ordered set has an immediate

successor except the greatest element.

Theorem 1.2.6. Well-ordering Theorem [18]

Every set can be well-ordered.

Theorem 1.2.7. Principle of transfinite induction [18]

Let W be a well-ordered set and V' a subset of W in which, for every element

x € W, satisfies the following condition:
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If every predecessor of x belongs to V', then x belongs to V.

ThenV =W.

Notation. We write x V y in place of the supremum of {x,y} when it exists
and x Ay in place of the infimum of {z,y} when it exists. Similarly we write
V S and A S for supremum and infimum of the set S respectively.

Lattice and complete lattice are defined as follows.

Definition 1.2.8. [7] Let (X, <) be a non empty partially ordered set.

1. If x Vy and z Ay exist for all z,y € X, then (X, <) is called a lattice.

2. If \/ S and A S exist for all S C X, then (X, <) is called a complete lattice.

Remark 1.2.9. The set of natural numbers given in Example 1.2.2 is a

lattice but not a complete lattice because the set {2,4,6, ...} has no supremum.

Note 1.2.10. Let (L, <) be a lattice. For a,b € L we say a is an upper
neighbour of b or a covers b if b < a, a # b and for every ¢ € L with b < ¢ < a,

either c = b or ¢ = a.

An atom of a lattice is an element which covers the least element 0 if it exists.
A lattice is atomic if every element other than the least element can be written
as the join of atoms. An anti-atom is an element which is covered by the greatest
element 1 in the lattice. An anti-atom is also called a dual atom. A lattice is
anti-atomic( dually atomic ) if every element other than the greatest element can

be written as the meet of anti-atoms.

10



1.3. Group Theory

Definition 1.2.11. [7] A lattice (L, <) is called a distributive lattice if
aN(bVe)=(aNb)V(aAc)forall a,b,c € L. This is equivalent to saying that

aV(bAc)=(aVb)A(aVc) for every a,b,c € L.

Definition 1.2.12. [7] A lattice L is called modular if for any a,b,c € L,

a < cimpliesaV (bAc)= (aVb)Ac.

Remark 1.2.13. [7] Every distributive lattice is modular. But not every

modular lattice is distributive.

Definition 1.2.14.  [7] The lattice L is called semi-modular if for any

a,b € L with a # b, and if a and b cover a A b, then a V b covers a and b.

Definition 1.2.15. [7] Two lattices L and L are said to be isomorphic, if

there exists a function ¢ : L — L' such that ¢ is one-one, onto and o(aVb) =

o(a) V o(b)), dpla Nb) = ¢(a) A ¢(b)) for every a,b € L.

An isomorphism of a lattice onto itself is called an automorphism. A lattice

is called self dual if it is isomorphic to its dual lattice.

1.3 Group Theory

We know that a binary operation * on a set S is a function from S x S into
S. More generally, for any sets A, B and C, we can view amap *x: AX B — C

as defining a multiplication of an element a € A with an element ¢ € C.

Definition 1.3.1. [16] Let X be a set and (G, .) be a group. An action of

11
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G on X is a function * : G x X — X such that
1) ex =z forall z € X.
2) (9192)(z) = (g1)(goz) for all x € X and for all g1, ¢s € X.

Under these conditions, X is called a G-set.

Definition 1.3.2.  [16] A group G is transitive on a G-set X if for all

x,y € X, there exists g € G such that gz = y.

Definition 1.3.3.  [16] Let X be a G-set, z € X, g € G. Then define
Xy={reX:grx=ua}, G, ={g € G:gxr =z} HereG, is a subgroup of G

and is called the isotropy subgroup of X.

Definition 1.3.4. [16] Let X be a G-set. For z1,z9 € X, let x1 ~ x5 if and
only if there exists g € G such that gxr; = x5. Then ~ is an equivalence relation
on X. Each cell in the partition of the equivalence relation ~ is an orbit in X
under G. If x € X, the cell containing z is the orbit of x, denoted by Gz. Then

Gz ={gz: geG}.

Theorem 1.3.5. [16] Let X be a G-set and x € X. Then |Gz| = (G;G,). If

|G| is finite, then |Gz| is a divisor of |G|.

Theorem 1.3.6. Burnside’s formula: [16] Let G be a finite group and X be a

finite G-set. If r is the number of orbits of X, then r|G| = Lyeq|X,|.

Definition 1.3.7. [16] A permutation of a set X is a function ¢ : X — X

that is both one-one and onto.

12
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The function composition o is a binary operation on the collection of all

permutations of a set A. This operation is called permutation multiplication.

Theorem 1.3.8. [15] The set of all permutations of a set X forms a group

under permutation multiplication, denoted by S(X).

Definition 1.3.9. [15] We write S, to denote the group S(X) when n is a

positive integer and X = {1,2,...,n}.

Definition 1.3.10. [15] A permutation group is a subgroup of the sym-

metric group S(X).

Each permutation p of a set X determines a natural partition of X into
cells with the property that z,y € X are in the same cell if and only if y = p™(x)

for some n € Z.

Definition 1.3.11. [16] Let p be a permutation of a set X. The equivalence
classes in X determined by the equivalence relation ~ given by x ~ y if and only

if y = p™(x) for some n € Z are the orbits of p.

Now let us define a cycle.

Definition 1.3.12. [16] A permutation p € S, is a cycle if it has at most
one orbit containing more than one element. The length of a cycle is the number

of elements in its largest orbit.

Note that every permutation p of a finite set is a product of disjoint cycles [16].

13
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Remark 1.3.13.  [16] While permutation multiplication in general is not
commutative, it is readily seen that multiplication of disjoint cycles is commu-
tative. Since the orbits of a permutation are unique, the representation of a
permutation as a product of disjoint cycles, none of which is the identity permu-

tation, is unique up to the order of factors.

Definition 1.3.14. [16] A cycle of length 2 is a transposition.

Note that any permutation of a finite set of at least two elements is a product

of transpositions.

Definition 1.3.15. [16] A permutation of a finite set is even or odd ac-
cording to whether it can be expressed as a product of an even number of trans-

positions or the product of an odd number of transpositions, respectively.

Definition 1.3.16. [6] Let G be any group. If x, g € G, the element g 'zg
is known as the conjugate of x by g and the set {g7'xg : ¢ € G} is called the

conjugacy class of z in G.

Theorem 1.3.17. [16] A subgroup H is the conjugate of a subgroup K of a

group G if there exists an element g € G such that gHg™' = K.

Theorem 1.3.18. [6] Let X be an infinite set. If a = |X|, the cardinality of

X, then |S(X)| = 2=

14
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1.4 Cech Closure Spaces

Let X be a set and P(X) denotes the power set of X.

Definition 1.4.1. [11] A Cech closure operator on a set X is a function
Vi P(X) — P(X)satistying V(0) =0, AC V(A) and V(AUB) = V(A)UV(B)
for every A, B € P(X). For convenience, we call V' a closure operator on X and

the pair (X, V) a closure space.

A subset A of a closure space (X, V) is said to be closed if V(A) = A, and is
said to be open if its complement is closed. The collection of all open sets in a
closure space (X, V) is a topology on X, called the topology associated with V.
A closure operator V is said to be topological if and only if V(V(A)) = V(A) for

every A C X.

Examples 1.4.2. [11]

1. Let (X, <) be a well ordered set. For each A C X, let V(A) be the subset
of X consisting of all points of A and the successors of all z € A. The
relation A — V(A) is a closure operator on X. If X contains at least three

elements, then V' is not a topological closure operator.

2. Let I : P(X) — P(X) be given by

0 : fA=0,
I(A) =

X ; otherwise.
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Then I is a closure operator on X. This closure operator is the topological
closure operator associated with the indiscrete topology on X and is called

the indiscrete closure operator.

3. The closure operator D on X given by D(A) = A for all A € P(X), is the
topological closure operator associated with the discrete topology on X,

called the discrete closure operator.

Definition 1.4.3. [11] Let (X, V') be a closure space. A subset A of X is

said to be dense if V(A) = X.

Definition 1.4.4. [11] Let (X, V') be a closure space. Then interior oper-
ation is a function int, : P(X) — P(X) such that int,(A) = X — V(X — A).

Thus int, A is called the interior of A in (X, V).

Theorem 1.4.5. [11] In a closure space (X, V), we have the following:

1. int, X = X.
2. For each A C X. int,A C A.
3. For each A,B C X, int,(AN B) =int,ANint,B.
Theorem 1.4.6. [11] A subset A of X is open if and only if intA = A.

Definition 1.4.7. [11] A neighbourhood of a subset A of a space (X, V)
is any subset U of X containing A in its interior. Thus U is a neighbourhood of
A if and only if A C intU. By a neighbourhood of a point x of X we mean a

neighbourhood of the singleton set {x}.

16



1.4. Cech Closure Spaces

Remark 1.4.8. [11] Let % be the neighbourhood system of a subset A of a
closure space (X, V). Then % is a filter on X, the intersection of which contains

A that is every element of % contains A, % is closed under finite intersections

and if A € % and A C B, then B € % .

Definition 1.4.9. [11] Let % be the neighbourhood system of a subset A
of a closure space (X, V). Then % is a filter on X. The base or sub-base of this
filter is called, respectively a base or a sub-base of the neighbourhood system of
Ain X. The terms a local base at x and a local sub-base at x is used instead of

a base and a sub-base of the neighbourhood system of the point x.

Theorem 1.4.10. [11] Let U and V be two closure operators on a set X such

that U < V. Then every U neighbourhood of A C X is a V neighbourhood of A.

For any set X the non empty collection . of subsets of X forms a stack if

) ¢.7 and A €., BD Aimplies that B € . [38].

Definition 1.4.11. [11] A closure space (X, V) is said to be first countable
at a point z if there exists a countable local base at x and is said to be first

countable if it is first countable at each point z € X.

Let Vi, V5 be two closure operators on set X. Then V) is said to be coarser
than V5 if V5(A) C Vi(A) for every A € P(X) and is denoted by Vi < V5 [11].
This relation in the set of all closure operators on X is a partial order. The
set of all closure operators on X forms a lattice under this partial order and is

denoted by L(X) [11]. Also the meet of two closure operators V; and V5 is given

17



1.4. Cech Closure Spaces

by Vi A Va(A) = Vi(A) U V,(A) for each A C X [11]. The least element of this
lattice is the indiscrete closure operator I and the greatest element is the discrete

closure operator D [11].

Let {V,;a € o/} where 7 is some indexing set, be a non empty collection of
closure operators on L(X). A closure operator V' which is the infimum of {V,}
in L(X) is given by V(A) = agg{Va(A) for A € P(X) [11]. If U is the supremum
of a non empty collection {V,} in L(X) and A € P(X), then x € U(A) if and
only if for each finite cover {A;, Ay, ... A, } of A, there exists an A; such that
x € V,(4;) for each a € &7 [11].

Ramachandran P. T. determined atoms and dual atoms in the lattice of closure

operators [32].

Definition 1.4.12. [32] Let a,b € X, a # b. Define V,;, : P(X) — P(X)

as
(

0 cif S =10,
Vap(S) =49 X —{b} ; ifS={al},

X

; otherwise.

Then V,; is a closure operator on X.

Atoms in L(X) are closure operators of the form V,;, a,b € X, a # b [32].
Dual atoms in L(X) are closure operators associated with the ultra topologies

in the lattice of topologies [32]. Let P(X — {a}) U % is an ultra topology on X.

A o feeAdor X —AeU
Define V' : P(X) — P(X) as V(A) =

AU{z} ; otherwise.
Then V is called an ultra closure operator on X.

18
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Definition 1.4.13.  [24,26] Let X be a set and « be an infinite cardinal

number such that |X| > a. Define C, : P(X) — P(X) as

A if Al <o,
Ca(A) =

X ; otherwise.

Then C|, is a closure operator on X and is the closure operator associated with

the topology {A C X : |X — A] < a} U{0}.

Definition 1.4.14. [11] A semi-pseudometric for a set X is a function

d: X x X — R which fulfills the conditions:

1 . For each z € X, d(z,x) =0,

2 . Forall z,y € X, d(x,y) = d(y,z) > 0.

Definition 1.4.15. [11] Let d be a semi-pseudometric for a set X. The
relation V(A) = {z € X : dist(z, A) = 0}, A C X is called the closure induced
by d. A closure operation V is said to be semi-pseudometrizable if V' is induced

by a semi-pseudometric.

Now let us look at the separation axioms in closure spaces.

Definition 1.4.16.  [11] A closure space (X, V) is said to be Tj if z €
V({y}), y € V({z}) implies that x = y, and is said to be T if every singleton

subset of X is closed in X. Two subsets S; and S, of X are said to be separated

if there exists neighbourhoods U of S} and U, of Sy such that Uy N Uy = (. A

19



1.4. Cech Closure Spaces

closure space (X, V) is said to be separated if any two distinct points of X are

separated.

Definition 1.4.17.  [11] A closure space (X,V) is said to be regular if
for each point x € X and a subset S of X, such that z ¢ V(S), there exists

neighbourhoods U; of x and U, of S such that U; N U, = (.

Definition 1.4.18.  [11] A subset S of a closure space (X, V) is said to
be connected if S is not the union of two non empty semi separated subsets of
(X,V). That is S = S;US,, (V(S)USy)U(S1NV(S2)) = 0 implies that S; =0

or SQ :(Z)

Definition 1.4.19. [11] A closure space (X, V) is said to be separable if it

has a countable dense subset.

Definition 1.4.20. [24,26] Let U and V' be two closure operators on X
such that U < V. Then V is called an upper neighbour of U if for any closure
operator W on X such that U < W <V, then either W = U or W = V. Then

U and V are said to be adjacent.

Next we look at the definition of closure isomorphism from a closure space

(X, V).

Definition 1.4.21. [33] A closure isomorphism from a closure space (X, V)
to another closure space (Y, V') is a bijection f : X — Y such that f(V(A4)) =

V/(f(A)) for all A € P(X).
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Remark 1.4.22. If (X, V) is a closure space, then the set CI(X, V) of all
closure isomorphisms from (X, V') onto itself is a group and is called the group

of closure isomorphisms of (X, V). Note that CI(X, V) < S(X).
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Chapter 2

Adjacency in the Lattice of

Closure Operators

2.1 Introduction

In this chapter we study upper neighbours and lower neighbours of closure
operators. We have the lattice of Cech closure operators on a set X is dually
atomic and distributive. Hence every element of L(X) other than the Indiscrete
closure operator has a lower neighbour [19]. When X is a finite set, every element
in L(X) other than D has an upper neighbour. Our aim is to investigate the
existence of upper neighbours in L(X'). We mainly concentrate on T} closure op-
erators on an infinite set X. Here we study some properties of upper neighbours

of closure operators too.
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2.2 Adjacent Closure Operators

Here we make a platform for proving the non existence of upper neighbours of
a first countable T} closure operator. In this section we generalize the definition of
closure operators of the form Vj , and seek the existence of their upper neighbour.

Recall the definition of upper neighbour of a closure operator.

Definition 2.2.1. [24,26] Let U and V be two closure operators on a set
X such that U < V. Then V is said to be an upper neighbour of U if for closure

operator W on X such that U < W <V either W =U or W =V.

Remark 2.2.2. If V is an upper neighbour of U, then U is called a lower

neighbour of V. In this case, U and V are said to be adjacent.

Examples 2.2.3.  (a) Closure operators of the form V, ; and the indiscrete

closure operator I are adjacent.
(b) The discrete closure operator D and ultra closure operators are adjacent.

(c) Let X = {a1,as,a3}. Define U : P(X) — P(X) as U(0) =0, U({a,}) =

{a1,a2}, U({az}) = {az}, U({as}) = {a3,a1} and U(A) = aiLEJAU({ai})

where A C X. Then U is a closure operator on X. Define V : P(X) —

P(X) as V(D) = 0, V({ar}) = {ar}, V({a2}) = {az}, V({as}) = {as, a1}
and V(A) = a_LEJAV({aZ-}), A C X. Then V is a closure operator on X and

V' is an upper neighbour of U.

(d) Let X be an infinite set and let A C X such that |A| > 2. Define V :
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2.2. Adjacent Closure Operators

P(X) — P(X) as

0 ; S=0,
V(S)=S A ; ifSCAS#0,
| X ; otherwise.

Then V' is a topological closure operator on X.

Let a,b € A. Define V' : P(X) — P(X) as

0 ; S=0,
A\{a} ;S = (o),
V'(S) = 4
A ;. fSCA S#0 and S # {b},
\ X ; otherwise.

Then V'(S) C V(S) for every S C X. Also V < V' since, V'({b}) =
A\{a} Cc V({b}) = A. Moreover V'(V'({b})) = V'(A\{a}) = A £ V'(A).
Hence V' is not a topological closure operator. Suppose W is a closure
operator on X such that V- < W < V’. Then V'({b}) C W({b}) C V({b}).
Thus A\{a} CW(A) CA If W #V,then W =V"and if W # V', then

W = V. That is V' is an upper neighbour of V.

(e) Let X be any set and fix some nonempty A C X such that |A] > 2 and

some x ¢ A. Define Uy, : P(X) — P(X) such that

24



2.2. Adjacent Closure Operators

;

0 . if S =0,

Uae(S)=9q AU{z} ; ifSCAS#D,

X
Then Uy, is a closure operator on X. Now Uy, (Ua.(A)) = Usr(AU

;  otherwise.

{z}) = X # Uas(A). Thus U,, is not a topological closure operator.
Now let us find an upper neighbour for Uy ,. Let a € A. Then define

U:P(X)— P(X) as

0 :if S =0,
; if S ={a},

AUu{z} ; fSCAS#0andS #{a},

;  otherwise.

U is not a topological closure operator on X. Also U is an upper neighbour

of Ua .. The following closure operator is a topological upper neighbour of

UA,ZE?
(
0 ; S=0,
V(S)=4q A4 ; ifSCA S+0,
| X ; otherwise.

Ramachandran P. T. introduced closure operators of the form Vy, € [Cy, D]
where A is an infinite subset of X such that z ¢ A. Kunheenkutty M. studied

adjacency of V4, and proved that V} , has no upper neighbour in L(X) [24].

Definition 2.2.4. [35] Let € X. Suppose A is an infinite subset of X
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not containing x. Define V4, : P(X) — P(X) as

;

S ; if S is finite,

Vaz(S) =4 X\ {z} ; if Sis infinite, S\ A finite and = ¢ S,

X ; otherwise.
\

Then V4, is a closure operator on X and Cy < Vy .

Lemma 2.2.5. [24] Let A C X such that x ¢ A. Then Vi, <V if and only if
xz ¢ V(A).

Theorem 2.2.6. [24,26] Let A be an infinite subset of X and x € X \ A. Then

Vaz has no upper neighbour in L(X).

Theorem 2.2.7. Suppose A and B are two infinite subsets of X such that x ¢

AU B and AN B is an infinite set. Then Vi, AV, = Vanp..

Proof. Suppose ¢ V. A Vp,(S). Then x ¢ V4 ,(S) and « ¢ Vg, (S). This
implies that S\ A and S\ B are finite. This implies that (S \ A) U (S \ B)
is finite. That is S\ (AN B) is finite and therefore * ¢ Vanp.(S). Hence
Vanez(S) € Vaz A Vp,(S). That means Vi, A Ve, < Vanp,. In order to
prove the reverse inclusion, it is enough to prove that x ¢ V4, AV .(AN B) by
Lemma 2.2.5. We have Vy, A Vg (AN B) =V4,(ANB)UVg,.(ANB). Since
Vazs(ANB) CVy,(A) = X\ {2z}, ©¢ Va,(ANB) . Similarly Vp,(ANB) C
Ve.(B) =X \{z}. Then x ¢ Vp,.(ANB). Hence x ¢ V4, AVp.(ANB). Thus
Vaaz ANVBz = VanBs [
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2.2. Adjacent Closure Operators

Remark 2.2.8. We can generalize the Theorem 2.2.7 for a finite collection

of subsets Ay, A, ..., A, not containing = such that A;NA>N...N A, is infinite.

Theorem 2.2.9. If Ay, As, ..., A, is a finite collection of infinite subsets of X
such that x ¢ A; for anyi € {1,2,...,n}, then

VAl,w V VAz,x \/ s \/ VAn,m = VAlquu.A.uAn,x .

Proof. Suppose x ¢ V4, ,(5). This implies that S\ A; is finite. We have S\
(AfUAU...UA,) C S\ A for each i. Therefore S\ A; is finite implies
that S\ (41 U A, U...UA,) is finite. That is v ¢ Vi,u4,0..04,..(S). Hence
Vaie < Vayuasu.va,. for i = 1,2,....n. Hence Va, . \V/ Vayz V...V Va4, <
VA 0450..0Anz- Lo prove Va,ua,u. vAne < Vare VVara V- -V Va, 2, it is enough
to prove that * ¢ Va, . \/ Va,o V...V Va, (A1 UAU...UA,) by Lemma 2.2.5.
We have = ¢ V(A;, x)(4;) for i = 1,2,...,n. Therefore we get

TEVa oV Vara VooV Va, (A UA U UA,).

Hence Vi, 04500402 < Vaya VVare VooV Va, o O

Remark 2.2.10. Theorem 2.2.9 is not true for an infinite collection of
subsets of X. For example, let X = 7Z and A, k= 1,2,... denotes the set of all

integers n not equal to 1 and 2* does not divide n. Then 1 € \/ Vi, 1(A5 U8Z),
k=1

ml(AQ U8Z). Hence k\Z/IVAk,l a Vk"L_j’lAk’l'

butl%‘/kco_oA

Now we generalize Definition 2.2.4 for an infinite collection of infinite subsets

of X as Vi, 4, » has no upper neighbour in L(X).

..........
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2.2. Adjacent Closure Operators

Definition 2.2.11. Let A, A,, ... be infinite subsets of X such that A; C

Ay C ... and x ¢ A; for any positive integer i, then define

(

S ; if S is finite,

X \{z} ; if Sisinfinite, x ¢ S and S\ A, finite for
VAl,Ag,.‘.,m(S)

some positive integer ¢,

X ; otherwise.
\

Then Vi, 4,,.. is a closure operator on X such that Cy < Va, 4, . 4

Remark 2.2.12. 1. If ¢ V4, .(S), then S\ A; is finite. Therefore

& Vo, ay,..2(S). Thus Vi, o < Va, a,,.0 foreachi=1,2,....

2. Suppose A, Ay, ... be a disjoint collection of infinite subsets of X such
that = ¢ iLeJIAi' Then Va, a,..2(A1) = X\ {z}, Va, 4, (As) = X\ {z}.
But Vi, a,,.2(A1 UAy) = X # Vaya,.2(A1) U Vs, a,..2(A2). Hence in
this case V4, 4, . is not a closure operator on X. Therefore the condition

that A; C Ay C ... cannot be dropped from the Definition 2.2.

Let us look at when Vy, 4, . . becomes topological.

Theorem 2.2.13. Let Ay, Ao, ... be a monotonically increasing sequence of
infinite subsets of X and x ¢ A; for any positive integer i. Then a closure
operator Va, a, . . 1s topological if and only if X \ A; is finite for some positive

inleger i.
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Proof. Suppose that V4, 4, .. is a topological closure operator. Then for every
positive integer j, we have Va, 4, o (Vay 45, 2(A)) = Va, 45, 2(A;). This
implies that Va, 4, (X \{z}) = X\ {z}. Thus X\ 4; is finite for some positive

integer 1.

Now suppose that V4, 4, . . is not topological. Then there exists an infinite
subset S of X such that Vi, 4, +(Va, 4, 2(5)) = X but Va, 4, .(5) = X\{z}.
Then X \ A; is infinite for every i. Hence if X \ A; is finite for some positive

integer ¢, then V4, 4, ., is topological. O

Remark 2.2.14. When X \ A; finite for some 4, then
Vay g, a(Vay 4y (X \{2})) = X \ {z}. That is {«} is an open set. Therefore

it Va, 4,,..2 1s topological, then the topology associated with Vi, 4, . . is given

-----

by the topology generated by Cy U {z} where Cj is the co-finite topology on X.

Theorem 2.2.15. Let Ay, A, ... be a monotonically increasing sequence of
infinite subsets of X and x ¢ A; for any positive integer i. Then Va, a,. . . =

0
V Va, o
1

=

Proof. If S is finite, then we have Vi, 4, . .(S) =8 = V Va4, .(5). Now suppose
=1

1

that S is an infinite subset of X and = ¢ Vy,.(S). Then S\ A4; is finite and
xz §é VAl,AQ,...,x(S)- Hence VAl,Ag,...,x<S) g VA“I(S) That is VAi,x S VAl,AQ,...,x-

(e}
Then \/VA“;L' S VAl,AQ,...,IL"
=1

1=

Conversely suppose that z € \/ Vy, .(S), x ¢ S. Then for every finite cover
i=1

{51, 82,...Sn} of S, there exists S; such that © € Vy,.(S;) for j = 1,2,....
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Then S; \ A; is infinite for j = 1,2,.... Thus S\ A; is infinite for j = 1,2,.. ..

Hence © € Vy, 4, »(5). It follows that \/ Va, »(S) C Va, 4, 2(5). Hence we
i=1
get VA1,A2 ..... T S \/ VAi,x- ]
i=1

Lemma 2.2.16. Let V be a closure operator on X such that Co < V. Then

Vay Ay, <V if and only if x ¢ V(A;) for any positive integer i.

Proof. 1f V4, a =(A;) = X\{z} for every positive
1,42

----------

integer ¢. Thus x ¢ V(A;) for any positive integer i. Conversely suppose that
r ¢ V(A;) for any positive integer i. If x ¢ V(A;) then Vy,, <V by Lemma

2.25. That is Vy,, <V for ¢ = 1,2,.... Hence V4, 4, .. < V by Theorem

.....

2.2.15. ]

Lemma 2.2.17. If A;AB; s finite for every i,7, then Va, 4, = VB\,Bs,..x-

Proof. Suppose A;AB; is finite for every ¢,j. Then x ¢ Va, 4, (S) = S\ 4

is finite for some i. That is if and if S\ B, is finite for some j. That is if and

only if z ¢ Vg, B, .(S5). -

Remark 2.2.18. Let X be a set and x € X. Suppose that Ay, A, ... and
By, Bs, ... are monotonically increasing sequences of infinite subsets of X such

that = ¢ A; and o ¢ B; for any positive integer 7.

.....

..........
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implies that for every By there exists A; such that By \ A; is finite. Thus

» implies that for every A;, there exists a B, and

----------

for every B; there exists Ay such that A; \ B; and B; \ Ay are finite for

i k=12 ...

Theorem 2.2.19. Let X be any set and A, As, ... be infinite subsets of X
such that Ay € Ay C ... and © ¢ A; for any positive integer i. Let B be
any subset of X such that BAA; is infinite for every positive integer i. Then

VAl,AQ ,,,,, x V VB,Z = VAluB,AQUB ..... x-

77777

T & Vay ay,..x(S) or x & Vg, (S) = (S\ 4;) is finite for some 1 =1,2,... or
(S'\ B) is finite.
= (9\ 4;) N (S\ B) is finite for some
i=1,2,...
= S\ (A; U B) is finite for some i =1,2,...

=T §§ VAluB7A2uB ..... ﬂc(S)

In order to prove the reverse inclusion it is enough to prove that
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.....

(VAl,Az ,,,,, T \/ VB,x)(B)-

That is © ¢ (Va, 5.2V V) (A; UB) for i =1,2,.... Hence by Lemma 2.2.16,

we have Va,upa,up,...o < [Vay 4,2V Vsl Therefore [Va, a, 2V Vp.] =
Va,UB,4,UB,...x- O
Theorem 2.2.20. Let X be any set and Ay, As, . .. be infinite subsets of X such
that Ay C Ay C ... and x ¢ A; for any positive integer i. Let B be any subset of

X such that BAA; is infinite for every positive integer i and A; N B is infinite

for every i. Then Va, a,.. o AN VBax = VanB a:nB,..a-

+(S)UVp,(S) . Then

----------

.....

r ¢ Va, a,...(5) and x ¢ Vg, (S) = (S\ A;) is finite for some i = 1,2,... and
(S'\ B) is finite.
= (S\ A;) U (S\ B) is finite for some
i=1,2,...
= S\ (4; N B) is finite for some i = 1,2,...

== & Va,ng.asnb,.. o(S).

----------
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..........

-----
.....

,,,,,,,,,,

i, x ¢ (Va, a,..2(A; N B). Similarly A; N B C B implies that Vg, (A4, N B) C
Vp.(B). Since x ¢ Vp.(B), we have v ¢ Vg.(A; N B). Thus we get © ¢

x/\VB@)(AiﬂB)

----------

We conclude this section by proving that Vi, a,

.....

in the lattice of closure operators.

Theorem 2.2.21. Let Ay, A, ... be infinite subsets of X such that Ay C Ay C
... Suppose x & A; for any positive integer i and A1 \ A; is infinite for every

positive integer i. Then a closure operator of the form Va, a, .. . has no upper

.....

neighbour in L(X).

Proof. Let A, As,... be infinite subsets of X such that z ¢ A; for any positive

integer ¢. So V4, » < Vi, 4, » has an upper neighbour

..........

V in L(X). For a finite set S, Vi, a,....(S) = V(S). Since V' # V4, 4, », there

----------

exists an infinite subset A of X such that V(A) = X \{z} but V4, 4, .(A4) = X.

.....

Thus A\ A; is infinite for every i. We can choose a countable infinite subset B;

of the infinite sets A\ A; for each positive integer i. Let B; = {a;1, a0, ...}. Now
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consider a subset

C; = {ai, : n is an even positive integer}. Then C; D Cy D C5 D ...

.....

Note that

Since A; C Cf\{z}, fori=1,2,..., S\ (Cf\{z}) C S\ A fori=1,2,....

Thus we have the following implications.

x & Va, a,..2(5) =(5\ A;) is finite for some i.
=S5\ (Cf\ {z}) is finite for some i.

=1 ¢ V(9).

Also Vie\(a},Bs\{a},.e < V' a0d Vi, 4,2 < VBe\(2}),Bo\(2}...o- That is Vi, 4,2 <
VBe\(a},B5\{a},.e. < V'. Note that V'(C1) = X but V(Cy) = X \ {z}. Let
x & Va, a,..2(S). Then S\ A, is finite for some i. Choose sufficiently large j
such that ¢ < j. Then S\ (A;) is finite. Consider the closure operator V' AV, ..

Then Va, a4, <V'A Vaju < V. This completes the proof of the theorem. [J

-----
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2.3 On First Countable 77 Closure Operators

In this section we characterize upper neighbours of T} closure operators and
prove that a first countable T} closure operator has no upper neighbour in L(X).
First of all we decompose a T} closure operator by defining closure operators of

the form V* for each z € X.
Definition 2.3.1. Let V be a T} closure operator on a set X. Let z € X.

Define V* on P(X) by

A ; if A is finite,

VH(A)=1q X\ {z} ; if Ais infinite, = ¢ V(A),

X ; otherwise.

Then V* is a closure operator on X.

Remark 2.3.2. We have v ¢ V*(A) = = ¢ V(A). Hence V* <V for each

x € A.

Lemma 2.3.3. Let V be a T} closure operator on a set X. Then'V = \/ V7.
rzeX

Proof. Let V' = \/ V*. We have by definition of V* V(A) C V*(A) for every
zeX

subset A of X. Then V* < V. Hence V' < V.

Now we have to prove that V' < V'. Suppose not. Then there exists an
infinite subset A of X such that V'(A) ¢ V(A). Thus there exists y € V'(A)
such that y ¢ V(A). Since y ¢ V(A), V¥(A) = X \ {y}. Now y € V'(A)
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implies that for every finite cover {Ay, Ay, ..., A,} of A, there exists A; such
that y € V*(A;) for every x € X. In particular for the cover {A}, y € V¥Y(A).
Hence V¥(A) = X. This is a contradiction to the fact that V¥(A) = X \ {y}.

Hence V < V. O

Next is a characterization theorem for upper neighbours of 77 closure opera-

tors.

Theorem 2.3.4. A T closure operator V on a set X has an upper neighbour

on L(X) if and only there exists an x € X such that V* has an upper neighbour.

Proof. Suppose V' has an upper neighbour W on L(X). Then V' < W. Then
there exists some S C X such that W(S) C V(S). Thus we can find x € X such
that = ¢ W(S) but = € V(S). We have W = \/ W* by Lemma 2.3.3. We have

zeX

the following sequence of implications for an infinite subset A:
reW*(A)=zeWA) =2 V(A) =VHA) =X=zecV*A).

Thus W*(A) C V*(A) and hence V* < W?*. Also x ¢ W(S) = = ¢ W*(S). But
x e V(S) =z e V*S). Hence V¥ < W*. Now let U be a closure operator on

X such that V¥ < U < W?%*. Then

N IVACH AVAGEE IAVACH VA IAVACH RVAUSES 14

yeX yeX yeX
y#T Yy#x y#x
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Since W is an upper neighbour of V', either V* = U or U = W*. Thus W7 is an

upper neighbour of V*.

Conversely assume that W is an upper neighbour of V* for some x € X.
Consider U = \/ V¥Y\/W. Wehave V = \/ V* and W = \/ W7 by Lemma
yeX\{z} zeX rzeX
2.3.3. Since V¥ < W, V < U. Suppose that there exists a closure operator
U on X such that V. < U < U. Then z ¢ V*(S) = z ¢ V(S) = z ¢
U'(S) = 2 ¢ U?(S). Thus V* < U'®. Similarly we can see that U'® < U. Also
r¢US)ex¢g \/ VYS)oraz¢g W(S). Since V¥(S) = X \ {y} and y # z,

yeX\{z}

we have z € \/  V¥(S). Therefore x ¢ W(S). Hence U* = W. O
yeX\{z}

Theorem 2.3.5. Let V' be a first countable Ty closure operator on a set X. Then

V' has no upper neighbour in L(X).

Proof. Let V' be a first countable T7 closure operator on X. Then V = \/XV”‘*’,
BAS

by Lemma 2.3.3. Let x € X. Suppose L = {A;, Ay, ...} denotes a countable

local base at z. Let A} = Ay, Ay = Ay N Ay, Ay = A;NAyN As, ... Thus

Al DA, D Ay D ... Thatis L' = {A], 4,,...} is a monotonically decreasing

countable local base at z.

Take B; = A]. Let B, be the first A;, i > 1 such that A} \ A; is infinite.
Now choose Bjs as first A;-, j > i such that By \ A;- is infinite. Continuing this
process we arrive at one of the two cases.

Case 1: Above process terminates after a finite stage. That is there exists a

positive integer k such that A; \ A;Hj is finite for j = 1,2, .. ..
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2.3. On First Countable T} Closure Operators

Observe that « ¢ V(X \ Al,), hence z ¢ V*(X \ A). It follows that
from Lemma 2.2.5 that Vx\a, , < V®. Suppose that V* f Vx\ar z. Then
there exists an infinite subset M C X such that Vx\a (M) 2 V*(M). Thus
Vxvar (M) = X and V*(M) = X \ {z}. From the definition of Vx\a; ,, it
follows that M \ (X \ A],) = M N A/ is infinite. Since x ¢ V*(M), we obtain
x ¢ V(M), hence X \ M is a neighbourhood of z. There exists [ > m such
that A) € X\ M. Then A C A/ and M N A, = MnNAU(A,)\ A4 C
(MNA)U (A, \A) = A\ A}, a contradiction, since M N A/, is infinite and
Al \ Aj is finite. Since By \ A}, is infinite and By \ A/, € X'\ A/, we have X \ A/,
is infinite. Thus V* = Vx\4, .. So V* has no upper neighbour in L(X).

Case 2: Above process can be continued and we get an infinite collection

{By, By, ...} of subsets of X such that B; \ B;y is infinite for i = 1,2,....

77777

then V*(S) = S = Vge pe . 2(5).

Now suppose A is an infinite subset of X. If z ¢ V*(A) then = ¢ V(A) by
the definition of V*. Then X \ A is a neighbourhood of z in (X, V). Hence there
exists a A, € L' such that A_ C X \ A, for some positive integer m. That is
ACX\ A;n. We can choose By from the infinite collection { By, By, ...} so that

B C A;n. Then A C X\ A;n C X \ By. Thus A C By, for the positive integer

-----
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2.3. On First Countable T} Closure Operators

Hence V* < Vpe pe

Syen T

Next we have to prove that VBf,Bg,...,x < V*. We have VB% Bgw < Ve oif
and only if x ¢ V¥(B¢) for i = 1,2,..., by Lemma 2.2.16. If x € V*(BY) for
some i, then x € V(Bf). Thus x € V(X \ A;) for some positive integer j. This
is a contradiction since A; is a neighbourhood of x with respect to V. Hence
Ve gs,. o = V"

By Theorem 2.2.21, Ve B, has no upper neighbour and therefore VV* has
no upper neighbour. In either case, V* has no upper neighbour. Now V is first
countable at each x € X. Hence by Theorem 2.2.6 and 2.2.21, we have V* has
no upper neighbour in L(X) for any x € X. Thus by Lemma 2.3.4, V' has no

upper neighbour in L(X). ]

Remark 2.3.6. Suppose V is a first countable 77 closure operator on a set
X. If Y C X, then V|y has no upper neighbour on L(Y), since first countability

and T3 properties are hereditary properties.

Corollary 2.3.7. A metrizable closure operator has no upper neighbour in the

lattice of closure operators.

Proof. A metrizable space is first countable and separated. Hence by Theorem

2.3.5, V has no upper neighbour. ]
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2.4 Upper Neighbours and Lower Neighbours

of C,

Kunheenkutty M. proved that co-finite closure operator Cyy has no upper neigh-
bour in L(X) [24]. Here we examine the existence of upper and lower neighbours
of generalized form of the co-finite closure operator on the sub lattice [Cy, D] of

L(X).

Definition 2.4.1. Let X be any set. Let a < |A| and x an element of

(X'\ 4). Then define C'} , : P(X) — P(X) as,

(

S ; if S| < a

Cia(S) =9 X\ {z} ; if|S|>|S\ Al <aandz ¢ S,

X ; otherwise.
\

Then Cf , is an element of L(X) and C, < €4, and thus C§ , € (C,, D).

Remark 2.4.2. If B C A C X such that o < |B|. Then x ¢ C% (S) =
S\Al <aandz ¢ S = [S\A] <aandz ¢ S = 2z ¢ CF,(S). Thus

C4.(S) € Cf .(5) for every S C X. Hence Cg , < CF ..

Lemma 2.4.3. The closure operator C§ , is topological if and only if

X\ 4] < a.

Proof. Suppose C§ , is topological. Then C% (CF,(S)) = CF,(S) for every
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2.4. Upper Neighbours and Lower Neighbours of C,

subset S of X. Now C (C4,(A)) = C§ (X \ {z}). This implies that |(X \
{z})\ A] < a. That is | X \ 4] < .

Conversely suppose that | X \ A| < a. If [S| < «, then CF (CF ,(5)) = C§,(5).
If [S| > a, [S\ A finite and = ¢ S, then CF (C%,(5)) = CF (X \ {z}) =
X\ {x} = C%,(5). Also if |[S| > a and [S \ A infinite, then CF (CF ,(5)) =

Ch.(X) =X =C4,(5). B

Remark 2.4.4. We denote C§ , by Cf when | X\ A| < a. When | X\ 4] < a,
Cq.(X\{r}) = X\ {z}. That is {x} is open in (X,C%,). Thus the topology

associated with C§ | when | X \ A| < « is given by C, U {{z}}.

Theorem 2.4.5. If A and B are two distinct subsets of X such that o < |A|
and a < [B| and v € X \ (AU B), then C3, and C3 , are equal if and only if

|AAB| < a.

Proof. Suppose |AAB| < «. Then |A\ B| < « and |B\ A| < «. Thus we
have |[S'\ A] < a if and only if [S\ B| < a. Thus C%, and C3 , are equal, by
definition.

Conversely assume that C§, = C3,. Then Cf (A) = C§ (A) = X \ {z}.
Hence |A\ B| < a. Also Cf (B) = O3 ,(B) = X\ {z}. Then |B\ A| < a. Thus

|AAB| < a. O

Lemma 2.4.6. I[f A C X, |A| > a, and x € X \ A, then there is a proper subset

D of A such that C3 , < CF ,.
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Proof. Since |A| > «, there exists a subset B of A with |B| = a. Since a+a = «,
B has a subset D with |D| = a and |[BAD| = «. Hence by Theorem 2.4.5,

5, < Ch, < 0%, =

Lemma 2.4.7. Let V' be a closure operator on X such that C, < V. Then

Cq. <Vifand only if v ¢ V(A).

Proof. Suppose C , < V. Then V(A) C CF (A) = X \ {z}. Thatisz ¢ V(A).
Conversely suppose that z ¢ V(A). In order to prove C3, <V, it is enough
to prove that z ¢ C§ (S) implies that x ¢ V(S) for every S C X. Suppose
x ¢ CF,(5). Then [S| > a, [S\A] < aandz ¢ S. We have S = (S\A)U(SNA).
Therefore V(S) = V(S\ A UV(SNA). Since SNAC Aand z ¢ V(A),
x ¢ V(SNA). Since |[S\ A] < a, V(S\A) =5\ A We have z ¢ S, therefore

v ¢ V(S\A). Hence z ¢ V(S) and therefore C§ , < V. O

Theorem 2.4.8. The closure operator C,, has no upper neighbour in the lattice

of closure operators.

Proof. Let V' be any closure operator in L(X) satisfying C,, < V. When |S| < «,
Co(S) = S. Choose A C X with |A] > a and V(A) C C,(A) = X. Thus there
is v € X\ V(A). Hence C§, <V by Lemma 2.4.7. Now by Lemma 2.4.6,
there are closure operators C'p , and Cp, such that Cp , < Cg , < Cf% . Hence

Co<Ch,<Ch,<Ci,<V. O

Remark 2.4.9. If a = Ny, then C, is the co-finite closure operator and
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2.4. Upper Neighbours and Lower Neighbours of C,

thus Theorem 2.4.8 says that co-finite closure operator has no upper neighbour

in the lattice of closure operators.

Theorem 2.4.10. Let V' be any closure operator on X such that C, <V. Then
V' 1s the join of all closure operators of the form C§, <V where A C X such

that |A] > a and z € X \ A.

Proof. Let U be the join of all closure operators of the form C'j , < V. Then we
have U < V. If U # V, then there is a S C X and z € U(S), but « ¢ V(95).
That is = ¢ S. If |S| > a, then V(S) = U(S) = S, therefore |S| > a. Since
x ¢ V(S), C¢, < V. Consequently, we have that C'§, < U. So by Lemma 2.4.6,

we get « ¢ U(S), which is a contradiction. Hence the result. O

Theorem 2.4.11. Let x € X. Then C$ has no upper neighbour in L(X).

Proof. Let V' € L(X) such that C¢ < V. Then there is A C X such that
V(A) C C2(A). Then there is a y € C¥(A) such that y ¢ V(A). Then y # z. If
y = x, then we have v ¢ A and v € C¢(A) = X. That is | X \ A > a. Further
we claim that A is infinite. For, if A is finite, y ¢ C%(A) = A, a contradiction.
Then C%, <V, since y ¢ V(A). There is an infinite proper subset C' of A such
that Cp , < €4, by Lemma 2.4.6. Let V' = Cy\V Cp,. Then CF <V and
g, < C%, <V implies that V' = C2\/ C < V. Also C¢ < Ce\/Cp, =V

Thus C¢ does not have an upper neighbour in L(X). O

Theorem 2.4.12. Let A C X such that |A] > o and x € X \ A. Then C§ , has

no upper neighbour in L(X).
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Proof. Let V' be an upper neighbour of C'j . Then there exists B C X such
that |[B| > « and V(B) C C4 (B). This implies that we can find y € C% ,(B)
such that y ¢ V/(B). Suppose y # x. Then y ¢ V(B) we get that Cy, <V by
Lemma 2.4.7. Again by Lemma 2.4.6, there exists a proper subset D of B such
that 3, < O3, < V. Let V! =C% \/Cp, . Since CF, <V and C3, <V,
we get V' < V. That is C} , < V' <V, which is a contradiction.

Now suppose y = . Then x € Cf ,(B). This implies that |B\ Al > a. Let D
be a proper subset of B\ A such that |D| = a. Let D; be a subset of D such
that [D;| = |D|. Then C3 , < Cg . But v =y ¢ V(B).

Then O3, < V. Thus C% , < Cg, <V. Consider C3 ,\/ CF,.

Thatis, C5, < C% ,\/ O3, and C5, , < C \/C,. ThusCS, < C% /5, <
V. This is a contradiction to the fact that V' is an upper neighbour of C'§ ,. Hence

we can conclude that C'§ , has no upper neighbour in L(X). O]

Let us conclude this section by examining the existence of lower neighbours

of C,.

Definition 2.4.13. Let a,b € X with a # b. Define a function Cg, :

P(X) — P(X) as,

4

S ;o if|S|<aags,

(S =9 su{p} : if|S|<a,acs,

X ; if S| > a.

\
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Then C¢, is a closure operator on X and C¢, < C,.

a

Theorem 2.4.14. The closure operator C¢, is a lower neighbour of Cy and any

a

lower neighbour of Cy, is of the form Cg.

Proof. Let V' be any closure operator satisfying Cg, <V < C,. Thus C,(S) C
V(S) C Cg(S). Then for any S with |S| > o, V(S) = X. If r € X, = # q,
then {z} C V({z}) € C¢,({z}). Thus V({z}) = {x} for every z € X, = # a.
Also since Oy, < V, we have {a} C V({a}) C Cg,({a}) = {a,b}. So we get
V({a}) = {a}. Hence V = C, and C, is a lower neighbour of C,.

Now suppose that V' € L(X) and V < C,, then there is some a € X with
V({a}) # {a}. If|S] > a, since V' < C,, we have CF,(S) = Co(S) = X C V(S).
Thus V(S) = X. f S C X, [S]| <aand a ¢ S, then S = CF,(S) = Cu(S) C
V(S). If |S] < aand a € S, then b € V(S) and Cg,(S) = S U {b}. Hence

Cey(S) = Su{b} CV(S). Thus V < Cf,. O

Remark 2.4.15. If a = Ny, Kunheenkutty M. determined lower neighbours
of Cy, the co-finite closure operator, denoted by W, ; and proved that any lower

neighbour of Cj is of the form W, where W, ; is given by

(

S ; if S is finite and a ¢ S,
Wap(S) =19 SuU{b} : ifS is finite and a € S,

X ; if S is infinite.

\
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2.5 Properties of Adjacent Closure Operators

We are concerned with the problem of existence of upper neighbours so far.
Now, assuming the existence of adjacent closure operators we check some prop-
erties of adjacent closure operators. Adjacency of adjacent closure operators

projectively and inductively generated by a function is explored in this section.

2.5.1 Projectively Generated Closure Operators

In this section we investigate adjacency of projectively generated closure opera-

tors.

Definition 2.5.1. [11] Let X and Y be any two sets and f : X — Y be a
function. A closure operator U for a set X is said to be projectively generated by
f if U is the coarsest closure operator on X such that f is continuous. Then U
is given by U(A) = f~Y(V(f(A))), for all A C X where V is the closure operator

onY.

Lemma 2.5.2. Let X and Y be sets. Let V and V' be closure operators on'Y .
Let f : X — Y be any function. If V < V', then the closure operators U,U’
projectively generated by f : X — (Y,V) and f : X — (Y,V') are such that

U<Uu.

Proof. Suppose U is projectively generated by f : X — (Y, V). Then U(A) =

Y (V(f(A))) for all A € X. We have V' (f(A)) C V(f(A)) for all A C X.
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Hence U'(A) C U(A) for all AC X. Hence U < U'. O

Example 2.5.3. Let X = {1,2,3,4} and Y = {a,b,c}. Let f: X = Y
be defined as f(1) = a, f(2) = b = f(3) and f(4) = . Define V : P(Y) —
PY) as V(D) = 0, V({a}) = {a,b}, V({b}) = {b,c} and V({c}) = {a,c}
and V(S) = SLEJSV({S}) for S C Y. Consider another closure operator V' on
Y defined as V'(0) = 0, V'({a}) = {a}, V'({b}) = {b,c} and V'{c} = {a,c}
and V(S) = U V'({s}) where § C Y. Then the closure operator projectively
generated by V' is given by U(0) = 0, U({1}) = {1,2,3}, U({2}) = {2,3,4},
U({3}) = {2,3,4} and U({4}) = {1,4} and U(S) = sgSU({s}), S C X. And
the closure operator U’ projectively generated by V' is given by U’'(D) = 0,
U({1}) = {1}, U({2}) = {2,3,4}, U'({3}) = {2,3,4}, U'({4}) = {1,4} and
U'(S) = UU'({s}), S € X. Thus the closure operators projectively generated

by f: X = (Y,V)and f: X — (Y,V’) are not adjacent even though V' and V'

are adjacent.

Example 2.5.4. Let X = {a,b,c}, Y = {a,b,c,d}. Let f: X — Y is
given by f(a) = a, f(b) = ¢, f(c) = d. Suppose V : P(Y') — P(Y) be given by
V(¢) = &, V({a}) = {a,b,c}, V{b}) = {b,c}, V({c}) = {c}, V{d}) = {a,d}
and V(S) = UV({s}) for § C Y. Then the closure operator U projectively
generated by V' is given by U(¢) = ¢, U({a}) = {a, b}, U({b}) = {b}, U({c}) =
{a,c} and U(S) = U U({s}) for § € X. We have V' : P(Y) = P(Y) given by
Vi(¢) = ¢, V'({a}) = {a,b},V'({b}) = {b,c}, V'({c}) = {c}, V'({d}) = {a,d}

and V(9) = USV/({S}) for S C Y. Then the closure operator U’ projectively
se
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generated by V" is given by U'(¢) = ¢, U'({a}) = {a}, U'({b}) = {b}, U'({c}) =

{c} and U'(5) = USU/({S}) for S C X. It follows that U’ is not an upper
se

neighbour of U even though V' is an upper neighbour of V' and f is a one-one

function.

Theorem 2.5.5. Suppose f : X — Y be a bijection. Let Vi and Va are two
closure operators on X such that Vs is an upper neighbour of Vi. Then the closure
operators Uy and Uy on'Y which are projectively generated by f : X — (Y, V))

and f: X — (Y, V4) respectively are either equal or adjacent.

Proof. Since Vi < Vi, we have U; < Us by Lemma 2.5.2. Assume that U; # U.
Suppose that there exists a closure operator U on X such that U; < U <
Us. Define V : P(Y) — P(Y) as V(S) = SU fU(f1(S))) for S C Y.
We prove that V3 < V < Vo, We have U(f~4(S)) C Ui(f~1(S)) for every
S CY. Then V(S) = SU fU(f7(S)) € fUL(f1(S5))) and f(UL(f7(5)) =
FUEVAF(FYS)))) = VA(S), since f is onto. That is V(S) C Vi(S) and
Vi < V. Similarly note that Us(f~'(S)) C U(f~(S)) for each subset S of
Y. This implies that S U f(Us(f~1(5))) € SU fU(f(S))) = V(S). But,
FOf719) = fUTHVR(F(f7H9))) = Va(S). Then V5(S) € V(S) and
V < V. Since Vj is an upper neighbour of Vi, we have either V = V; or V = V4.
Then V = V; implies that V(f(S)) = Vi(f(S)) for each subset S of X. Then
FES)UFUSHSS))) = Va(f(9)) = U(S) = fH(VA(f(95))) = Ui(S). Simi-

larly we can prove that U(S) = Uy(S) for each S C X if V' = V5. Thus U, is an
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upper neighbour of Uj. O]
Remark 2.5.6. Converse of the Theorem 2.5.5 is not true.

Example 2.5.7. Let X =Y = {a,b,c}. Let f: X — Y defined as
f(a) = f(b) = a, f(c) = c. Then f is not a bijection. Let V' be a closure operator
on Y given by V(0) = 0, V({a}) = {a,b}, V({b}) = {b,c}, V({c}) = {c} and
V(S) = SLEJSV({S}) for S C Y. Then the closure operator U on X projectively
generated by V' is given by U(0) = 0, U({a}) = {a, b}, U({b}) = {a,b}, U({c}) =
{c}and V(5) = SLGJSV({S}) for S € X. Now V' : P(Y) — P(Y) given by V' (()) =
0, V'{a} = {a,b}, V'{b} = {b}, and V'{c} = {c} and V'(5) = sgsv'({s}) for
S C Y is an upper neighbour of V on L(Y). Then the closure operator U’

projectively generated by f: X — (Y, V’) is the closure operator U itself.

2.5.2 Inductively Generated Closure Operators

This sub section deals with adjacency properties of closure operators inductively

generated by a function f.

Definition 2.5.8. [11] Let V' be a closure operator on X. A closure
operator inductively generated by f is the finest closure operator on Y which
makes f continuous [11]. Let f : (X,V) — Y be the given function. Then the

closure operator U which is inductively generated by f is given by

UA) =AU f(V(f~Y(A))) where AC Y.
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Lemma 2.5.9. Let X and Y be sets. Let V; and V5 be closure operators on X.
Let f : X — Y be any function. If Vi < Vi, then the closure operators U, U’
inductively generated by f : (X, V1) = Y and f : (X, Vo) = Y are such that

U<Uu.

Proof. Suppose V; < V5. Then V,(S) C V4(S) for every S C X. Then
Va(f71(S)) € Va(f1(S)) which implies that SUf(Va(f~1(S)) € SUf(VA(f7(S5)).

This implies that U; < Us. O]

Remark 2.5.10. Two closure operators U and V are adjacent does not im-
ply that a closure operator U inductively generated by the function f : (X, U) —
Y and a closure operator V' inductively generated by f: (X,V) — Y are adja-

cent.

Example 2.5.11. Let X = {1,2,3,4} and Y = {a,b}. Let f be a function
from X — YV defined as f(1) = f(2) = a and f(3) = f(4) = b. Let V :
P(X) — P(X) be defined as V(0) = 0 V({1}) = {1,2}, V({2}) = {2,3},
V({3}) = {3.4}, V({4}) = {4,1}, V(5) = UV({s}). S C X. Then the closure
operator inductively generated by V is given by U : P(Y) — P(Y) as U(D) = 0,
U({a}) = {a}uf(V(f~'({a}))) = {a}Uf(V({1,2})) = {a}Uf({1,2,3}) = {a, b}
and U({b}) = {b} U fF(V(F7{b})) = {b} U F({3,4,1}) = {a,b}. Now define
V' iP(X) = P(X)as V'(0) =0, V' {1} = {1}, V'{2} = {2,3}, V'{3} = {3,4},
V({4}) ={4,1} and V(S) = SL€JSV({5}), S C X. Then V' is an upper neighbour

of Von L(X). Then the closure operator inductively generated by V' is given
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by U : P(Y) — P(Y) by U'{a} = {a,b} and U {b} = {a,b}. Thus U’ = U.

The following theorem says that when f is a bijection, then the closure op-
erators inductively generated by adjacent closure operators are either equal or

adjacent.

Theorem 2.5.12. Suppose f : X — Y be a bigection. Suppose Vi and V, are
two closure operators on X which are adjacent. Then the closure operators Uy
and Uy on'Y which are inductively generated by Vi and Vs respectively are either

equal or adjacent.

Proof. We are given Vi and Vj are adjacent. Let Vi < Vi, Then U; < U, by
Lemma 2.5.9. Suppose U; # Up. Now suppose that W is a closure operator on
Y such that Uy < W < Up. Let A C X, define V/(A) = AU f~1(W(f(A))).
Then V' is a closure operator on X. We prove that V; < V' < V,. Note that
W(f(A)) € Ui(f(A)). Then f~H(W(f(A))) € fH(Ui(f(A))). But Ui(f(A)) =
FA) U F(VA(F1(f(A)))). Since f is one-one we have, V/(A) C Vi(A) for ev-
ery A € X. Hence V; < V'. Now Uy(f(A)) € W(f(A)) for every A C X.
Hence f~1(U2(f(A))) € f~H(W(f(A))). Using the fact that Uz(f(A4)) = f(A) U
FOVa(f1(f(A)))) and f is one-one we arrive at Va(A) C V/(A). Thus

Vi < V' < V, and hence either Vi = V' or V, = V'. That is V;(A) =
AU fTHW(f(A))) or Va(A) = AU fFHWV(f(A))).

If Vi(4) = AU f7H(W(f(A))), then Ui(f(A)) = f(A) U FVi(f7(f(A)))) =
FAYUF((A)) = F(A)UFAUFTHW(f(A)))) = F(A U (f(A)) = W(f(A)).
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Also we have W(f(A)) C Uy(f(A)). Hence Uy = W. Similarly if V5(A4) =

AU 7Y (W(f(A))), then

U2(f(A)) = F(A) U f(Va(f7(f(A))))
= f(A) U f(Va(A))
= f(A) U f(AU fTHW(f(A)))
— f(A) UW(f(A)), since f is a bijection.

= W(f(A)).

Thus either W = U; or W = U,. Hence U, and U, are adjacent. O

2.6 Sum of Closure Spaces

In this section we investigate upper neighbour of sum of closure operators.

Definition 2.6.1. The sum of a family of closure spaces{(X,, V,),a € &} is
defined to be the space (X, V') where X is the sum of the family of sets {X,} and
V' is the sum closure sometimes denoted by > {V,} defined by V(> {X,}) =

acd

> {Va(X,)} for each subset > {X,} of X.
acd acA

Now we discuss sum of adjacent closure operators.

Lemma 2.6.2. Suppose X = > X, where o/ is some indexing set. Let U and
acd

V' be two closure operators on a set X. Then U <V if and only if Ulx, < Vx,
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for each a € .

Proof. Suppose U < V. Let S C Y X,. Then S = > S, where S, C X,.

a€ed acd

Thus V(S) C U(S) for each S C > X,. That is > V,(S.) € > (Us(Sa))-
acgl acgl acgl

Now V,(S,) € > Vu(Sa) € > Ua(Sa), and U,(S,) € > U,(S,). Suppose
ace/ acd acdf
w) € U, (S,). Then there exists y € V,(S,) such that y ¢ U,(S,). This is not
possible since > V,(Sa.) € > (Ua(Sa)). Thus V,(S,) C U,(S,) for each a € 7.
ace/ acdf
Hence Ulx, < Vl|x, for each a € 7.

Conversely suppose that U|x, < V|x, foreach a € o7. Then V,(S,) C U,(S,.)

for each a € 7. Thus > V,(S,) C > U.(S,). Hence U < V. O
acd acs

Example 2.6.3. Let X; = {1,2,3} and Xy = {4,5,6}. Then X; + X, =
{1,2,3,4,5,6}. Let us define a closure operator Vi on X; as V;(0) =0, V1{1} =
{1,2}, Vi{2} = {2,3}, Vi{3} = {3,1} and V4 (A) = agAVl({a}) for each A C X;.
Similarly define a closure operator V5 on X, as Va(0) = 0, Vo({4}) = {4,5},
Va(15}) = {5,6}, V2({6}) = {64}, Va(4) = U Vo({a}) for A C Xp. Let
V = Vi +V,. Then V(A) = Vi(Ay) + Va(As) where A = Ay + Ay, A; C X,
Ay C Xo.

Now define V, on X; as V| () = 0, V,;({1}) = {1}, V/{2} = {2,3}, V,({3}) =
{3,1} and V;(A) = agA(Vf({a})). Then V; is an upper neighbour of V;. Also

the sum V' =V, + V4 is an upper neighbour of V.

Theorem 2.6.4. Let X = > X,. Let {(Xo,U,) :a € '}, {(Xo, Vo) 1a € o}
<4

be closure spaces. Then (> Xa, > Va) is an upper neighbour of (> Xa, >  U,)
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if and only if Vi, is an upper neighbour of U, on L(X,) for some a € o/ and

Vs =Ug for all B # a.

Proof. Suppose that (> X,, > V) is an upper neighbour of (> X,, > U,). Then
we have to prove that V,, is an upper neighbour of U, for some o € & and V3 =
Up for all  # a. We have by Lemma 2.6.2, U <V if and only if U, <V, for each
a € /. Suppose V, is an upper neighbour of U, Vj is an upper neighbour of Usg,
B # aand V, = U, for every v # a, f where a, 8,y € /. We have > U, < > V.
Consider %Va = > V,+V3+V,. Wehave V,(A) C U,(A) for every A C X,
a€s a,
and Vz(B) C Uﬁ(Bw)ifoi all B C Xg. Then (V, + V3)(A) C (Uy + Us)(A) for all
AC (Xa+Xy). Then (3 Uy + Vo +V3)(S) € (S0, + Va)(S) € SUL(S).
v

Va8 ~Fa

Thus > V, is not an upper neighbour of > U,,.
acd acd

Conversely suppose that V,, is an upper neighbour of U, and V3 = Up for
every  # «. We have to prove that »_V, is an upper neighbour of » U,.
Then V,(Sa) C Ua(Sa) for every S, € X,,. Then >V, (S) C > U,(S) for every
S C > X, Then Y U, < > V,. Suppose > U, < > W, < > V,. Then
Uy < W, <V, and Ws = Up for all 8 # o. Thus W, = U, or W, =V, since V,

is an upper neighbour of U,. Hence the theorem. O]

2.7 Product of Closure Spaces

Here we consider the problem of existence of upper neighbours of the product

of a finite number of closure operators.
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Definition 2.7.1. [11] Let (X3, V1), (X2, V2), ... (Xn, Vi) be closure spaces.

Then the product of closure operators [[V; on X = X x X5 x...x X, is defined

=1
n

as (ili[lvi)(A) — [[(Vi(As)) where A = Ay x Ay x ... A,

=1

Theorem 2.7.2. Let (X1,V1), (X2, Va),... (X, Vi) be disjoint closure spaces.

Then [TV; is an upper neighbour of [TV;i on L(X) if and only if V] is an upper
i=1 =1

neighbour of V; on L(X;) for some j and V; =V/ for all i # j.

Proof. Suppose [ [V} is an upper neighbour of [[ V;. Then (J[V/)(A) C (ﬁ Vi)(A)
=1

i
=1 %

for every A C [[ X;. We have ([[Vi)(A) = Vi(A1) x Va(A2) X ... x V,(A,,) where

i=1

A C X, fori =1,2,....n. Then [[V/(4;) C [[Vi(4;). This implies that
i=1 i=1

VI(A;) CVi(A;) for i = 1,2,...,n. Then V; < V! for : = 1,2,...,n. Suppose

V' is an upper neighbour of V; and V is an upper neighbour of V; for i # j and

Vi, = V) for every k # i, j. Then

(HV;’)(A) = VI(A) xox VI(A) x ox VI(A)) x .. Vi(Ay)
C Vi(Ay) x ... x VI(A) x ..o x Vi(A)) x ... x Vi (A,)

C Vi(A)) x Va(Ag) x ... x Vi (Ayn).

Thus Vi x Vo x ... x V, < Vi xVox V/x...xV, <V xV)x...xV/ Thus
ﬂVi’ is not an upper neighbour of ﬁlVl

(;onversely Suppose that V] is an up;)er neighbour of V; and V; = V;/ for all i # j.
Then Vj(A;) C V;(4;) for all A; € X;. Let S C ﬁXZ Then S = S; x Sy X

=1

... X Sy, Then V/(S1) x V5(Sa) x ... x V/(S,) C Vi(S1 x Va(Sa) X ... x V,.(S,).
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2.7. Product of Closure Spaces

Thus [[Vi < [TV/. If [[Vi < [[IW: < [IV/, then V; = W, for i # j and
i=1 i=1 i=1 i=1
V; < W; < VJ. Since VJ is an upper neighbour of Vj, for j # 4. Thus V/ = W;

or V; = W for every j # i. Hence [[V/ is an upper neighbour of [[V;. ]

i=1 i=1

Example 2.7.3. Take X;, X5, V; and V5 as in the Example 2.6.3. Then
X = X; x Xy = {(1,4),(1,5),(1,6),(2,4),(2,5),(2,6),(3,4),(3,5),(3,6)}. Let
V =V, x Vo. Then V() =0, for A= A; x Ay, A} C X1 and Ay C Xy, V(A) =
Vi(A1)xV5(Ay). Now comsider VI({1}) = {1,2}, VI({2}) = {2}, VI({3}) = {3, 1}
and V/(A) = aLEJAV{({a}). Let V! = V] x V,. Then V/(A) C V(A) for all A C X.
Also there exists no closure operators in between V’ and V. Thus V"’ is an upper

neighbour of V.
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Chapter

Simple Expansions of Closure

Operators

3.1 Introduction

Simple Extensions of topologies were introduced by Levine N. in [29]. The
simple extension of a topology 7 on X by A C X is the smallest topology on X
containing A and 7 [29]. Analogous to this concept Kunheenkutty M. introduced
the concept of simple expansions of Cech closure operators [24]. We note that
some properties of a closure operator V' need not be shared with the simple
expansion of V. In this chapter we investigate the conditions under which certain
properties of closure operators are preserved under simple expansion. Here we

introduce countable expansions of closure operators in L(X).
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3.2. Simple Expansions of Closure Operators

3.2 Simple Expansions of Closure Operators

Simple expansions of a closure operator is defined and discussed in [24].
Kunheenkutty M. introduced simple expansions of a closure operator. Before
going to the properties of simple expansion of closure operators, we need the

following closure operator defined in [24].
Definition 3.2.1. [24] Let A be a non empty proper subset of X and

x € A. Define, Via,) : P(X) — P(X) by,

0 o if S =10,

Vian () =4 X\{z} ;: ifS#£0and SC X\ A,

;  otherwise.

Then V(44 is a closure operator on X.

Remark 3.2.2. If BC A, then o ¢ Viy,)(S) = S C(X\A4)=S5C(X\
B) = 2 & Vi) (S). Hence Viaz) < Vipa). Conversely suppose Viaz) < V(g

Then by similar arguments as above we can prove that B C A.

First of all we study some properties of V{4 ;) which will help us to understand

simple expansion of closure operators well.
Lemma 3.2.3. Let W be a closure operator on X and A be a subset of X

containing x. Then Viagy < W if and only if v ¢ W(X \ A).

Proof. Suppose Vs, < W. Then W(X\ A) C Via(X\A) = X\ {z}. That is
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3.2. Simple Expansions of Closure Operators

x ¢ W(X\A). Conversely let x ¢ W(X \ A) and S C X. Suppose S C (X \ 4),
then W(S) C W(X\A). Thusz ¢ W(X\A) =z ¢ W(S)=W(S) C X\{z} C
Viaw)(S). Thus in this case Via,) < W. If S € X \ A, then W(S) is always a

subset of V(4.4)(S) since V(a4 (S) = X. In this case also Vi, < W. O

Remark 3.2.4. [24,26] Let X = {a,b}, V{{z}2) = Vay, the infra closure
operator. Then it is not a topological closure operator. But when |X| # 2, then

Via2) s topological if and only if A = {z}.

Next we prove a characterization theorem for upper neighbours of V(4 ,).

Theorem 3.2.5. Let A and B be subsets of X such that B € A and let x € X
such that v € B. Lety € X, x #y. Then V(g4 is an upper neighbour of V(4 )

if and only if A\ B is a singleton subset of X.

Proof. Suppose A = BU {y}. Since B C A, then x ¢ Vi4,7(S) = S C X\ AC
X\B=SCX\B=2xz¢Vpan(S). Thatis Via. < Vipg). Let W be a closure
operator on X such that V4, <W < V(g,). Then Vg (X\A) CW(X\A) C
Viaay(X \ A). Since BC A, X\ AC X\ B. Thus W(X \ A) C W(X \ B) and
this implies that Vi, (X \ A) = X \ {z}. Also x € Vip)(X \ A) = X\ {z}.

Thus « ¢ W(X \ B). Then by Lemma 3.2.3, Vi) < W. Hence W = V(g ).

Now suppose V(p,) is an upper neighbour of V{4 .. Then Vi4.) < V().
Then Vig o) (X \ A) C Via (X \A) = X\ {z}. Thus ¢ V(g (X \ A). This
implies that (X'\ A) C (X\B). That is B C A. Suppose A\ B is a non-empty set
such that its cardinality is greater than or equal to 2. Then we can find a C C X
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3.2. Simple Expansions of Closure Operators

such that B C C C A. Then V{4, < Vice) < V(). Then either Vic,) = Vias

or Vice) < V(B,z)- This is a contradiction. Hence A \ B is a singleton set. O

Theorem 3.2.6. Suppose A and B are two subsets of X such that x € AN B,

then Viaz) V Viee) = VianB.o)-

Proof. We have Vs < Vianpe) and Vipe) < Vianse)- Thus Viag) V Vs <
VianB)- In order to prove Vianpa) < Viaw \V} V(B.x), it is enough to prove that
2 ¢ Viaa) V Visa) (X \ (AN B)) by Lemma 3.2.3. Viaz) V Vipa) (X \ (AN B)) =
Viaw) V Vi) (X\NA)U(XN\B)) = [Viaw V Vi (X\NA)U[Viaw V Ve (X
B)]. We have x ¢ Vi) (X \ A) and « ¢ V(g4 (X \ B).

Since Via )y < Viaw V Vise) and Vipe) < Viag V Ve, © ¢ Viaw V Vi (X \

Ay and 7 ¢ Viag V Viga) (X \ B). Hence ¢ Viuo V Vipay (X \ (ANB)). O

We can extend Theorem 3.2.6 for a finite collection of subsets of X.

Corollary 3.2.7. Suppose Ay, As, ..., A, be a finite collection of subsets of X

such that v € AyNAsN ... Ay, Then \/ Via,z) = Viaindsn..na, z)-
i=1

Proof. Proof is clear from Theorem 3.2.6. O]

Remark 3.2.8. Theorem 3.2.6 is not true for an infinite collection of subsets
of X. For example X = 7Z. Let A, =2ZU{2n\ 1}, n = 1,2,.... Let A =

{1,3,5,...}. Then \/ Vi, (A) = X. But Vis 4 o (4) = X\ {2
i=1

iQ1Ai’2)
Theorem 3.2.9. Suppose A and B are two subsets of X such that v € AN B,
then ‘/(A,x) A ‘/(B,x) = ‘/(AUB,J:)-
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3.2. Simple Expansions of Closure Operators

Proof. Suppose S is a nonempty subset of X such that « ¢ Viaup.)(S) = S C
(X\(AUB)) =(X\ANX\B)CX\A=>SCX\A=2¢ Viuy(S). Thus
Viaz)(S) € Viaupw (S) for every S C X. Hence Viaupe) < Viaw). Similarly we
can prove that Viaupz) < V(B.w). Therefore Viaup.) < Viaz) A Vigae). To prove
the converse inequality assume that @ ¢ V(4 ,) A V() (S) for some S C X. Then

we have the following implications.

T ¢ Viaz) ANViga)(S) = 7 ¢ Vian(S) U V(s (S)
= 1 ¢ Vian(S) and z ¢ Vip 1) (S)
= SCX\Aand SC X\ B
= S C(X\A)N(X\B)
—~ 5C X\ (AUB)

= = & Viaup ) (S)-

Thus Viause)(S) € Viam AVisw)(S) for every S C X. Therefore Vig ) AVipe) <

VY(AUB,:E) and hence Vv(A,x) A ‘/(B,a:) = ‘/(AUB,x) . O

Corresponding to every closure operator V' on X we can define a closure

operator denoted by V® at each point = € X.

Definition 3.2.10. Let V be a closure operator on X. Let x € X. Define
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3.2. Simple Expansions of Closure Operators

V@ P(X) — P(X) as

0  if S =10

VOS) =< X\ {a} : ifz¢V(S)

X ; otherwise.

Then V® is a closure operator on X.

Proposition 3.2.11. V = \/ V@),
reX

Proof. When z ¢ V@ (S),z ¢ V(S) = V(S) C V@(S). Hence V® <V and
V V@ < V. Suppose z ¢ V(A). Then z ¢ V@ (A). Thus z € \ V@(A).
reX rzeX

Hence the result. O

Let .27 be the collection of A C X such that » ¢ V@ (X \ A) for each x € X.
Next we prove that V®) can be written as the join of closure operators of the

form V{4, where A € 7.

Theorem 3.2.12. Let V be a closure operator on X. Let x € X. Then V® =

V Vi), where o is the collection of A C X such that x ¢ V@ (X \ A).
Acd

Proof. Let S C X. Suppose x ¢ A\/%V( A2)(S). Then there exists a finite cover
€.

{51,8s,...,5,} of S and A € & such that x ¢ V(4 (S;) fori =1,2,...,n. By

the definition of V{4 ,), we have S; € X\ Afori =1,2,...,n. Alsoz ¢ V@ (X\A)

since A € 7. By the definition of V® we have z ¢ V(X \ A). Since S; C (X\A)

fori = 1,2,...,n, x ¢ V(S;) for i = 1,2,...,n. Hence z ¢ V@ (S). Thus
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3.2. Simple Expansions of Closure Operators

V@(S) C V Viaw(S). Thatis \/ Viau < V@,
Aed/ Aed

Conversely assume that z ¢ V@ (S). We have to prove that x ¢ A\/dV(A,x) (9).

€
It is enough to prove that there exists a finite cover {S;,S,...,5,} of S and
A € o such that © & V(a,)(S;) for i = 1,2,...,n. We have z ¢ V®(S) implies
that X \ S € &. Also Vix\g4)(S) = X \ {z} by the definition of V{4,). Thus
{S} itself a finite cover of S and X \ S € & such that z ¢ Vix\s,)(S5). So

28 \ Vi (8). Hence V) <\ Vg, s
Aed/ Aco/

Chacko B. determined the group of automorphisms of L(X) when X is finite
[5]. Also he determined the same for the sub lattice [I,Cy] of L(X) and the
lattice of all quasi discrete closure operators on L(X). Let X be a non empty
set. Let p € S(X). For a closure operator on X, define T,V (A) = p~'V(p(A)),

for AC X. Then T, : L(X) — L(X) is an automorphism of L(X) [5].

Proposition 3.2.13. The automorphism T, maps the closure operator V4

mto Vip=1(4),p-1(2))-

Proof. Let A C X containing x. Then by definition of Vi ,), we get Vi, :

P(X) — P(X) by,

0 ; if p(S) =0,
Viany(®(8) =< X\ {z} ; ifp(S) #0 and p(S) C X \ A,

otherwise.

?
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0 . if S =10,

=93 X\{z} ; f S#0and SC X \p'A,

\ X ;  otherwise.
Thus
T,(Via)(S) = p ' (Viaw (p(9)))
(
0 cif S =10,
= X\{pHzx)} ; fS#0Pand SC X —p1(A),
\ X ;  otherwise.
= Vo @)
ThU.S Tp(‘/(AJ)) = ‘/(pfl(A)’pfl(l.)) O

Now let us go through the definition of the simple expansion of a closure

operator.

Definition 3.2.14. [26] Let V' be any closure operator on X and A be a
subset of X such that x € A. The closure operator Vi = V'\/ V4, is called a

simple expansion of V' by A at z. The closure operator Vi is given by,

V(S)\{z} ; ifSN(X\A)#Pandxe¢ V(SNA
VE(S) = (S)\ {z} (X\ 4) ¢ V( )

V(S) ; otherwise.

Remark 3.2.15. 1. If Ais closed in (X, V'), then A is closed in (X, V).
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2. By the simple expansion of a closure operator V on X, we mean the simple
expansion of a closure operator V' other than the discrete closure operator

D at some point x € X.

Lemma 3.2.16. Let (X, V') be a closure space. Suppose A and B are two subsets

of X such thatx € ANB. Then Vi < Vi g and V§ < Vi g.

Proof. Let S C X. Then

reVipg(S) = SCANBorzeV(SNANB)
= SCAorzeV(SNA)

= x € Vi(9).

Then Vi 5(S) C VF(S). Hence Vi < Vi, . Similarly we can prove that V5 <

Ving- ]

Lemma 3.2.17. Let (X, V') be a closure space. Suppose A and B are two subsets

of X such that x € AUB. Then Vi g < Vi and Vi g < V3.

Proof. Let S be a subset of X. Then

reVilS) = SCAorxeV(SNA)
= SCANBorxzeV(SN(AUB))since SNACSN(AUB)

= z e Vi g(9).
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Thus Vi 5 < Vi. Similarly we can prove that Vi 5 < V3. O

Remark 3.2.18. We have V < V7 5 < Vi < Vi p by Lemma 3.2.16 and

Lemma 3.2.17.

Lemma 3.2.19. Let A and B are subsets of X such that AU B # X. Let
x € ANB. Suppose V is a closure operator on X such that x ¢ V((X \ B)NA).

Then ViV Vg =Vig.

Proof. We have by Lemma 3.2.16, Vi < Vi 5 and V5 < Vi 5. Therefore we
get VI VE < Vig. Now we have to prove that Vi ., < Vi\/ V5. That
is to prove that (Vi\/ VE)(S) C Vi 5(S) for every S subset of X. Suppose
x ¢ Vi p(S). Then by the definition of Vi, 5, we have SN (X \ (AN B)) # ¢
and z ¢ V(SNANDB). Sincez ¢ V(SNANB) and SNANB C SN A, we have
x ¢ V(SNA). Similarly z ¢ V(SN B). If SN (X \ A) # ¢, we get = ¢ VI(9).
Similarly if SN (X \ B) # ¢, x ¢ VZ(S). This implies that x ¢ (Vi \/ VE)(S).

Hence Vi\/ VE = Vi . O

Remark 3.2.20. 1. The Lemma 3.2.19 can be extended to a finite col-
lection of subsets A;, As, ..., A, of X containing x provided z ¢ V((X \

A)NA,fori,j=1,2,...n.

2. The condition that x ¢ V((X \ B) N A) is necessary to the Lemma 3.2.19

be true.

Example 3.2.21. Let X = {1,2,3,4,5}. Define V : P(X) — P(X) by
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V(0) =0, V({1}) ={1,2,5}, V({2}) = {1,2,3}, V({3}) = {2,3,4}, V({4}) =
{3.4.5}, V({5}) = {4.5.6} and V(5) = UV({s}). Let A = {1,2,3}, B =
{3,4,5} and z = 3. We have V((X\B)NA) = V({1,2}). Thatis 3 € V((X\B)N
A). Let S = {2,4}. Then VZ(S) = V(S) = {1,2,3,4,5} since 3 € V(SN A) =
V({2}). Similarly V(S) = V(S) = {1,2,3,4,5} since 3 € V(5N B) = V({4}).
We have AN B = {3}. Now V§,5(S) = V() \ {3}, since SN (X \ (AN B)) # 0

and 3 € V(SN AN B). That is Vi-5(S) # (Vi V VE)(S).

Theorem 3.2.22. Let A and B are subsets of X such that AU B # X. Let

xr€ ANB. Then Vi NVE =Vi g

Proof. We have Vi 5 < Vi and V§ 5 < V3 by Lemma 3.2.16. Hence Vj p <
Vie A Vi Now suppose x ¢ Vi 5 (S) = SNX\(AUB) # 0 and z ¢
V(SN(AUB)) = SN(X\AUX\B) #0and z ¢ V(SNA)UV(SNB). That is
SNX\NA#D, SNX\B#0,2¢V(SNA)and z ¢ V(SNB). Then = ¢ Vi(S)

and x ¢ V3(S). That is o ¢ V(S) U VE(S). Hence Vi 5 = VI AVE. O

Remark 3.2.23. Theorem 3.2.22 is not true for a finite collection of subsets
of X containing x. That is for subsets Ay, Ay, ..., A, of X containing z, V¥ A

T r — /T
Vi, N AVE =V Gasu.oa, -

Next we find out the relation between simple expansion of closure operators

and upper neighbours of closure operators.

Theorem 3.2.24. Let U and V' be two closure operators on a set X such that
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U is an upper neighbour of V.. Then U is a simple expansion of V' at some point

reX.

Proof. Suppose that U is an upper neighbour of V. Then there exists a subset
A of X such that U(A) C V(A). Let x € A. Consider the simple expansion of
V by A at x. We have V < V¥. We prove that Vi < U. That is to prove that
U(S) CVi(S) for each S C X.

Case (i) SC X orzeV(SNA).

In this case V{(S) = V(S). Therefore U(S) C Vi(S).

Case (ii) SN(X\A) #¢and = ¢ V(SN A).

In this case V7 (S) = V(5) \ {z}. In order to prove U(S) C V{(95), it is enough

to prove that x ¢ U(S). Since z ¢ V(SN A) and V < U, we have

z ¢ U(SN A) (3.1)

Since A is a V-neighbourhood of x, A is a U-neighbourhood of x. Therefore
AU(X\S) is a U-neighbourhood of x. This implies that x ¢ U(X\ (AU(X\S))).
That is

z ¢ U(SN (X )\ A)) (3.2)

Hence from 3.1 and 3.2, = ¢ U(S). Therefore we get U(S) C Vi(S) for each
S C X. Thus V <V < U. Now by the definition of upper neighbours either
V =V§orU =V} Since V # Vi we have U = V. This completes the

proof. ]
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Remark 3.2.25. Converse of the Theorem 3.2.24 is not true.

Example 3.2.26. Let X = {a,b,c,d}. Define V : P(X) — P(X) as

V(®) = 0, V({a}) = {avb}7 V({b}) = {a7b’ C}7 V({C}) = {0}7 V({d}) = {avd}
and V(5) = EJSV({S}). Now let A = {a} and consider V§. Then V{({a}) =
{a,b}, VE({b}) = {b,c}, Vi({c}) = {¢} and V{({d}) = {d}. Thus V{ is not
an upper neighbour of V| since V< U < V§ where U is given by U(0) = 0.

U({a}) = {a,b}, U({b}) = {a,b,c}, U({c}) = {c}, U({d}) = {d} and U(B) =
U V({b}).

beB

Remark 3.2.27. If V is a topological closure operator, then simple expan-

sion of V' by A at a point x need not be a topological closure operator.

Example 3.2.28. Let X =R, A =7 and z = 1. Then Cy(Z) = R. Now

0a(R\Z) = R\ {1}. But C5,(CGa(R\Z)) = Cga(R\{1}) = Co(R\ {1}) = R.
Here Cj is a topological closure operator, but Cjj, is not a topological closure

operator.

Now we check when simple expansion of a topological closure operator be-

comes a topological closure operator.

Theorem 3.2.29. Let V' be a closure operator on X and let A C X with x € A
such that V(A) = A and V(X \ {z}) = X \ {z}. Then if V is a topological

closure operator, then Vi is a topological closure operator.

Proof. Suppose V is a topological closure operator. Then V(V(A)) = V(A) for
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every A C X. Now suppose that S C X.

Case (1):SN (X \ A4) =10.

That is S € A. In this case V§(S) = V(S). Since S C A, we have V(S5) C
V(A) = A. Thus Vi(V(S)) = V(5) since V(S) € A. Now VI(VI(9)) =
Vi(V(5)) = V(V(5)) = V(S) = Vi(5).

Case (ii): x € V(SN A).

In this case VE(S) = V(S). We have S C V(S) = SNACV(S)NA= V(SN
A) CV(V(S)N A). Hence z € V(V(S)N A) and therefore VI (Vi(S)) = Vi(S).
Case (iii): SN(X\A) #0and z ¢ V(SN A).

Then V§(S) = V(S)\ {z}. Since S CVE(S), SN(X\A) #0=ViS)N(X\
A) # @ and z ¢ V(VE(S)N A). Hence x ¢ Vi(S) = = ¢ VI(VE(S)). Thus
VE(VE(S)) C VE(S). If V is a topological closure operator, Vi is a topological

closure operator. UJ

Remark 3.2.30. There exists a closure operator V' which is not a topolog-
ical closure operator but it has a simple expansion V§ where V(A) = A which is

topological.

Example 3.2.31. Let X = {a,b,c}. Let V : P(X) — P(X) be defined
as V({a}) = {a}, V{0}) = {b,c}, V({c}) = {c;a} and V(4) = UV({s}).
Then V' is a closure operator on X which is not a topological closure operator.
Now consider the simple expansion of V' by A = {a} at a. We have V{({a}) =
V({a}) = {a}, VI({}) = {b,¢}, Vi({c}) = V({c}) \ {a} = {c} and Vi(5) =

USV({S}). Then V§ is a topological closure operator.
se
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3.3 Equality of Simple Expansions

In this section we try to solve the equality of simple expansions of a closure

operator by two sets at the same point.

Proposition 3.3.1. Let V be a closure operator on a set X. Let A and B
be subsets of X such that v € ANB. If Vi < V3, then AUB # X and

2 V(BN (X\A)).

Proof. Suppose Vi (S) C Vi(S) for each S C X. Then VE(X\A) CVi(X\A) =
V(X \A)\{z}. Thatisz ¢ VZ(X\ A). This implies that (X \ A)N(X\ B) # 0

and x ¢ V(BN (X \ A)). Thatis AUB # X and z ¢ V(BN (X \ A)). O
Theorem 3.3.2. If Vi =V}, then v ¢ V(AAB).

Proof. Since V(X \A) = VE(X\A) = 2 ¢ VE(X\A). Then X\ANX\B #0
and z ¢ V(X \ AN B). Also Vi(X\ B) = VE(X\ B) = z ¢ V{(X\ B).
Then X\ ANX\B#0and x ¢ V(X \BNA). That is X \ AN X\ B # 0,

v ¢ V(X\ANB) and z ¢ V(X \BNA). Thus z ¢ V((X\A)NB)N((X\B)NA).

Hence x ¢ V(AAB). O
Remark 3.3.3. The converse of the Theorem 3.3.2 is not true.

Example 3.3.4. Let X =R, A=27Z, B=2ZnN{1,3,...,11}. Let z = 2.
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Then z ¢ Co(AAB). We know that

e () = Co(S)\{2} 5 i SN(X\2Z)#0,x ¢ Co(SN2Z)
" Co(S) ;  otherwise.

and

e (S) = Co(S)\{2} ; i SN(X\B)#0,2 ¢ Co(SNB)

Co(5) ; otherwise.
We have C§,(X \ B) = Cy(B) = X, since 2 € Co(X \ (2ZN{1,3,...,11})N2Z).
But Cfz(X \ B) = Co(X \ B) \ {2}. That is C§,(X \ B) # Cig(X \ B). Hence

Cia 7 Cop-

Note 3.3.5. We consider the simple expansion of an infra closure operator

Vap, @ # b. We have

0 :if S =10

Var($) =9 X\ {p} 5 S ={ak

X ;  otherwise.

We know that if V{ = Vi, then v ¢ V(AAB). Thus if x € V(AAB), then
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Vi # V§ by Theorem 3.3.2. We have

0 : AAB =)

Vap(AAB) =< X\ {b} ; if AAB = {a},

X ;  otherwise.

Thus x € V,,(AAB) for every subsets of X A and B with AAB # . If
AAB = {a}, then z € V,,(AAB) for every « # b. Thus no two simple expansions
of V., by distinct sets A and B by = # b are equal if AAB # {a}.

If AAB = {a}, then V%, , and V%, 5 are not equal if z = b. Also V), , < V2,

or VY p < VP, 4 according as A = BU {a} or B = AU {a}.

Theorem 3.3.6. Simple expansions of a closure operator V' other than the dis-
crete closure operator D by every subsets of X at every point of X are equal if

and only if it is an ultra closure operator.

Proof. If V' is an ultra closure operator, then simple expansions of V' by every
subsets of X at every point of X are equal to the discrete closure operator
D. Conversely suppose that simple expansions of V' by every subsets of X at
every point of X are equal. If V' is not an ultra closure operator, then there
exists V' such that V < V' < D. That is there exists A C X such that
V'(A) € V(A). That is there exists € V(A) such that 2 ¢ V'(A). We have
Via(A) = V(A). Choose a superset B of A such that z € X \ B. Then

ANB # 0 and x ¢ V(AN (X \ B)). Thus Vg 5(A) = V(A) \ {z}. Since simple
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expansions are equal, V(A) = V(A) \ {z}. This implies that = ¢ V(A), which is

a contradiction. Hence V' is an ultra closure operator. O]

3.4 Properties of Simple Expansions of Closure

Operators

Note that any expansion of a Ty(respectively 77 and T5) space has the same
separation property. But in general properties of a closure operator need not be
shared with its simple expansions. In this section we check under what conditions
do various properties of closure operators like regularity, normality, separability
and connectedness hold for its simple expansion.

Recall the definition of a regular closure space.

Definition 3.4.1.  [11] A closure space (X,V) is said to be regular if
for each point z € X and a subset S of X, such that x ¢ V(S5), there exists

neighbourhoods U; of z and U, of S such that U; N Uy = 0.

Levine N. proved that for a regular topological space (X, 7) and A ¢ 7, simple

expansion of 7, (X, 7(A)) is regular.

Next we analyze regularity property of the simple expansion of a closure

operator.

Theorem 3.4.2. Suppose (X, V') is a reqular closure space and let A C X such

that V(A) = A. Let x € A. Then (X, V7?) is a regular closure space.
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Proof. Suppose (X, V) is a regular closure space and A C X such that V(A) =
A. Let S C X. If S C A, then Vi(S) = V(S). Since V < Vi, every V

neighbourhood is a V§ neighbourhood of S therefore (X, V{) is regular.

If y # x, then y ¢ V{(S) implies that y ¢ V(S). Since V' is regular, there
exists neighbourhoods U; of x and U, of S such that U; N Uy = ). Again, since
every V neighbourhood is a V§ neighbourhood, V¥ is regular. Now suppose that
x ¢ Vi(S), by definition of Vi, SN (X \ A) # 0 and = ¢ V(SN A). Now
x ¢ V(SN A) implies that there exists a neighbourhood U of x and W of SN A

such that UNW = (.

We have U and A are Vji-neighbourhood of x implies that U N A is a neigh-
bourhood of z. Now UNA C A and therefore V(UNA) CVi(A) =V (A) = A.
Also UN A C U implies that Vi(UNA) CV(U). Thus Vi(UNA) CV(U)NA.
We have U N W = ) implies that U C X \ W. Then V(U) C V(X \ W). Now
X\V(X\W) X\ V().

VIU)NACV(U) then X\ V(U) C X\ (V(U)N A). Thus we have

SNACX\V(X\W))
C X\ V(U)

C X\ (V(U)N A).

As mentioned above we have VI(UNA) C V(U)NA. Thus X \ V(U)NA C

X\Vi(UNA). Therefore SNA C X\VF(UNA). Now VI(UNA) =V(UNA) C
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V(A)=A. Then SN(X\A) C(X\A) CX\(VF(UNA)). Hence X \ (UN A)
is a neighbourhood of S. Thus U N A is a neighbourhood of x and X \ (U N A)

is a neighbourhood of S. Hence (X, V) is a regular closure space. ]

Remark 3.4.3. Let V be a regular closure operator. Suppose A and B
are closed subsets of X. Then A U B is closed. Then V4up, is regular. We
have V(A) = A, V(B) = B. Then ANB C A= V(AN B) C V(A) and
ANBCB=VANB) CV(B). Thus V(ANB) CV(A)NV(B)=ANB.
Hence V(AN B) = AN B. Hence by Theorem 3.4.2 and by Lemma 3.2.19, we

have V§ \/ V3 is regular.

Next we consider the simple expansion of a normal closure operator. The
following is a characterization theorem for a simple extension of a normal topo-

logical space.

Theorem 3.4.4. [29] Let (X,7) be normal and A ¢ 7, X \ A € 7. Then
(X, 7(A)) is normal if and only if (X \ A, 7N (X \ A)) is normal.
The following is a characterization theorem for normal closure spaces in [11].

Theorem 3.4.5. [11] A closure space (X, V) is said to be normal if and only

iof the following conditions are satisfied.
(i). If Si, Sy are subsets of X such that V(S1) NV (Sy) =0, then Sy and Sy are

separated.

(ii). Ifx € X and S C X are such that V({z}) NV (S) # 0, then x € V(S).
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Theorem 3.4.6. Suppose (X,V') be a normal closure space. Let A C X such
that x € A and V({z}) = {x}. Consider the simple expansion V5. Then (X, VY)

1$ a normal closure space.

Proof. Suppose (X, V) is a normal closure space. Then we have V (S;)NV(S;) =
(), implies that S; and Sy are separated. Now suppose that V{(S;) N V{(S2) =
0. Then Vi(S1) C X \ Vi(Ss) and V§(S2) € X \ V§(S1). Then X \ S is
a neighbourhood of Sy and X \ Sy is a neighbourhood of S;. Hence S; and
Sy are separated. Now we have to prove that Vi({y}) N Vi(S) # 0 implies
that y € V{(S). Suppose y # z, Vi({y}) N Vi(S) # 0, S € X. We have
Vi{y}) = V({y}) or Vi{y}) = V({y}) \ {z}. Since V is normal, this implies
that y € V(5). Next consider the case when y = x. Then Vi ({z}) = V({z}) by
definition and by assumption Vi({z}) = {z}. If Vi({z}) N VZ(S) # 0 implies

that {2} NV{(S) # 0. Then xz € VF(S). Hence (X, V) is normal. O

Theorem 3.4.7. [29] Let (X, 7) be separable and A ¢ 7. Then (X,7(A)) is

separable if and only if (A, 7N A) is separable.
Theorem 3.4.8. Let (X,V) be a closure space. Let x € X and A C X such

that © € A. Then (X,V) is separable if and only if (X,V}) is separable.

Proof. Suppose (X, V) is separable. Then there exists a countable set S of X
such that V{(S) = X. Since VI(S) C V(S), we have V(S) = X. Hence (X,V)

is separable.
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Conversely let (X, V') be separable. Let S C X such that S is countable and
V(S) = X. If S C A, then VF(S) = V(5) = X and if z € V(S N A), then
VE(S) = V(S) = X. Now suppose that SN X \ A # 0 and z ¢ V(SN A),
then Vi (S) = V(9) \ {z} = X \ {z}. Now consider the set S U {z}. We have
ViiSu{z}) = VES)UVi({z}) = X \ {2z} UV({z}) = X. Thus (X, V) is

separable. 0

Next we check simple expansion of a connected closure space.

Definition 3.4.9.  [11] A subset S of a closure space (X,V) is said to
be connected if S is not the union of two non empty semi separated subsets of
(X,V). That is S = S;USs, (V(S)NS2) U(S1NV(S;)) = 0 implies that S; =0

or Sy = 0.

Example 3.4.10. Let X =Z, A={1,2,...,n} and z = 2. Then CZ,(Z \
{2}) = Z\ {2} since Z\ {2} NZ\{1,2,...,n} # 0 and 2 ¢ Co(Z\ {2} N A). Then
Z ={2}UZ\{2}. And {2} N C2,(Z\ {2}) = 0 and Co({2}) N (Z\ {2}) = 0.

That is (X, Cp) is connected but (X, CZ,) is not connected.

Theorem 3.4.11. Let (X, V) be a closure space. Let A C X be such that x € X.

If (X \ A, V|x\a) is connected, then (X,VY) is connected.

Proof. suppose that (X \ A,V|x\a) is connected. Assume that X = X; U X,
such that Vi(X;) N Xy = 0 and X; NV§(Xs) = 0. We have V{(S) = V(S) or

VE(S) =V(S)\ {z} for every S C X.
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Case (i): Vi(X1) = V(Xy) and V{(X,) = V(Xy).

In this case V(X;) N Xy = 0 and X; N V(X3) = 0. This implies that V(X;) N
X\ANX; =0 and X; NV (Xy) N X\ A=0. Thus by assumption X; = ) or
Xy =10.

Case (ii): Vi(X;) =V (X)) \ {z} and VI(X3) = V(Xs).

In this case V(X)) \ {z} N X\ AN Xy =0 and X; NV(Xy) N X\ A = 0. This
implies that V(X;)N X\ ANXy =0 and X; NV (X)) N X\ A =1, since z € A.
Hence by assumption X; = () or X, = ().

Case (iii): Vi(X1) = V(X;) and V(X)) = V(Xs) \ {z}.

Then V(X;) N Xy =0 and X; NV(X3) \ {z} = 0, which implies that V(X;) N
X\VANXy =0 and Xy NV (X)) \ {2} N X\ A=10. Since x € A, we have
VX)) NX\ANX, =0 and X, N V(X2) N X\ A =0. Thus X; =0 or X, = 0.
Case (iv): Vi(X;) =V (X)) \ {z} and V{(X3) = V(Xy) \ {z}.

In this case also since z € A, V(X;)NX\ANX, =0 and X;NV(X2)NX\A = 0.

So X; = 0 or X, = () by assumption. N

3.5 Countable Expansions of Closure Operators

Borges C. J. R. introduced the concept of infinite extensions of topologies and
proved that most of the results which hold for simple extensions also hold for
countably infinite extensions [9]. Now let us look at the expansion of a closure

operator by a countable collection of subsets of X.
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Definition 3.5.1. [9] Let (X, 7) be a topological space and .# = {7(4,) :
a € L} be a family of simple extensions of 7. Then A is the .#-extension of 7 if

A is the smallest topology on X which contains 7(A,) for each o € L.

Before going to the countable expansions of a closure operator we have to

define a closure operator of the form V4, a,,. ), Where A;, Ay, ... are subsets of

77777

X and x € A; for each i. In section 3.2, we remarked that Theorem 3.2.6 is not

true for an infinite collection of subsets of X. This is the motivation for defining

Definition 3.5.2. Let A;, As, ... be a collection of subsets of X such that

x € A, for every n € N. Define
(
0 ; S=10
Va0 (S) =4 X\ {z} ; S#0and S C X\ A; for some i

; otherwise.

X
\

Then V4, 4,,..) is a closure operator on X.

7777

Remark 3.5.3. Suppose © ¢ Vi, ,)(S). Then S C X \ A;. Hence = ¢

----------

Theorem 3.5.4. Let Ay, A, ... be a collection of subsets of X such that x € A,

.....

-----

Proof. We have V(4,20 < Via, a,,.2) for i = 1,2,.... Therefore \/ V{4, <
i=1

Viai As,..z)- Let © € \/ V{4, 2)(5). Then for every finite sub cover {51, 5, ..., S,}
=1

)

of S there exists S; such that € V{4, +)(5;),% = 1,2,.... Thus S is not contained
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-----

Definition 3.5.5. Let (X, V) be a closure space. Let x € X and Aj, Ao, ...
be a countable collection of subsets containing x. Then the countable expansion
of V by Ay, Ay, ... is given by V'\/ Via, a,,...) and is denoted by Vi 4, .

,,,,,

Remark 3.5.6. Suppose x ¢ Vi4,)(S) = S € X\ 4. Thus =z ¢

2)(8) € Via, 2)(S). Therefore Vi, 2y < Via, 4,..2)5

..........

which implies that Vi < V{ , .

Theorem 3.5.7. Suppose Ay, Ay, ... be subsets of X such that x € A; fori =

L,2,.... Then Vi 4, =V ifand only if v ¢ V(X \ A;) for any i.

.....

,,,,,

Thus z ¢ V(X \ 4;) for any i. Conversely suppose that = ¢ V(X \ A;) for any

i. Then V(X \ A;) C V5 . (X \A)). O

Next we check when countable expansion of a topological closure operator
becomes a topological closure operator. For that first we have to prove the

following Proposition.

Proposition 3.5.8. Let V| and Vs be two topological closure operators on a set

X. Then Vi V V4 is a topological closure operator on X.

Proof. Since V; and V, are topological, Vi(Vi(A)) = Vi(A) and Va(V,(A)) =
Va(A). We have Vi V Vo (Vi vV V5(5)) = Vi v V5 (Vi(S) NVA(S5)) =
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Vi(Vi(S)NVa(S))NVa(Vi(S)NVa(S)) € Vi((Vi(S)NVa(S))) € Vi(Va(S)) = Va(S).
Similarly Vi V Va(Vi V V5(5)) € Va(Vi(S) N V2(5)) € Va(Va(5)) = Va(S5). Thus
ViV Va(Va V Va(S)) € VA(S) N Va(S) = (Vi V Va)(S) for each S C X. Also

(Vi VV5)(S) C ViV Va(Vi v Va(S)). Hence Vi V Vs is topological closure operator.

[

Theorem 3.5.9. Suppose Ay, Ao, ... be a countable collection of subsets of X

such that x € A; for eachi. Then Via, a,... u is topological if and only if A; = {z}

.....

for some 1.

.....

-----------

i. That is A; = {z} for some i. Conversely suppose that A; = {z} for some

i. Then ‘/(A17A2 SC)(X \ {:L‘}) =X \ {‘T} Hence ‘/(ALAQ CL‘)(‘/(ALA2 ----- SL‘)(S) =

..........

Theorem 3.5.10. Suppose that V' is a topological closure operator on X. Let
Ay, Ao, ... be subsets of X such that x € A; for each i. Then the countable
expansion of V' by Ay, As, ... at x is a topological closure operator if A; = {x}

for some 1i.

.....
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----------

Proposition 3.5.8. O

Proposition 3.5.11. Suppose Vi is reqular for each i =1,2,.... Then V} 4,

15 reqular.

.....

Proof. Suppose x & VZ 4, (S) = © & Via, ap..0)(S)orx & V(S) = = ¢
Viaiay(S) or oz ¢ V(S) = 2 ¢ VI (S)orxz ¢ V(S). Since VY is regular, there
exist a neighbourhood U of x and a neighbourhood W of S such that UNW = ().

By Remark 3.5.6 and since every Vi -neighbourhood is a Vi§, ,, -neighbourhood,

we can conclude that Vi 4,  is a regular closure operator. ]

Corollary 3.5.12. Suppose V is a regular closure operator on X and Ay, As, ...

are closed subsets of X containing x, then V{ , s reqular.

Proof. By Theorem 3.4.2, each V' is regular. Then by Theorem 3.5.11, V§ ,,

is regular. 0]

Next we compare the separability property of a closure operator with its

countable expansion.

Theorem 3.5.13. Let (X, V) be a closure space. Let Ay, As, ... are subsets of X

containing x. Then (X, V) is separable if and only if (X, VF 4, ) is separable.

Proof. Suppose (X, V{ 4, ) is separable. Then there exists a countable set S
of X such that V§ ,, (5)= X. Since V¥ ,, (S) CV(S), we have V(S) = X.

Hence (X, V) is separable.
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Conversely let (X, V') be separable. Let S C X such that S is countable and

V(S) = X. V§ 4,..(S)=V(S) N Via, a5,..)(S). I VE 4, (S)=V(S), then S

itself is a countable dense subset of X and therefore (X, VY ,, ) is separable.
We have x ¢ VZ 4, (5)if and only if S € X \ A; for some 7. Then consider
the set SU{r}. Now Vi 4, (SU{z})= X. Thus SU{z} is a countable dense

subset of X. Therefore (X,V{ 4, ) is separable. O
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Chapter I

Group of Closure Isomorphisms

4.1 Introduction

In this chapter we investigate some problems related to the group of closure
isomorphisms of Cech closure spaces. Ramachandran P. T. proved that no proper
nontrivial normal subgroups of the group of all permutations of a set X can be
represented as the group of homeomorphisms of (X,7T) for any topology 7" on
X [32,34]. A permutation group K on X is said to be t-representable on X if there
exists a topology T on X such that the group H(X,T) of homeomorphisms of
(X,T) is K [40]. In [39-41], Sini P. studied the t-representability of permutation

groups in detail. Here we consider an analogous problem in Cech closure spaces.
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4.2 On c-representability of Subgroups of S(X)

In this section we define c-representability of a permutation group and de-
termine c-representability of some subgroups of S(X). We know that the set of
all open subsets of (X, V') form a topology on X called the topology associated
with the closure operator V. If T is the topology associated with V', then ev-
ery closure isomorphism of (X, V') is a homeomorphism of (X,7"). That is the
group of closure isomorphisms of (X, V') denoted by C'I(X, V) is a subgroup of
H(X, T), where H(X, T) is the group of all homeomorphisms of (X, 7') and

the inclusion is proper.

Example 4.2.1. Let X = {1,2,...}. Define V: P(X) — P(X) by V(0) =
0, V({k}) = {1,2,3,...,k,k + 1} and V(A) = |JV({k}) for every A C X.
keA

Then T = {0, X'} is the topology associated with V. Here CI(X, V) = {I} and

H(X, T) = §(X).

Analogous to the concept of t-representability of permutation groups we de-

fine the c-representability of permutation groups as follows.

Definition 4.2.2. A subgroup H of S(X) is called c-representable on X if

there exists a closure operator V on X such that CI(X, V) = H.

Theorem 4.2.3. Let X be a set. If a permutation group H is t-representable on

X, then H is c-representable on X.

Proof. Suppose H is a t-representable permutation group on X. Then there
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exists a topology T on X such that H(X,T) = H. Consider the closure operator
V associated with T. That is V(A) = A, where A denote the topological closure

of Ay AC X. Let h € CI(X,V). Then h(V(A)) = V(h(A)) for every A C X.

Since h(V(A)) = h(A) C h(A) =

<

(h(A)). Hence h is continuous on (X,T).
Similarly V(h(A)) C h(V(A)) for every A C X = h='V(h(A)) C V(h1(R(A))).
Hence h~! is continuous. Thus CI(X,V) C H. Now let h be a homeomorphism
on (X,T). Then h is continuous on (X,7T). Then h(V(A)) C V(h(A)) and
since h™! is continuous on X and so A~ (V(h(A))) € V(h '(h(A))). Hence
V(h(A)) C h(V(A)). Thus h(V(A)) = V(h(A)) for every A C X. Hence h is a

closure isomorphism. That is H C CI(X,V). Thus CI(X,V) = H. O

Remark 4.2.4. The converse of the Theorem 4.2.3 is not true. A permu-
tation group which is c-representable on a set X need not be t-representable on

X.

Example 4.2.5. Let X ={1,2,3}. Define V: P(X) — P(X) by V(D) =0

VLY = {12}, V({2}) = {2,3}, V({3}) = {3,1} and V(A) = U V({x}) for

€A

each A C X. Then CI(X,V) ={I,(1,2,3),(1,3,2)} = A(X) and hence A(X)
is c-representable on X. We know that there is no topology T on X such that

H(X,T) = A(X) [32,34].

Next we prove a property of c-representable permutation groups.

Theorem 4.2.6. Let X be any set and H be a subgroup of S(X). Then H is

c-representable if and only if its conjugate is c-representable on X.
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Proof. Let H be a c-representable permutation group on X. Then there exists
a closure operator V on X such that CI(X,V) = H. Let p € S(X). Define
V' i P(X) = P(X)as V(A) = p Y(V(p(A))), A C X. Let h € CI(X,V) and
p € S(X). Then h(V(A)) =V (h(A)) for every A C X.

Then

he CI(X,V) = h(V(p(A)) = V(h(p(A))) for every A C X
= pp~ h(V(p(A))) = V(h(p(A))) for every A C X
= p'hV (p(A)) = p~'Vh(p(A)) for every A C X
= p 'hplp 'V(p(A)] = p ' (V(p(p~'hp(A)))) for every A C X
= p'hp(V'(A)) = V' (p~'hp(A)) for every A C X

= pthp e CI(X, V).

That is p~"Hp C CI(X,V").

Suppose that A € CI(X,V'). To prove that ' € p~'Hp. That is to prove
that there exists h € H such that b’ = p~'hp. Thus it is enough to prove
that ph'p~' is a closure isomorphism of (X, V). Since A" € CI(X,V"), we have

RV (p~'(A)) = V'h'(p~*(A)). From the definition of V',

/ ’ ’

KV (pH(A) = V'K (p~'(4)) = Kp 'V (pp~"(A))) = p ' V(p(h

!

(™' (A))

= ph'p ' V(A) =V (p(h'(p'(A))))

= ph'p~t € CI(X,V).
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4.2. On c-representability of Subgroups of S(X)

Thus CI(X,V') = p~'Hp. Hence the theorem. O

Remark 4.2.7. Theorem 4.2.6 says that while determining the c-representability
of subgroups of S(X), it is enough to consider the c-representability of conjugacy

classes of subgroups of S(X).

Let us look at the definition of direct sum of permutation groups.

Definition 4.2.8 ( [40]). Let {X;};c;r be an arbitrary family of mutually
disjoint sets and H; be a subgroup of S(X;) for every i € I. Then the direct
sum of permutation groups {H;, i € I} is the permutation group @H; on X =

il

|J X whose elements are & h; where h; € H; and the action of & h; is given by
icl el i€l

iel
Theorem 4.2.9. Let X be any set and Y C X. If H is a c-representable per-

mutation group on'Y, then the permutation group {Ix\y} @® H is c-representable

on X, where Ix\y denotes the identity permutation on X \'Y.

Proof. Since H is c-representable on Y, there exists a closure operator V; on
Y such that CI(X, Vi) = H. Let Z = X\ Y. If Z = (), there is nothing to
prove. Suppose Z # (). By the well ordering theorem, well order the set Z by
the order relation <. We can use the ordinals to index the members of Z. Let
xo be the first element of Z and x; be the first element of Z \ {z(}. In general
z, denotes the first element of Z\ {z € Z : x < z,} provided {z € Z : z < x,}

is non-empty. en define V5 : — as Vo = U Wy(x,) for A C
pty. Then define V5 : P(Z) P(Z) Va(A) AV( ) for AC Z

Ta €
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4.2. On c-representability of Subgroups of S(X)

where Va(z,) = Z\{z € Z : © < z,}. Then V, is a closure operator on Z.
Consider X as X =Y UZ. Let A C X. then A = A; UAy where A, = ANY

and Ay = AN Z. Define V : P(X) — P(X) as follows:

(

0  fA=0

V(A) =19 Wi(4) ; if Ay =10

| YUVa(de) 1 i A £D.

We have to prove that V' is a closure operator on X.

Let A C X. If A = (), then there is nothing to prove. Now suppose that
A # 0. We have A = A; U Ay, If Ay = 0, then V(A) = Vi(A) and hence
ACV(A). If Ay # 0, V(A) =Y UV,(As). Then clearly A C V(A).

Let A BC X. A= A1UAy, B= B1UBsy, where A, B CY and Ay, B, C Z.
Case (i): Ay =0, By =10
In this case A, B C Y and hence V(A) = Vi(A;) and V(B) = Vi(By). Then
V(AU B) =Vi(A1UBy) = Vi(A) UVI(By) = V(A) UV (B).
Case (ii): Ay # (), By = () Then V(A) =Y U V,(Ay), V(B) = Vi(By).

Now

V(A)UV(B) = Y UV,(As) UVi(By)

= Y UV,(Ay), since V1(By) CY.
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4.2. On c-representability of Subgroups of S(X)

and

= YUV(4A2U By)

= Y UVy(4)

Hence V(AU B) = V(A) UV(B).
Case (iii): Ay =0, B, # 0.
Similar to Case (ii).

Case (iv): Ay # 0, By # )

Here V(A) =Y U V,(As) and V(B) =Y U V,(Bs). Then

V(AUB) = Y UV,(As U By)
= YUV (4] UY UVa(By)]

— V(A UV(B).

Thus V is a closure operator on X.

Next we claim that CI(X,V) = {Iz} @Y. Let f = I, ®h € {I;} D H
and A C X. Then we have to show that V(f(A)) = f(V(A)). Now V(f(A)) =
V(f(Al U Az)) = V(Al U h(AQ)) = V(Al U h(AQ)) Since A = Al U AQ, we

consider the following cases.
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Case (i): Ay =0

Then V(f(A)) = V(h(A1)) = Vi(h(A1)). Now f(V(A)) = f(Vi(A1)) = h(Vi(A1))
Vi(h(A1)). Hence V(f(A)) = f(V(A)).

Case (ii): Ay # 0

Then V(f(A)) = V(h(A1) U As) =Y U Va(4,).

Now f(V(A)) = f(V(ALUA))
= f(YUV3(A2))

= h(Y)UV3(As) =Y U V,(Ay).

Thus f(V(A)) =V (f(A)), for every A C X. Hence {Iz} ® H C CI(X,V).

Now let f € CI(X,V). Then V(X \ {zo}) = X \ {zo}. Hence {z(} is open
in X. Then f({xo}) is open in X. Since the only one point set open in X is
{0}, f(xo) = x0. Also V(X \ {zg,x1}) = X \ {zo, z1}. That is {xo, z1} is open
in X. Therefore f({xo,21}) is open in X. Since the only two point set which is
open in X is {xg, 21}, we have f({z1})) = x;. Let x, be any element of Z such
that f(x) = z for every x < z,. If z, has no immediate successor, then x, is
the last element of Z. Since V(Y) = Vi(Y) =Y, we have Z is open in X and
hence f(Z) is open in X. Thus f(Z) = (Z \ {za}) U{f(xs)} which implies that

f(xa) = zq.

If z, has an immediate successor zg, then V(X \ {x € Z : = < 25}) =

X\{z € Z: z <uxg}. This implies that U = {z € X \ Y : x < z3} is an open
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set. Then f(U) ={z € Z : x < x5} U{f(xs)}. By the definition of V', f(U) =U

and hence f(z,) = xo. Thus we get f|z = I.

Since f is a closure isomorphism, f(V(A)) = V(f(A)) for every A C X. If
A CY, then f(V(A) = f(Vi(A)) = fly(Vi(A)). Since f is a bijection on X
and f|z = Iz, we have f(A) CY and hence V(f(A4)) = Vi(f(A4)) = Vi(flv(4)).
Therefore f|y(Vi(A)) = Vi(f]y (A)). Thus we have f|y € H. Thatis f = I;@h,

where h = f|y € H. Since Z = X'\ Y it follows that CI(X,V) = {Ix\y}&H. O

Remark 4.2.10. By Theorem 4.2.9, in order to determine the c-representability
of permutation group H on a set X, we have to consider only the c-representability

on the set of all points which are moved by the permutations of H.

4.3 c-representability of Dihedral Group D,

Sini P. proved that the Dihedral group D, is not ¢t-representable for n > 5 [40].

Here we check the c-representability of the Dihedral group D,,.

Definition 4.3.1. [16] For n > 3, the Dihedral group D, is defined as the
rigid motions of the plane preserving a regular n-gon with the operations being

composition. The order of the Dihedral group D, is 2n.

Theorem 4.3.2. The Dihedral group D,, is c-representable.

Proof. Let X = {aj,aq,...,a,}. Define V. : P(X) — P(X) as V(ay) =
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{ag, axer, akgpm-1)}, V(A) = UAV({ak}) for each A C X. The generators of
a€
the Dihedral group D,, on X = {ay,as,...,a,} are the cycle p = (ay, a9, ..., a,)

and

a1 Qo as Qe Ap—1 Ap

a Qp Ap-1 ...0py2—f--- as (05}

We have p(V'(a1)) = p({an, a1, a2}) = {a1, as,as}. Also V(p({a1})) = V({az}) =
{a1,a2,as}. That is p(V(a1)) = V(p({a1}))-
Similarly p(V (ax)) = p({ak, ake1, @ram-1)}) = {are1, tkoz, arent and V(p({ax})) =
V({arer}) = {aro1, aren, axon}. Thus p(V(ag)) = V(p({ax})) for k = 1,2,....n.
Thus p is a closure isomorphism of (X, V). Next we prove that s is a closure iso-
morphism. Then s(V({a1})) = s({a1,a2,a,}) = {a1,a,,a2} and V(s({a1})) =
V({ai}) = {a1,a2,an}. That is s(V({a1})) = V(s({a1})). Now s(V({ax})) =
s({ak, are1, Grom-1}) = {@nt2—k, Gngo—(ko1), Ang2—kam—1))} and V(s({ar})) =
V({ansat) = {ansats anssons Gnss—wamy}). Hence s € CI(X,V). Then

every element of D,, is a closure isomorphism. That is
D, CCI(X,V) (4.1)

Now suppose that h € CI(X,V). Then h(V({a1}) = V(Rh({a1})). Suppose
h(a1) = ag. Then h(V({a1}) = h({a1, a2, a,}) = {ax, h(az), h(ax). And
V(h({a1})) = V{ar}) = {ar, ko1, arom-1)}. Then h(ag) is either apg; or

Uka(n—1), and h(ay) is either agg1 or aggm-1)
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4.4. On c-representability of Direct Sum of Permutation Groups

Case (i): h(az) = age1 and h(a,) = argn-1)-
Since h is a closure isomorphism, V' (h(az)) = h(V({az2})). But V({ake:1}) =
{akar, ak, areo} and h(V ({az})) = h({a1, as,as}). This implies that h(az) = aren

and h(a,_1) = argn_2. That is

aq (05} as Ce Ap—1 Qp b1
h = =p" . Hence h € D,

ag  Ggp1 Qkgp2 -+ Oke(n—-2) Gk®(n—1)
Case (ii): h(az) = arpm-1) and h(a,) = age:.
In this case h(az) = arpm-2) and h(a,—1) = args.
Hence h = (a1, ax)(az, Grom-1)) - - - (@n, Gke1)(@n—1, rez). Then h = p" s e D,.
Hence

CI(X,V)C D, (4.2)

From 4.1 and 4.2, D,, = CI(X, V). This completes the proof. O

4.4 On c-representability of Direct Sum of Per-

mutation Groups

In this section we investigate the c-representability of a direct sum of finite

permutation groups .

Theorem 4.4.1. Let {(X;,Vi)}ier be an arbitrary family of disjoint closure
spaces where each X; is finite and H; be c-representable subgroup of S(X;) for

i€ I. Then @H, is c-representable on X = |JX;.

iel el
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4.4. On c-representability of Direct Sum of Permutation Groups

Proof. By assuming axiom of choice, well order the set I. For each A C X, let

A =ANX; Then A= |JA;. Let I' = {i € I : A; # (0} and iy be the first

i€l

element of I'. In order to define a closure operator V on X, we define V(A),
A C X as follows.
0  ifA=10

V(A) =
( U XZ)U‘/;O(A’LO) ) lfA#@

i>10
First of all we have to verify that V is a closure operator on X. Let x € A,

then x € A; for some i. Then ig < i. If i # i, X; C V(A), then z € V(A). If

i =1g, x € Ajy. Then x € V; (A;,) and hence z € V(A). Thus A C V(A).

Let A, B C X. We have A= UA; and B = UB;. Let Iy={icl:A #0}
1€ J€
and Iy = {j € I : B; # 0}. Let io and j, be first element of I, and Iy

respectively.

Case (i): i9 = Jjo

>0 >0

V(AUB) = (U X)) UV, (A; UBy)

1>140

= ( U XZ) U (‘/io(Am) U V;O(Bio))

1>10

= (U X5) UV (A) (U X0) U Vi (Biy))

1>10 1>10

= V(A)UV(B).
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Case (ii): i9 # Jo

Then either ig > jg or iy < jo. Suppose that ig > jo. V(A) = (U X;) U

Vig (A

10

V(A)UV(B) = V(B). Now

V(AU B)

1>10

) and V(B) = (U X;) UV, (Bj,). Then V(A) C V(B) and so

J>Jjo

U Xj U Vjo(Ajo U Bjo)

J>jo

jyjoXj U (V}o (Ajo) U Vjo (Bjo))
U X; UV (Bj,)

J>Jjo

V(B).

Hence V(AU B) = V(A) UV (B).

Thus V is a closure operator on X.

Next we have to prove that CI(X,V) = @H,. Let h € & H;. For A # (),

h(V(A)

Hence @H; C CI(X,V).

i€l

el el

h(( U Xi) U Vig(Aig))

1>10

h( U Xl) U h(Vio(Aio))

>0

( U Xl) U hio(v;o (Alo))

i>10

U Xz U V;o (hzo (Azo))

1>10

V(h(A)).
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Now let h be a closure isomorphism on X. Suppose h(X,,) # Xa, Where g
is the first element of I. Then there exists © € X, such that h(z) ¢ X,, or
there exists © ¢ X,, such that h(z) € X,,. Without loss of generality we can
assume that x € X,, such that h(z) ¢ X,,. Then h(z) € X; for some j > ap.
We have V(z‘%oXi) = DL(J)OX,-. Therefore X, is open in X. Since h is a closure
isomorphism, h(X,,) is open in X. We have h(z) € h(X,,) but h(z) ¢ X,,.

Then | X,,| < |h(Xa,)|, since X,, is finite. This is a contradiction, since h is

injective. So h(Xa,) = Xae-

Now assume that h(X;) = X, for every j € I such that j < i. To show
that h(X;) = X;. Suppose h(X;) # X;. Then there exists x € X; such that
h(z) ¢ X;. This implies that h(x) € X for some [ > i. Now consider kU'Xk'

>1
Since V(U X;) = U Xy, then U X} is closed. Then U X is open in X and
k>i k>i k>i k<i
hence h(kL<J‘Xk,) is open in X. Now h(k%Xk) = kU X, Uh(X;). Since z € X; and
X <17 <t
h(z) € h(X;) and X; is finite, we have |X;| < |h(X;)|. This is a contradiction.
It follows that h(X;) = X;. Hence by the principle of transfinite induction,

h(X;) = X; for all i € I. Then h|X; = h; is a closure isomorphism of (X;, V;) for

all i € I. Therefore h; = @ h;. Hence CI1(X,V) = PH,. O

el icl

4.5 c-representability of Cyclic Subgroups of S(X)

Sini P. investigated the t-representability of permutation groups generated by

a product of disjoint cycles [39,41]. Here we investigate c-representability of such

98



4.5. c-representability of Cyclic Subgroups of S(X)

permutation groups. She proved that a permutation group on X generated by
an arbitrary product of disjoint cycles having length n, n > 2 is t- representable

on X [39,41]. Hence they are c-representable by Theorem 4.2.3.

Theorem 4.5.1. Let X be a finite set {ai,as,...,a,} and H be the group of
permutations of X generated by the cycle p = (ay,as,...,a,). Then H is c-

representable on X.

Proof. Define V : P(X) — P(X) by V(0) =0, V({a;}) = {a;, aje1} where &
denotes addition modulo n and V(A) = UAV({ai}) for every A C X. Given
ai€
p=(a,as,...,a,). Then p(V(A)) = V(p(A)) for every A C X. So pis a closure
isomorphism and hence all powers of p are closure isomorphisms. Thus we get
H C CI(X,V). Conversely suppose that h € CI(X,V) such that h({a1}) = a;
for some j. Then V(h({a;}) = h(V({a;})). Then {a;,aje1} = h({a1,a2}).
Thus h maps as to ajs1. Now suppose that h(an,) = ag, 1 < m,k < n. So
h({am, amae1}) = {ak, are1} and thus h(an,e1) = aggr. This implies that h(a;) =
@is(j—1) for i = 1,2,...,n and hence h = p/~*. Thus CI(X,V) C H. This

completes the proof. O

Remark 4.5.2. When X is an infinite set, infinite cycles on X are t-

representable on X [37], hence are c-representable on X.

Corollary 4.5.3. Let X be a set and p be a cycle on X. Then the permutation

group generated by p is c-representable on X.

Proof. The proof is obvious from Theorem 4.5.1 and Theorem 4.2.9. [
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Next we investigate the c-representability of the permutation group which is
generated by a product of two disjoint cycles having equal length. Let p be a
permutation on X which is a product of two disjoint cycles having equal length.
Sini P. proved that the cyclic group generated by p is not t-representable on

X [41].

Theorem 4.5.4. Let X be a set. Let p be a permutation which is a product of
two disjoint finite cycles having equal lengths. Then the cyclic group generated

by p is c-representable on X.

Proof. Let p = (ay,aq,...,a,)(b1,ba,...,b,) be a permutation on X. Let H be
the cyclic group generated by p. Suppose Y = {ay,aq,...,a,,b1,b2,...,b,}. By
Theorem 4.2.9, it is enough to prove that H is c-representable on Y. Let X; =
{ai,a9,...,a,} and Xo = {by,b,...,b,}. Define V: P(Y) — P(Y) as V(D) = 0,
V({a;} = {aj, aje1,b;}) and V({b;}) = {bj, bjer}, j = 1,2,...,n and V(A) =
Y VWHaj), A ¢ Y. Then p(V({ai}) = p({ai, aie1,bi}) = {aien, diez, bie1 }-
Now V(p{a;}) = V({aie1}) = {ais1, @ige, bis1 } = p(V({a;}) for i = 1,2,... n.
Also p(V({B}) = p({bibien}) = {bion, s} and Vp({h})) = V({bior}) =
{big1, biga}. That is p(V({b;}) = V(p({b:})) for each i = 1,2,... ,n. Thus p is a
closure isomorphism on Y.

Now let h be a closure isomorphism of (Y,V). Then h(V(A)) = V(h(A))
for every A C Y. If h(a;) = bg, then we have h(V({a;})) = V(h({a;})) =
h({a;, aip1,b;}) = V(b)) = {h(a;), h(ae1), h(b;))} = {bk, brer}- This is not pos-

sible. Thus h(a;) € X;. Now suppose that h(a;) = ag. Then V(h(a;)) =
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4.5. c-representability of Cyclic Subgroups of S(X)

V(ar) = {an awsr,bit = {h(ai), h(ais1), h(b;)}. This implies that h(b;) = by.
Thus h(Xs) = Xa. Now let h(ay) = a and h(b) = by Then V(h(b1)) = V (by) =
{bibrer} and V(h(a1)) = V(ax) = f{ar ager,br}. We have A(V({h})) =
{h(by), h(b2)} and (V ({a1})) = {h(a1), h(as), h(b1)}. Since h is a closure isomor-
phism, A(V({a1})) = V(h(ar)) and h(V ({b1})) = V((by)). Thus {a, arer, b} =
{h(ay), h(az), h(by)} and {bg, breit = {h(b1), h(bs)}. Hence h(as) = are; and
h(bs) = bys1. Now suppose that fi(by) = b; and h(an) = a; where 1 < m,j < n.
Then V(h(bn)) = V(b;) = {b;,bjer} and V(h(an)) = V(a;) = {a;, ajer,b;}.
Also h(V({bm})) = h({bum, bmer}) and h(V({am})) = h({am, ame1,bn}). Thus
h(bms1) = bior and h(ame1) = ajor. Thus h = p/~'. Hence h € H. Thus

CI(Y,V) = H. 0

Theorem 4.5.5. [39, /1] If p is a permutation on X which is an arbitrary
product of more than two disjoint cycles having equal length n where n > 2, then

the group generated by p is t—representable on X.

By Theorem 4.5.5 and 4.2.3 we have the group generated by p where p is a
permutation on X which is an arbitrary product of more than two disjoint cycles

having equal length n where n > 2 is c-representable on X.

Theorem 4.5.6. Let X be any set and p be the permutation which is an arbitrary
product of disjoint cycles having equal length. Then the cyclic group generated

by p is c-representable on X.

Proof. Proof follows from Theorem 4.5.1, 4.5.3, 4.5.4 and 4.5.5. O
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Corollary 4.5.7. Fvery permutation group of prime order is c-representable.

Proof. Let X be any set and H be a permutation group on X having order n,
where n is a prime number. Then H is a cyclic group generated by a permutation
p which is of order n. This implies that p is a product of disjoint cycles having

equal length. So by Theorem 4.5.6, H is c-representable on X. ]

We proved that direct sum of c-representable finite permutation groups are c-
representable on X. From this result we can deduce that the permutation group
generated by two disjoint cycles having lengths m and n where gcd(m,n) =1 is

c-representable on X.

Theorem 4.5.8. A group generated by a permutation on a finite set X which
is a product of two disjoint cycles having lengths n and m respectively where

ged(n,m) = 1 is c-representable.

Proof. Let X = {ay,a9,...,a,,b1,ba,...,b,}. Let p = pi1ps where

p1 = (a1, a9, ...,a,) and py = (b1, by, ..., by). Let H be the group generated by
p. Treat X as X; U Xy where X; = {aj,as,...,a,} and Xo = {b1,bs,...,bp}.
By Theorem 4.5.1, H; is c-representable on X; and Hs is c-representable on Xo.
Since m and n are relatively prime, H = H; & H,. Hence H is c-representable

on X by Theorem 4.4.1. O]
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4.6 On c-representability of Normal Subgroups

of S(X)

Here we characterize c-representable normal subgroups of the symmetric
group S(X). First of all let us have a look at what are the normal subgroups of

S(X).
Note 4.6.1. [36]

If | X| = n, the Alternating group A(X) is the only non-trivial proper normal
subgroup of S(X) except when n = 4 where A(X) = {g € S(X) : ¢ is even}.
When X = {a,b,c,d}, S(X) has another normal subgroup
H =A{I, (a,b)(c,d), (a,c)(b,d), (a,d)(b,c)}. Let X be an infinite set, g € S(X)

and Xy < k < |X]|, then support of g is
supp(g) = {z € X : g(x) # x}.
and the bounded symmetric group is given by
BS(X, k) ={g € 5(X) : |supp(g)| < k}.

Then A(X) can be defined as A(X) = {g € BS(X, ) : g is an even permutation on X }.

Theorem 4.6.2. [36] If | X| = o where « is an infinite cardinal number and N

is a normal subgroup of S(X), then N is one of the group in the chain {I} <
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A(X) < BS(X,Rg) < BS(X,X8;) < ... < BS(X,a) < S(X).

Clearly the improper subgroup S(X) are c-representable on a nonempty set
X. Since the trivial group {I} is t-representable on a set X, it is c-representable
on X. Now we consider the c-representability of non trivial proper normal sub-
group of S(X). It was proved that no proper non trivial normal subgroups of
S(X) are t-representable [32,34]. When |X| = 3, we have by Theorem 4.5.1,
A(X) is c-representable.
Now we investigate the c-representability of normal subgroups of S(X) when

x| #3.

Lemma 4.6.3. Let (X,V) be a closure space such that A(X) is contained in

CI(X,V) and |X| # 3. Then V is a topological closure operator.

Proof. When |X| < 3, there is nothing to prove. Now suppose that |X| > 3
and V is not a topological closure operator. Then everu subset of X is either
closed or dense in X. Suppose not. Then there exists a subset A of X which
is neither closed nor dense in X. Let z € V(A)\ A, y € X\ V(A). If Ais
not a singleton, choose a,b € A such that a # b. Then p = (z,y)(a,b) is a
permutation on X such that p € A(X). Then p is a closure isomorphism on
(X, V) and hence V(p(A)) = p(V(A)). Then y € V(A), which is a contradiction.
Hence either V(A) = A or V(A) = X. Now if A is a singleton, we can choose
z€ X\ A, o # z# ysince | X| > 4. Let p = (z,y, 2). Then p € A(X) and
p(V(A)) = V(p(A)). Then y € V(A), which is also a contradiction. In either

case V(V(A)) = V(A). Thus V is a topological closure operator on X. O
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Remark 4.6.4. The condition A(X) is a subset of CI(X, V) is not necessary
in Lemma 4.6.3. That is we can find a topological closure operator V on X such

that A(X) € CI(X,V).

Example 4.6.5. Take X = {1,2,3,4}. Let V : P(X) — P(X) be defined
as V(0) =0, V{1}) = {1,2} = V({2}) and V({3}) = {3,4} = V({4}), and
V(A) = ZgAV({Z}) Then V is a topological closure operator on X. Here
CI(X,V)={I,(1,2,3,4),(1,3)(2,4),(1,4,3,2),(1,2)(3,4), (1,4)(2,3), (1, 3),

(2,4)} and A(X) ¢ CI(X,V).

Remark 4.6.6. As noted above, when X = {a, b, ¢, d}, S(X) has a nor-
mal subgroup given by H = {I, (a,b)(c, d), (a,c)(b,d), (a,d)(b,c)}. This normal

subgroup is not t-representable [32,34].

Lemma 4.6.7. Let X ={a, b, ¢, d}. Then

H ={I, (a,b)(¢,d), (a,c)(b,d), (a,d)(b,c)} is not c-representable on X .

Proof. Suppose H is c-representable on X. Then there exists a closure operator
V on X such that CI(X,V) = H. Now we prove V is a topological closure
operator. Suppose not, there exists a subset A of X which is neither closed
nor dense in X. Then we can choose two distinct points a and b such that

ac€V(A)\Aand b€ X\ V(A). Then A= {c,d}, {c} or {d}.

Case (i) A={cd}

Since p = (a, b)(c, d) is a closure isomorphism, we have p(V(A)) = V(p(A)).
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Since a € V(A), p(a) € p(V(A)) = V(p(A)) = V(A). This implies that
b € V(A), which is a contradiction. Hence V' is a topological closure

operator on X.

Case (ii) A = {c}.
We have a € V({c}) and b ¢ V({c}). Then either V({c}) = {a,c,d} or
V{c} = {a,c}. If V{c} = {a,c}, then the transposition (a,c) is a closure
isomorphism, which is a contradiction. Now let V({c}) = {a,c,d}, then
V{b} = {a,b,d}, V{a} = {a,b,c} and V{d} = {a,b,d}. Here the cycle

(a,b,d,c) is a closure isomorphism, which is a contradiction.

Case (iii) A = {d}

Similar to Case (ii).

Hence V' is a topological closure operator. This implies that H is t-representable
on X, which is a contradiction to Remark 4.6.6. Thus H is not c-representable

on X. ]

Lemma 4.6.8. Let (X,V) be a closure space. If |X| # 3, then no proper non-

trivial normal subgroup K of S(X) is c-representable on X.

Proof. Clearly S(X) has no proper normal subgroups when |X| < 3. Let | X| =
4. Suppose X = {a, b, ¢, d}, then H = {I, (a,b)(c,d), (a,c)(b,d), (a,d)(b,c)}
and A(X) are two proper normal subgroups. Then H is not c-representable by
Theorem 4.6.7. Now A(X) is not c-representable on X by Lemma 4.6.3 and the

fact that A(X) is not t-representable on X.
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Now suppose that |X| > 4. Then any proper non trivial normal subgroups
of S(X) is either A(X) or it contains A(X) by Note 2.2.4. Now if K is ¢-
representable on X, there exists a closure operator V on X such that CI(X,V) =
K. Then by Lemma 4.6.3, V is a topological closure operator on X. This is a

contradiction since H is not t-representable on X. [

Theorem 4.6.9. Let X be any set and H be a proper normal subgroup of S(X).

Then H is c-representable on X if and only if | X| = 3.

Proof. Let X be any set such that |X| # 3, then H is not c-representable on
X by Lemma 4.6.8. If |X| = 3, then the only proper normal subgroup is the
cyclic group generated by the three cycle in X, which is c-representable on X by

Theorem 4.5.1. O

4.7 Hereditarily Homogeneous Closure Spaces

In this section we discuss hereditarily homogeneous closure spaces. Kan-
nan V. and Ramachandran P. T. gave several characterizations of hereditarily

homogeneous topological spaces in [21].

Definition 4.7.1. A closure space (X, V') is homogeneous if for all a, b € X

there exists a closure isomorphism h : X — X such that h(a) = 0.

Remark 4.7.2. The subspace of a homogeneous space need not be homo-

geneous.
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Example 4.7.3. Let X = {ay,as,...,a,}, n > 5. Define V : P(X) —
P(X) as V(0) = 0, V({a;}) = {ai, aip1} where @ denotes addition modulo n
and V(A) = U V({a;}) for every A C X. Then CI(X,V) is the cyclic group

a;EA

generated by the cycle (a1, as,...,a,) which is a transitive permutation group.
Let A = {ay,a9,a3,a4} and V' = V|]4. Then (X, V) is homogeneous but (A, V')

is not homogeneous.

Definition 4.7.4. A closure space (X, V) is said to be hereditarily homo-

geneous if every subspace of it is homogeneous.

Clearly discrete closure spaces and indiscrete closure spaces are hereditarily

homogeneous closure spaces.

Definition 4.7.5.  [32] A closure space (X, V) is called completely ho-
mogeneous if the group of closure isomorphisms (X, V') is the symmetric group

S(X).

P. T. Ramachandran characterized completely homogeneous closure spaces
in [32]. He proved that a closure space (X,V’) is completely homogeneous if
and only if V is a closure operator associated with a completely homogeneous

topology on X [32].

Proposition 4.7.6. Suppose that (X, V) is a completely homogeneous closure

space. Then (X, V') is hereditarily homogeneous.

Proof. Suppose (X, V) is a completely homogeneous closure space. Then CI(X,V) =
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S(X). Let Y € X and a,b € Y,a # b. We have V'(A) = V(A)NY is the induced
closure operator on Y. Since CI(X,V) = S(X), the transposition p = (a,b) is a
closure isomorphism of (X, V). Then p(V'(A)) =p(V(A)NY) =p(V(A)NY =
V(p(A))NY = V'(p(A)). Hence p is a closure isomorphism of (Y,V’). That is

(Y, V") is homogeneous. Hence (X, V) is hereditarily homogeneous. ]

Lemma 4.7.7. Let (X,V) be a hereditarily homogeneous closure space. Then

the closure operator V' is either T1 or indiscrete.

Proof. Let (X, V) be a hereditarily homogeneous space which is not 7. Then
there exists an element a € X such that V({a}) # {a}. Let b € X,b # a
such that b € V({a}). Now consider the subspace Y = {a,b}. Let V' = V|y.
Since X is hereditarily homogeneous, (Y, V") is homogeneous. If V' ({a}) = {a},
then V({a}) = {a} which is a contradiction. Also if V'{a} = {a,b}, then there
exists no closure isomorphism which maps a in to b. Hence (Y, V") is indiscrete.
Suppose A is a non empty subset of X such that V(X \ A) =X\ A. Letce X
such that ¢ # a,b. Consider the subspace {a,b,c} of X. Let V" = V|{a,b,c}.
Then {a, b, c} is homogenenous. If a,b € A then ¢ € X \ A and if a,b ¢ A then
ce A

Case (i): a,b€ Aand c€ X \ A.

Let V" = V|{a,b,c}. Then V"{a} = {a,b,c} NV ({a}) = {a,b}. But V"{c} =
{a,b,c} NV ({c}) = {c}. This is a contradiction to the fact that {a,b,c} is
homogeneous.

Case (ii): a,b ¢ A and c € A.
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V"({a,b}) = {a,b} and V"({a,c}) = {a,b,c} NV ({a,c}) = {a,b,c}, which is a

contradiction since {a, b, ¢} is homogeneous. Thus (X, V') is indiscrete. O

Lemma 4.7.8. Suppose that every transpositions on a closure space (X,V) is a

closure isomorphism, then V is a topological closure operator.

Proof. Suppose that there exists a subset A of X such that A is neither closed
nor dense in X. Then we have A # V(A) # X. Let x € V(A)\ A and
y € X\ V(A). Now consider the transposition p = (z,y) on X, which permutes
x and y and fixes all other elements of X. Since every transposition is a closure
isomorphism, p is a closure isomorphism. Thus p(V(A)) = V(p(A)). Then we
have x € V(A) = p(z) € p(V(A)) = V(p(A)) = V(A) = y € V(A), which is a
contradiction, since y ¢ V(A). Thus every subset of X is either closed or dense
in X. That is either V(A) = A or V(A) = X for every A C X. In either case

V(V(A)) = V(A). Hence V is topological. O

Lemma 4.7.9. Suppose (X,V) is a hereditarily homogeneous closure space.

Then every transposition of X is a closure isomorphism of (X, V') onto itself.

Proof. Let x,y € X such that x # y. Consider the transposition p = (z,y). We
have to prove that p is a closure isomorphism. Suppose A C X such that z,y ¢ A.
Consider the subspace A U {z,y}. Since (X,V) is hereditarily homogeneous,
AU{z,y} is homogeneous. Then there exists a closure isomorphism h: X — Y
such that h(z) = y. Then h(A) = A or h(A) = (A\ h({y})) U {x} according as
h(y) =z or h(y) # =.
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If h(A) = A then 2 € V(A) & y = h(z) € h(V(A)) = V(h(A)) = V(A). Thus
2 € V(A) &y e V(A). Let h(A) = (A\ h({y})) U{z}. Then z € V(A) & y =
hx) € h(V(A)) = V(h(A)) = V(A\ {h(y)} U{z}) = V(A\ h(y)) UV ({z}) ©
V(AU {2} = y € V(A).

Case (i): Let 2 ¢ A,y ¢ A.

Then z € V(A) < y € V(A). Thus p(V(A)) = V(p(A)).

Case (ii): Let z € A, e y € A.

Then p(V(4)) = V(A) = V(p(A)).

Case (iii): Let # € A and z ¢ A.

Then p(A) = A\ {a} U {y}. Then V(p(A)) = V(A\ {r} U {y}) = V(A\ {a}) U
V({y}) = A\{z} U{y}, since Vis Ty. Now p(V(A)) = p(V(A\{z}) U{y}) =
V(p(A)).

Case (iv): Let 7 ¢ A and y € A.

Similar to Case (iii). O

Lemma 4.7.10. Let (X,V) be a hereditarily homogeneous closure space. Then

V' is a topological closure operator.

Proof. Now we prove that V' is topological. Suppose there exists a subset A of
X such that A is neither closed nor dense in X. Then we have A # V(A) # X.
Let x € V(A)\ A and y € X \ V(A). Now consider the transposition p = (x,y)
on X, which permutes « and y and fixes all other elements of X. Since (X, V) is

a hereditarily homogeneous space the transposition p is a closure isomorphism.
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Thus p(V(A)) = V(p(A)). Then

=yeV(A).

This is a contradiction, since y ¢ V(A). Hence every subset of X is either closed
or dense in X. Hence either V(A) = A or V(A) = X for every A C X. In either

case V(V(A)) = V(A). Hence V is topological. O

Theorem 4.7.11. Let (X,V) be a T} Closure space. Then the following are

equivalent.

(i) (X, V) is hereditarily homogeneous.

(i1) (X, V) is the closure space associated with a hereditarily homogeneous topo-

logical space.

(111) All transpositions in X are closure isomorphisms of (X, V') onto itself.

(iv) Every permutation of X which moves only a finite number of elements of

X is a closure isomorphism of (X, V).

Proof. We have (ii) follows from (i) by Lemma 4.7.10. Now suppose that (i7).
Then clearly (X, V') is hereditarily homogeneous. Thus (i) and (i7) are equivalent.
Now assume (7i7). Suppose p is a permutation of X which moves only a finite

number of elements of X, then p is product of a finite number of transpositions.
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Hence p is a closure isomorphism. Suppose (iv). Then clearly (i7i) holds. Thus
(74i) and (iv) are equivalent. Now assume (7). Suppose Y C X, let a,b € Y
and a # b. Then by assumption, p = (a, b) is a closure isomorphism. Let A C Y.
We have p(V'(A)) = p(V(A)NY) = p(V(A)NY = V(p(4) NY = V'(p(4)).
Hence p is a closure isomorphism of (Y, V’). That is (Y,V’) is homogeneous.

Then (X, V) is hereditarily homogeneous. Hence () holds. O
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Chapter

Generalized Closure Operators

5.1 Introduction

In this chapter we discuss the lattice of generalized closure operators and
the lattice of generalized Cech closure operators. We prove that the lattice of
generalized closure operators on a fixed non-empty set is a complete lattice. Here
we determine atoms and dual atoms of the lattice of generalized closure operators
and of the lattice of generalized Cech closure operators. Simple expansion of a

generalized closure operator is also introduced.

5.2 Preliminaries

First let us go through the definition of the generalized topology on a set X.

Definition 5.2.1. [13] Let X be a set. A collection u of subsets of X is
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said to be a generalized topology on X if () € p and arbitrary union of elements
in p is again in p. The ordered pair (X, u) is called a generalized topological

space.

Let (X, ) be a generalized topological space. The elements of u are called
w1 open sets or simply open sets [13]. A subset A of X is said to be closed set if

X\ A is open. Note that a generalized topology is said to be strong if X € p [13].

An operator on C' on P(X) which maps g € p to the smallest closed set
containing g is a closure operator on (X, p1). It satisfies the conditions A C C'(A),
AC B = (C(A) C C(B) and C(C(A)) = C(A). By relaxing the idempotent

condition of C, a generalized closure operator is defined as follows [44].

Definition 5.2.2.  [44] Let X be a set. A function C' : P(X) — P(X)
satisfying the conditions A C C(A) and A C B = C(A) C C(B) for every
A, B C X is called a generalized closure operator. The ordered pair (X, (') is

called a generalized closure space.

A subset A of X is said to be closed if C'(A) = A and is said to be open if
its complement is closed. The set of all open subsets of X forms a generalized
topology on X called the generalized topology associated with the generalized

closure operator C' [44].

Let 1 be a generalized topology on X. Then the operator on X which maps A
into the smallest closed set containing A is a generalized closure operator on X.

This is called the generalized closure operator associated with u. A generalized
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closure operator is said to be strong if C(C(A)) = C(A) for every A C X [44].

The generalized closure operator associated with p is strong.

Example 5.2.3. Let X = {a,b,c}. Define C : P(X) = P(X) as C(0) =
0, C({a}) = {a}, C({b}) = {b,c}, C({c}) = {c}, C({a,b}) = C({b,c}) =
C({c,a}) = C(X) = X. Then C(C({b})) = C({b,c}) = X # C({b}). Thus C
is a generalized closure operator on X which is not a strong generalized closure

operator.

5.3 Lattice of (zeneralized Closure Operators

Let C', Cy be two generalized closure operators on a set X. Then we say C <
Cy if and only if C5(A) C C1(A) for every A C X. Then < is a partial order on
the set of all generalized closure operators. Define (Cy ACy)(A) = C1(A)UCs(A)
and (Cy V Cy)(A) = C1(A) N Cy(A). Then Cy A Cy and Cy V Cy are generalized
closure operators on X. Then the set of all generalized closure operators on X

forms a lattice under this partial order and is denoted by LG(X).

Theorem 5.3.1. Let X be a set. The lattice of generalized closure operators on
X is a complete lattice. Let {C; : i € Z} where .Z is some indexing set, be a
nonempty family of generalized closure operators on X. Then the greatest lower

bound

inf{Cilie F}(S) = EUJ{C}(S)}, for each S C X.

Proof. Let C' denotes the greatest lower bound inf{C;|i € #}. First of all we
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prove that C'(S) = Zé))gJ(C'l-(LS’ )} for S C X is a generalized closure operator on X.
We have S C C;(S) forevery i € . and S C X. Thus S C C(S) for every S C X.
Suppose S; C Sy. Then C;(S;) C C;(S,) for each ¢ € .#. Hence igﬁ{Ci(Sl)} C
ZéJj{Ci(Sg)}. Thus C(S;) € C(S;). Thus C is a generalized closure operator.
Let C’ be a generalized closure operator on X such that C" < C; for every i € .#.
Then C;(S) C C'(S) for every i € .#. This implies that igﬂ{Ci(S)} C C'(9).
Hence €' < C' and therefore inf{C;|i € £}(S) = ig]{()i(S)}, for each S C X.

That is every subset of LG(X) has a meet. Thus LG(X) is a complete lattice. [

Note that the generalized closure operator defined on X as I,(A) = X for all
A C X is the smallest element of LG(X). The discrete closure operator defined

by D(A) = A for all A C X is the largest element of LG(X).

Remark 5.3.2. (zé/JCZ)<S> = 2Qﬂ{CJS)} for each S C X. The map
C={S— iQ]{Ci(SHS C X} is a generalized closure operator on X. For, we
have S C C;(9) for each i € .# and each S C X. Now suppose that S; C S,.
Then C;(S1) C C;i(Sy) for each i € #. Then iQﬂC’i(Sl) C ZGﬂjC’i(Sg). Thus

C(S1) € C(Ss). Hence C' is a generalized closure operator on X.

Since (\ C,)(S) = agj{Ca(S)} and (A Co)(95) = agj{Ca(S)} for each

acd acd
S C X, we conclude that the lattice LG(X) is distributive hence modular.

Next we are trying to find out atoms and dual atoms of LG(X).

Definition 5.3.3. Let X be any set and x € X. Define C,, : P(X) — P(X)
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as

X\{z} ;if A=
Cu) = \{z} 0
X cif A#0

Then C, is a generalized closure operator on X for each x € X.

Atoms in the lattice of generalized closure operators are generalized closure

operators of the form C,.

Theorem 5.3.4. A generalized closure operator on X is an infra generalized

closure operator if and only if it is of the form C, for some x € X.

Proof. Assume that C' is an infra generalized closure operator on X. Then there
exists a subset A C X such that C(A) C I,(A) = X. That is there exists z € X
such that x ¢ C(A). Thus x ¢ C(0). In other words C(0)) C X \ {z} and
C(A) C X\ {z}. Hence I, < C, < C. Since C is an infra closure operator and

C # 1, we get C' = C,.

Conversely we have to prove that C, is an infra generalized closure operator.
If A is a non-empty subset of X, then I,(A) = C,,(A). We have C,.(0) = X\{z} C
I,(0) = X. Hence I, < C,. Suppose I, < C" < C,. Then C,(0) C C'(0) C 1,(0).

Then X \ {z} C C"(0) C X. Hence C'(0) = X. Thus C" = I,. O

We have dual atoms in the lattice of generalized topologies are of the form

P(X)\ {{z}}, x € X [14]. The generalized closure operator associated with the
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dual atom P(X) \ {{z}} is given by

o(A) = X it A=X\{z}

A ; otherwise.

Then there exists no generalized closure operator other than C' which is strictly

larger than C' and strictly smaller than D.

Theorem 5.3.5. A generalized closure operator on X is an ultra generalized
closure operator if and only if it is the generalized closure operator associated

with some ultra generalized topology on X.

Proof. Let V be the ultra generalized closure operator. Then there exists no
generalized closure operator V' such that V < V' < D. Since V is the generalized
closure operator associated with the ultra generalized topology P(X)\ {z}, then
V(X \{z}) # X\ {2z} and V(S) = S for every S # X \ {z}. But X \ {2} =
D(X\{z}) C V(X \ {x}). This implies that V(X \ {z}) = X and V(S) = S for
every S # X \ {z}. Hence V is the generalized closure operator associated with

the ultra generalized topology on X.

Now suppose that V' is the generalized closure operator associated with the
ultra generalized topology P(X)\{z}. Let V' be the generalized closure operator
on X such that V < V! < D. Then D(S) C V'(S) C V(S) for every S C X.

Then V' = D. Hence V is the ultra generalized closure operator on X. O
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5.4 Generalized Cech Closure Operators

Corresponding to a generalized topology, we have the strong generalized closure
operator. Corresponding to a strong generalized topology on a set X, we can find
a closure operator C' on X which satisfies the conditions C(¢) = ¢, A C C(A),
AC B = C(A) C C(B) and C(C(A)) = C(A). There is defined a closure
operator by weakening the idempotent condition of the above mentioned closure

operator in [8]. In this section we study such closure operators.

Definition 5.4.1.  [8] A function Cl : P(X) — P(X) is said to be a
generalized Cech closure operator if it satisfies the following conditions, CI(()) =
0, A C Cl(A) and if A C B, then CI(A) C Cl(B) for every A,B C X. The

ordered pair (X, Cl) is called the generalized Cech closure space.

Every generalized Cech closure operator is a generalized closure operator and
every Cech closure operator is a generalised Cech closure operator. Converse is

not true.

Example 5.4.2. Let X = {1,2,3}. Define C': P(X) — P(X) as C(0) =
0, c{1}) = {1}, C({2}) = {2}, C({3}) = {2.3}, C({2,3}) = {2,3} and
C({1,2}) = C({1,3}) = C(X) = X. Thus C is a generalised Cech closure oper-

ator which is not a Cech closure operator, since C({1,2}) # C({1}) U C({2}).

A subset A C X is said to be closed if Cl(A) = A and is said to be open if

its complement is open. The set of all open sets in a generalized Cech closure
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space (X, Cl) forms a strong generalized topology and is called the generalized
topology associated with the generalized Cech closure operator Cl. Now consider
the converse situation. Let (X, u) be a strong generalized topology on X. Then
the operator on P(X) which maps A in to the smallest closed set containing A
is a generalized Cech closure operator and is called the generalized Cech closure

operator associated with the strong generalised topology p on X.

With any generalized Cech closure operator, there is associated an interior

operation denoted by int and is defined as below.

Definition 5.4.3. Let (X,Cl) be a generalized Cech closure space. Then
int : P(X) — P(X) defined by int(S) = X \ Cl(X \ S). The set int(S) is called

interior of S in (X, Cl).

From the definition of interior operator and generalized Cech closure operator

we have the following proposition.

Proposition 5.4.4. In a generalized Cech closure space we have the following:

(a). intX = X.
(b). For each S C X, intS C S.
(c). If AC B, intA CintB.

Example 5.4.5. int(ANB) # intANintB. For example Let X = {a,b,c}.

Cl@) = 0, Cifa}) = {a}, CI({b}) = {b}, Cl({c}) = {c}, Cl({a,b}) =
Cl({b,c}) = Cl({a,c}) = CI(X) = X. Then CI is a generalized Cech closure
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operator on X. Then int({a}) = int({b}) = int({c}) = 0, int({a,b}) = {a, b},

int{b,c} = {b,c}. Then O = int({a,b} N{b,c}) # int({a,b}) Nint{b, c} = {b}.

Proposition 5.4.6. Let (X, Cl) be a generalized Cech closure space. Then S C

X is open if and only if int S = S.

Proof. intS =5« X\Cl(X\9)=S<X\S=Cl(X\S)«< Sisopen. O

Definition 5.4.7. A neighbourhood of a subset S of a generalized Cech
closure operator is any subset N containing S in its interior. Thus N is a
neighbourhood of S if and only if S C int(N). We say N is a neighbourhood of

an element x € X, if N is a neighbourhood of the singleton set {z}.

Proposition 5.4.8. Let (X, Cl) be a generalized Cech closure space. A subset N
of X is a neighbourhood of a subset S of X if and only if N is a neighbourhood of
each point of X. Also a subset S of X is open if and only if it is a neighbourhood

of each of its points.

Proof. Proof is clear from the definition of neighbourhood and the Proposition

5.4.6. =

Theorem 5.4.9. Let A be the neighbourhood system of a subset S of a gener-

alized Cech closure space (X, Cl). Then every member of A contains S and if

X3N13NQEJV, then Ny € N .

Proof. This result is obvious from the definition of a neighbourhood of a subset

S of X. O]
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Remark 5.4.10. Let N; and Ny be a neighbourhood of a point x € X.
Then N; N Ny need not be a neighbourhood of x. Consider the Example 5.4.5.
{a,b} and {a,c} is a neighbourhood of {a}. But {a} is not a neighbourhood of
{a}. Thus the neighbourhood of a point = forms a stack on X, that is ) ¢ .&

and A € ., B D A implies that B € ..

Theorem 5.4.11. Let (X, Cl) be a generalized Cech closure space. Then a point
x s in the closure of a subset S of X if and only if every neighbourhood of x

meets S.

Proof. Suppose x ¢ C1(S), Then by the definition of neighbourhoods, X \ S is
a neighbourhood of S. That is there exists a neighbourhood of z which does
not meet S. Thus every neighbourhood of x meets S implies that = € CI(S9).
Conversely suppose that IV is a neighbourhood of x which does not meet S. Then
z €intNand SNN = 0. Thus z € int N Cint (X \S) = X \ CI(S). This
implies that ¢ CI(S). Hence x is in the closure of a subset S of X implies that

every neighbourhood of x meets S. [

Theorem 5.4.12. Let Cly and Cly be two generalized closure operators on a set
X. Then Cly < Cly if and only if for each x € X, every Cly-neighbourhood of x

is a Cly-neighbourhood of x.

Proof. Suppose Cl; < Cly and let U be a Clj-neighbourhood of x. Then = ¢
Cli(X \ U). Then clearly x ¢ Cly(X \ U). This implies that U is a Cly-
neighbourhood of z. Conversely assume that every C'l;-neighbourhood of z is a
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Cly-neighbourhood of z. Let x ¢ C1;(S). Then there exists a Cl;-neighbourhood
U of  which does not intersects S. Then U is a Cly-neighbourhood of x which

does not intersects S. Hence x ¢ Cly(S). Thus Cly < Cls. O

Join and meet of a non void arbitrary collection of generalized Cech closure
operators are same as the join and meet of a non void arbitrary collection of
generalized closure operators. Thus the lattice of generalized Cech closure op-
erators, LGC(X) is distributive and modular. We can prove that atoms in the
lattice of generalized Cech closure operators is same as the atoms in the lattice

of Cech closure operators.

Theorem 5.4.13. Atoms in the lattice of generalized Cech closure operators are

same as the atoms in the lattice of Cech closure operators.

Proof. Let C be a generalized Cech closure operator such that I < C' < Vap-
Then V,,({a}) € C({a}) € I({a}). Then X \ {b} C C({a}) € X. Then

C({a}) = X. Hence C = 1. O

5.5 Adjacent Generalized Closure Operators

In this section we discuss adjacency properties of generalized closure operators.

We define upper neighbours of a generalized closure operators.

Definition 5.5.1. Let ' and (5 be two generalized closure operators on

a set X such that C; < C5. Then Cj is an upper neighbour of C if there exists
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a generalized closure operator C" on X such that C; < O < Cy, then either
C' =C or C' = Cy. Then we say that C'; and (5 are adjacent and (' is a lower

neighbour of Cs.

Theorem 5.5.2. [19] In a dually atomic modular lattice every element has a

lower neighbour.

Remark 5.5.3. The lattice of generalized closure operators is dually atomic
and modular. Therefore by Theorem 5.5.2, we have every element of LGC(X)

other than I, has a lower neighbour.

Example 5.5.4.

(1) I, and C, are adjacent in LG(X).

(2) Discrete closure operator D and the generalized closure operator associated

with ultra generalized topology are adjacent.

(3) Let X = {a,b,c}. Define C : P(X) = P(X) as C(0) = {a}, C({a}) =
{a, 0}, C({b}) = {a,b}, C({c}) = {c,a}, C({a,b}) = C({b,c}) = C({a, c}) =
C(X) = X. Then C is a generalized closure operator on X. Define
C': P(X) = P(X) as C'(§) = 0 and C'(A) = C(A) for every A C X,
A # (). Then C" is an upper neighbour of C. Now define C” ({a,b) = {a, b}
and C"(A) = C(A) for every A C X, A # {a,b}. Then C" # C’, they are

incomparable and both are upper neighbours of C'.

(4) Let X = {a,b,c}. Define C : P(X) — P(X) as C(0) = {a,b}, C({a}) =

125



5.5. Adjacent Generalized Closure Operators

{a7b}7 C({b}) = {CL, b}> C<{C}> = X, C({a7 b}) = {a7b}7 C({bvc}) =
C({a,c}) = C(X) = X. Then C is a generalized closure operator on X.
Now define C'() = {a}, C'(A) = C(A) for every A # (). Then C" is the

upper neighbour of C.

Now we define adjacency in the lattice of generalized Cech closure operators

and seek upper neighbours of co-finite closure operators in LGC(X).

Definition 5.5.5. Let Cl; and Cly be two generalized Cech closure oper-
ators on a set X such that Cl; < Cly. Then Cly is an upper neighbour of C'ly
if for a generalized closure operator Cl' on X such that Cl; < Cl' < Cly, either
Cl' = Cly or Cl' = Cly. Then we say that C'l; and Cly are adjacent and Cl; is

a lower neighbour of Cls.

Examples 5.5.6.

(1) I, and closure operators of the form V,; are adjacent in LGC(X).

(2) Discrete closure operator D and the generalized closure operator associated

with ultra generalized topology are adjacent in LGC(X).

In order to find out upper neighbours of co-finite closure operators we need

the following generalized Cech closure operator.

Definition 5.5.7. Let A be an infinite subset of a set X. Let z € X be
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such that = ¢ A. Define a function C4, : P(X) — P(X) such that

p

S ; if S is finite

Cae(S) =< X\ {z} : if Sisinfinite and S C A

X ; otherwise.
\

Then Cy , is a generalized Cech closure operator on X and C < Caz.

Remark 5.5.8. 1. Note that Cy4 , is not a Cech closure operator on X.
For, let S; be a finite subset of X not containing x such that S; ¢ A.
Let Sy be an infinite subset of X such that Sy C A. Then C4.(S1) = 51,
Cap(S2) = X\{z} and Cy ,(S1)UC4 (S2) = S1U(X \{z}) = X \{z}. We
have S; U Ss is an infinite subset of X and is not contained in A, therefore
Can(S1USy) = X. Thus Ca,(S1 USs) # Car(S1)UCa.(Ss). Thus Ca,

does not preserve finite union.

2. Alsoz ¢ Cy,(S) = S infinite subset of X contained in A = S\A is finite

T ¢ CA@(S) Hence CA@ S VA@.

Theorem 5.5.9. Let Cl be a generalized Cech closure operator on X and A be

an infinite subset of X not containing v € X. Then Cy, < Cl if and only if

x ¢ Cl(A).

Proof. Suppose Cy, < Cl. Then Cl(A) C Ca(A) =X \{z} =z ¢ Cl(A).
Conversely suppose that x ¢ Cl(A). If x ¢ C4,(S), then S is an infinite subset of

X such that S C A by definition of C's .. Then CI(S) C CI(A). But = ¢ CI(A).
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Then CI(S) C Cy.(S) for every S C X. Hence Cy, < CI. O

Theorem 5.5.10. We have C4 . is a strong generalized closure operator if and

only if A =X\ {x}.

Proof. Suppose Cy, is a strong generalized closure operator on X. Then

Caup(Cas(S)) = Car(S) for each S C X. For S C A, we have Cy ,(Ca.(S5)) =
Can(S) = Car(X \{2}) = X\ {2} = X\ {z} € A This implies that
A = X\ {z}. Conversely suppose A = X \ {z}. Then for S C X not containing
xz, S C A and hence Cy,(Ca,(S5)) = Ca(5). If S is an infinite subset of X

containing x, then Cy ,(S) = X = C4,(Ca(5)). Thus Cy, is strong. O]

Proposition 5.5.11. Let A and B are two infinite subsets of a set X such that

x g_ﬁ ANB. Then CA@ V CB@ = CAUB,mc

Proof. We have © ¢ (Ca, V Cpo)(S) & v ¢ Ca(S)orx ¢ Cp,)(S) & S C

Ao SCB& SCAUB v ¢ Caupy. Thus Ca, VO = Caupy. O

Lemma 5.5.12. If A is an infinite subset of X, then there is a proper infinite

subset B of A such that Cp, < Ca .

Proof. Suppose B is a countable proper subset of A. Then x ¢ Cp,(S) = S is
infinite and S C B. Then S C A. Hence x ¢ C4,(5). Hence Cp, < Cy,. Also

Cp:(A) = X whereas Cy,(A) = X \ {z}. Hence Cp, < Ca,. O

Theorem 5.5.13. The closure operator Cy has no upper neighbour in the lattice

of generalized Cech closure operators.
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Proof. Let Cl be any generalized Cech closure operator satisfying Cy < CI. If
S is finite, then Cy(S) = S. Since Cy < Cl, we have an infinite subset S of X
such that CI(S) C Cy(S). Then there exists z € X such that x ¢ CI(S). Then
by Lemma 5.5.9, Cs, < Cl. We have Cy < Cg, < Cl. Again by Lemma 5.5.12,
there exists S C S such that Osﬂx < Cg,. Thus we get Cy < CS’,J; < Cg, <
Cl. Thus Cy has no upper neighbour in the lattice of generalized Cech closure

operators. O]

Theorem 5.5.14. The generalized closure operator of the form Cga, has no

upper neighbour in the lattice of generalized Cech closure operators.

Proof. Suppose Cl is an upper neighbour of Cy, in LGC(X). Then there is
an infinite subset S of X such that CI(S) C C4,(S). Let y € X be such that
y ¢ CU(S), but y € Ca,(S).

Case (i): y #

Since y ¢ CI(S), by Lemma 5.5.9, Cg, < Cl. Again by Lemma 5.5.12, Cy/, <
Csy < Cl. Consider Cl' = Cy, V Cgyy. We have Cy, < Cl';, Cy, < Cl and
Cgy < Cl. Thus Cy, < Cl' < Cl.

Case (ii): y ==

z ¢ CI(S) implies that Cs, < Cl. Also x € Cy,(S) = SN (X \ A) # 0. Let
S"C (S\A). Then Cy , < Cs, < Cl. Let " = Cy ,VCs . We have Cy, < Cl,
Cg » < Climplies that " < C. Thus Cy4, < C' < Cl. Hence in both cases we

arrive at a contradiction. Hence Cy , has no upper neighbour in LGC(X). O
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Now we define simple expansion of a generalized closure operator to produce

finer generalized closure operators.
Definition 5.5.15. Let (X, V) be a generalized closure space. Let A be a
subset of X such that x € A. Then define Ca,) : P(X) — P(X) such that

X\ {z} ifSCX\A,
Con(8) = \ {z} \

X otherwise.

Definition 5.5.16. Let (X, V) be a generalized closure space. Let A be a
subset of X such that x € A. Then the simple expansion of C' by A at x is given

by C%3 =CV C(AJ;).

Proposition 5.5.17. C% = C if and only if v ¢ C(X \ A).

Proof. Suppose C% = C. Then C(X\A) = Ca(X\A) = X\ {z}. Thatisz ¢

C(X\ A). Now suppose 7 & C(X\ A) = C(X\A) C X\ {2} = Cu (X \A). O

Proposition 5.5.18. Let C and C' be two adjacent generalized closure operators

on X. Then C' is a simple expansion of C' by some subset of X.

Proof. Suppose C' < C’. Then there exists a non-empty subset A of X such that
C'(A) C C(A). Let x € A. Consider the simple expansion of C' by A at . Then
C < C%. Also C4(A) = C(A). It follows that C'(A) C C%(A) = C(A). Thus
C < C% < C". Hence either C'= C% or C% = C". Since C # (%, C' = C%. This

completes the proof. O
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Remark 5.5.19. Converse of the Proposition 5.5.18 is not true.

Example 5.5.20. Let X = {1,2,3}. C : P(X) — P(X) can be de-
fined as C(¢) = {1}7 C({l}) = C({Z}) = {1’2}7 C({3}) = {173}7 C({LQ}) =
C({2,3}) = C({3,1}) = C(X) = X. Consider the subset A = {1,2}, x =
1. Then C3(¢) = ¢, C3({1}) = {1,2}, Ci({2}) = {1,2}, CA({3}) = {3},
C4({1,2}) = X, C%({2,3}) = {2,3}, C%({1,3}) = X = C%(X). Then C% is
not an upper neighbour of C. Since C’ : P(X) — P(X) defined by C'(¢) = ¢,
C'({1}) = {12}, '({2}) = {1.2}, C"({3}) = {3}, C"({1,2}) = C"({2,3}) =
C'({1,3}) = X = C'(X) is such that C < C" < C%.
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Chapter

Conclusion

This thesis is a study of some problems related to Cech closure spaces. Here
we investigated adjacency properties of closure operators. We continued the work
of Kunheenkutty M. [24] by seeking the existence of upper neighbours of some
closure operators on a set X. We proved that a first countable T} closure operator
has no upper neighbour in the lattice of closure operators. Adjacency properties
of sum of closure operators and product of closure operators were discussed.
We compared certain properties like regularity, normality and connectedness
of closure operators with their simple expansions. We discussed when simple
expansions of a closure operator V on a set X by two subsets of X at the same

point become equal.

We investigated c-representability of a permutation groups analogous to the
concept of t—representability of permutation groups in [40]. We proved that

no normal subgroup of S(X) is c—representable if | X| # 3. Also we studied
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the c—representability of the direct sum of closure operators. We characterized

hereditarily homogeneous T} closure spaces.

We studied generalized form of closure operators and studied their lattice.
We compared the lattice of generalized closure operator and generalized Cech
closure operators. We found atoms and dual atoms of their lattices. We proved
that co-finite closure operator has no upper neighbour in the lattice of generalized
Cech closure operators. Also we introduced simple expansions in the lattice of

generalized closure operators.

6.1 Further Scope of Research

Here we would like to mention some open problems which arose during our
study. To find out more closure operators having an upper neighbour and to
characterize the existence of upper neighbours of closure operators is an open
problem. There are several conditions for two simple extensions of topologies to
be equal. An analogous problem in closure spaces is still open. We determined
the c-representability of some subgroups of S(X). It would be interesting to
determine completely the c-representability of permutation groups generated by

a permutation.
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